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In this paper, synchronization for a class of uncertain fractional-order neural networks with external disturbances is
discussed by means of adaptive fuzzy control. Fuzzy logic systems, whose inputs are chosen as synchronization errors,
are employed to approximate the unknown nonlinear functions. Based on the fractional Lyapunov stability criterion, an
adaptive fuzzy synchronization controller is designed, and the stability of the closed-loop system, the convergence of the
synchronization error, as well as the boundedness of all signals involved can be guaranteed. To update the fuzzy parameters,
fractional-order adaptations laws are proposed. Just like the stability analysis in integer-order systems, a quadratic Lyapunov
function is used in this paper. Finally, simulation examples are given to show the effectiveness of the proposed method.
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1. Introduction
Fractional calculus is a concept for the theory of integrals

and derivatives of arbitrary order, which unifies and gener-
alizes the notions of integer-order differentiation and n-fold
integration.[1] This idea is around 300 years old, but com-
pared with the corresponding integer-order theory, the devel-
opments in this field have been rather slow. But lately, there
has been a steady growth of interest in this field because lots
of actual systems show fractional-order differential dynami-
cal behaviors.[2–8] Applications of fractional-order differen-
tial equations to different areas are investigated by many re-
searchers, and some basic results have been obtained (see, for
example, Refs. [2], [3], [6], [7], and [9] and the references
therein). One can refer to Refs. [1] and [10] for more details
about the fractional calculus theory. In a manner of speak-
ing, dynamics analysis, stability analysis, and the control of
fractional-order systems have become very hot and promising
research topics.

One main advantage of fractional-order systems consists
in that the fractional-order differential operator takes into con-
sideration the fact that the future system states depend on
both the present states and all the previous states. That is
to say, the fractional-order systems are nonlocal while the
integer-order ones are local. Noting that fractional calculus
provides a powerful tool for describing memory and heredi-
tary properties of the systems, some researchers have put it
into integer-order neural networks to achieve fractional-order

neural models, which may better describe the dynamical be-
havior of the neurons.[2,11–18] Up to now, various significant
issues about fractional-order neural networks have been dis-
cussed. In Ref. [19], by using numerical simulations, the
complex dynamics of a class of fractional-order neural net-
works have been addressed. In Ref. [20], the dynamics of
a general class of fractional-order neural networks were in-
vestigated by means of the Krasnoselskii fixed point theorem
and the contraction mapping principle. In Refs. [12] and [13],
based on the Lyapunov stability criterion and linear control
strategies, some effective criteria concerning stability analy-
sis of fractional-order neural networks and memristor-based
fractional-order neural networks were proposed, respectively.
Besides, more and more researchers have focused on the syn-
chronization of fractional-order neural networks, and many
results have been reported (see, Refs. [13]–[18] and [21]–
[27]). It should be stressed that in the aforementioned litera-
tures considering the synchronization of fractional-order neu-
ral networks, prior knowledge of the system models is needed.
However, as we know, system uncertainties and external dis-
turbances usually exist in actual systems,[28–34] so it is advis-
able to design a synchronization controller for fractional-order
neural networks when the system models are fully unknown.

It is well known that fuzzy systems with linguistic in-
formation or heuristic knowledge have been successfully used
to control uncertain systems because the accurate mathemat-
ical models of the systems are not needed.[34–43] Based on
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the universal approximation theorem,[44] many adaptive fuzzy
control methods have been developed for uncertain integer-
order nonlinear systems.[35,36,45–49] However, with respect to
fractional-order systems, one can hardly check the stability of
the systems by looking for the dominant roots or via algebraic
methods, which are usually utilized to analyze the stability of
integer-order systems. That is to say, most of the control meth-
ods for integer-order systems cannot be extended to fractional-
order systems directly. To the best of our knowledge, synchro-
nization of fractional-order neural networks by using adaptive
fuzzy control is rarely reported and needs to be investigated
further.

Motivated by the above discussion, we will investigate the
synchronization problem of a class of fractional-order neural
networks. Roughly stated, the main contributions of this paper
can be summarized as follows.

Synchronization for a class of fractional-order neural net-
works with fully unknown system models is discussed by us-
ing adaptive fuzzy control.

The fuzzy logic systems use synchronization errors in-
stead of system states as their inputs. Thus, the control sys-
tems will be more sensitive to the synchronization errors.

Fractional-order adaptations laws are designed to update
the fuzzy system parameters online.

The remainder of this paper is organized as follows. Sec-
tion 2 introduces the fuzzy logic systems and lists some pre-
liminaries. In Section 3, an adaptive fuzzy synchronization
controller is designed and the stability of the closed-loop sys-
tem is discussed by using fractional Lyapunov stability crite-
rion. Simulation studies are presented in Section 4. Finally,
Section 5 gives the conclusion of this work.

2. Preliminaries

2.1. Some basic results of fractional calculus

The fractional-order integro-differential operator can be
seen as an extended concept of the integer-order one. The
commonly used definitions in the literature are Grünwald–
Letnikov, Riemann–Liouville, and Caputo definitions. The
main reason why Caputo’s derivative is introduced for en-
gineering applications is that its Laplace transform only re-
quires integer-order derivatives for the initial conditions. On
the contrary, the classical Riemann–Liouville definition needs
fractional-order initial conditions which are difficult to be
physically interpreted. We will use the Caputo derivative in
this paper. The fractional-order integral with fractional order
α can be defined as

0I−α
t f (t) =

1
Γ(α)

∫ t

0

f (τ)
(t − τ)1−α

dτ, (1)

where Γ represents the Euler Gamma function. The Caputo
fractional derivative is expressed by

C
0 Dα

t f (t) =
1

Γ(n−α)

∫ t

0

f (n)(τ)
(t − τ)α+1−n dτ, (2)

where α is the fractional order, and n is an integer satisfying
n−1 ≤ α < n.

The Laplace transform of the Caputo fractional derivative
is ∫

∞

0
e−stC

0 Dα
t f (t)dt = sα F(s)−

n−1

∑
k=0

sα−k−1 f (k)(0), (3)

where F(s) is the Laplace transform of f (t), F(s) =L { f (t)}.
For convenience, we always assume α ∈ (0,1) in the rest of
this paper. The following definitions and results are needed.

Definition 1[1] The Mittag–Leffler function with two pa-
rameters can be written as

Eα,β (z) =
∞

∑
k=0

zk

Γ(αk+β )
, (4)

where α,β > 0, and z ∈C. Note that E1,1(z) = ez.
The Laplace transform of the Mittag–Leffler function is[1]

L {tβ−1Eα,β (−atα)}= sα−β

sα +a
. (5)

Lemma 1[1] Suppose that x(t) ∈ C1[0,T ], where T is a
positive constant, then the following two equations hold:

0I−α
t

C
0 Dα

t x(t) = x(t)− x(0), (6)
C
0 Dα

t 0I−α
t x(t) = x(t). (7)

Lemma 2[1] For a complex number β and two real num-
bers α,µ satisfying 0 < α < 2,

πα

2
< µ < min{π,πα} (8)

the following equality holds for all the integer n ≥ 1:

Eα,β (z) =−
n

∑
j=1

1
Γ(β −α j)z j +o

(
1

|z|n+1

)
,

|z| → ∞, µ ≤ |arg(z)| ≤ π. (9)

Lemma 3[1] Let 0 < α < 2, and β is an arbitrary real
number. If there exists a positive constant µ such that πα/2 <

µ ≤ min{π,πα}, then we have

|Eα,β (z)| ≤
l0

1+ |z|
, (10)

where l0 is a positive real constant, µ ≤ |arg(z)| ≤ π , and
|z| ≥ 0.

Lemma 4 (Fractional-order extension of Lyapunov di-
rect method[50]) Let 𝑥(t) = 0 be an equilibrium point of the
non autonomous fractional-order nonlinear system

C
0 Dα

t 𝑥(t) = 𝑓(t,𝑥(t)). (11)

If there exists a Lyapunov function V (t,𝑥(t)) and class-K
functions gi, i = 1,2,3 such that

g1(‖𝑥(t)‖)≤V (t,𝑥(t))≤ g2(‖𝑥(t)‖), (12)
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C
0 Dα

t V (t,𝑥(t))≤−g3(‖𝑥(t)‖), (13)

then system (11) is asymptotically stable.
Lemma 5[4] Let 𝑥(t)∈ℛn be a continuous and derivable

function. Then, for any t > 0,

1
2

C
0 Dα

t 𝑥
T(t)𝑥(t)≤ 𝑥T(t)C0 Dα

t 𝑥(t). (14)

Lemma 6[9] Let 𝑥(t)∈ℛn be a continuous and derivable
function. Then, for any t > 0,

1
2

C
0 Dα

t 𝑥
T(t)𝐵𝑥(t)≤ 𝑥T(t)𝐵C

0 Dα
t 𝑥(t), (15)

where𝐵 ∈ℛn×n is a positive definite constant matrix.
Lemma 7 (Fractional monotonicity principle) If

C
0 Dα

t y(t) ≤ 0, then we have y(t) ≤ y(0) for all t > 0, and fur-
thermore, function y(t) is monotone decreasing.

Proof There exists a nonnegative function h(t) such that

C
0 Dα

t y(t)+h(t) = 0. (16)

Using the Laplace transform to Eq. (16), we have

Y (s) =
y(0)

s
− H(s)

sα
, (17)

where Y (s) and H(s) are the Laplace transforms of y(t) and
h(t), respectively. Taking the inverse Laplace transform on
Eq. (17) yields

y(t) = y(0)−C
0 D−α

t h(t). (18)

It follows from Eq. (18) that y(t)≤ y(0) for all t > 0, and thus
the function y(t) is monotone decreasing.

2.2. Description of a fuzzy system

A fuzzy logic system consists of four parts:[35,36,38–40,51]

the knowledge base, the fuzzifier, the fuzzy inference engine
working on the fuzzy rules, and the defuzzifier. The structure
of a fuzzy logic system is shown in Fig. 1.

fuzzification

knowledge

base

inference
engine

rule base

defuzzificationinput outputs

Fig. 1. (color online) The structure of a fuzzy logic system.

Usually, a fuzzy logic system is modeled by

f̂ (𝑥(t)) =
∑
j∈J

θ j(t)µ j(𝑥(t))

∑
j∈J

µ j(𝑥(t))
, (19)

where f̂ (a Lipschitz continuous mapping from a compact sub-
set Ω⊆ℛn to the real line ℛ) is called the output of the fuzzy
logic system, 𝑥= [x1, . . . ,xn]

T ∈C1[ℐ,Ω] (the set of all contin-
uous mappings from ℐ = [0,+∞) ⊆ℛ to Ω which have con-

tinuous derivatives) is called the input vector, J =
n
∏
i=1

ℱi, ℱi

is consisted of Ni fuzzy sets (1 ≤ i ≤ n), µ j (a mapping from
ℛn to the closed unit interval [0,1]⊆ℛ) is called the member-
ship function of rule j ( j ∈ J) (here N = N1 ×N2 ×·· ·×Nn

rules defined as follows are also need to approximate the un-
known function f̂ (𝑥(t)) ( j ∈ J): rule j ( j =(F1,F2, . . . ,Fn)): if
𝑥(t) is (F1(t),F2(t), . . . ,Fn(t)), then f̂ (𝑥(t)) is B j(t)), and θ j

(a mapping from ℐ to ℛ) is called the centroid of the j-th con-
sequent set ( j ∈ J); we may identify J with {1,2, . . . ,N} for
the sake of convenience. Write 𝜃(t) = [θ1(t), . . . ,θN(t)]T and
𝜓(𝑥(t)) = [q1(x(t)),q2(x(t)), . . . ,qN(x(t))]T, where q j (called
the j-th fuzzy basis function, j ∈ J) is a continuous mapping
(and thus ψ : Ω −→ℛN is continuous) defined by

q j(x(t)) =
θ j(t)

∑
s∈J

µs(𝑥(t))
.

Then system (19) can be rewritten as

f̂ (𝑥(t)) = 𝜃T(t)𝜓(𝑥(t)). (20)

In contrast to the conventional control techniques, fuzzy
logic systems are best utilized in complex ill-defined processes
that can be controlled by a skilled human operator without
much knowledge of their underlying dynamics. The basic idea
behind fuzzy logic systems is to incorporate the “expert expe-
rience” of a human operator in the design of the controller in
controlling a process whose input–output relationship is de-
scribed by a collection of fuzzy control rules involving lin-
guistic variables rather than a complicated dynamic model.

3. Adaptive fuzzy synchronization controller de-
sign and stability analysis

3.1. Problem statement

In this paper, we will consider the fractional-order neural
networks with the form

C
0 Dα

t xi(t) = −cixi(t)+
n

∑
j=1

ai j f j(x j(t))+ Ii,

i = 1,2, . . . ,n, (21)

where α is the fractional order, n is the number of units in
the neural network, xi(t) represents the state of the i-th unit at
time t, ai j is the constat connection weight of the j-th neuron
on the i-th neuron, fi(x) is a nonlinear function, ci corresponds
to the rate with which the i-th neuron will reset its potential to
the resting state when disconnected from the network, and Ii

corresponds to the external input.
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Let us denote 𝑥(t) = [x1(t),x2(t), . . . ,xn(t)]T, 𝐶 =

diag(c1,c2, . . . ,cn), 𝐼 = [I1, I2, . . . , In]
T, 𝐴 =

 a11 · · · a1n

· · ·
. . .

...
an1 · · · ann

,

then system (21) can be rearranged to the following compact
form:

C
0 Dα

t 𝑥(t) =−𝐶𝑥(t)+𝐴𝑓(𝑥(t))+𝐼. (22)

To guarantee the existence and uniqueness of the solu-
tions of the fractional-order neural network (22) (see Refs. [9]
and [52]), we assume that the functions f are Lipschitz-
continuous, i.e., for all 𝑥(t), 𝑦(t) ∈ℛn,

‖𝑓(𝑥(t))−𝑓(𝑦(t))‖ ≤ l‖𝑥(t)−𝑦(t)‖, (23)

where l is the Lipschitz constant.
The slave system is given by

C
0 Dα

t 𝑦(t) =−𝐶𝑦(t)+𝐴𝑓(𝑦(t))+𝐼+𝐺𝑢(t)+𝑑(t), (24)

where 𝑦(t) ∈ ℛn is the state vector of the slave system,
𝐺 ∈ ℛn×n is a positive definite control gain matrix, 𝑑(t) =
[d1(t),d2(t), . . . ,dn(t)]T ∈ ℛn is an unknown external distur-
bance, and 𝑢(t) = [u1(t),u2(t), . . . ,un(t)]T ∈ℛn is the control
input.

The objective of our work is to design a robust controller
such that the slave system (24) synchronizes the master sys-
tem (22). To proceed, the following assumption is needed.

Assumption 1 The external disturbance is bounded, i.e.,
‖di(t)‖ ≤ d̄i, i = 1,2, . . . ,n where d̄i is an unknown positive
constant.

3.2. Controller design and stability analysis

In this subsection, an adaptive fuzzy synchronization con-
troller will be designed. Define the synchronization error as
𝑒(t) = 𝑥(t)−𝑦(t). From Eqs. (22) and (24), we have

C
0 Dα

t 𝑒(t) =−𝐶𝑒(t)+𝐹 (𝑒(t))−𝐺𝑢(t)−𝑑(t), (25)

where 𝐹 (𝑒(t)) = 𝐴(𝑓(𝑥(t))− 𝑓(𝑦(t))) is a fully unknown
nonlinear function.

Remark 1 The nonlinear function 𝐹 should be written
as 𝐹 (𝑥(t),𝑦(t),𝑒(t)) in fact. In this paper, we will approxi-
mate this function by using fuzzy logic systems whose inputs
are synchronization errors, so the denotation 𝐹 (𝑒(t)) is only
for convenience here.

If the nonlinear functions 𝑓(𝑥(t)), 𝑓(𝑦(t)) and the exter-
nal disturbance 𝑑(t) are known, then we can design the fol-
lowing ideal controller:

𝑢eq =𝐺
−1𝐹 (𝑒(t))−𝐺−1𝑑(t). (26)

Thus, we have the following results.

Theorem 1 If the nonlinear functions 𝑓(𝑥(t)),𝑓(𝑦(t))
and the external disturbance 𝑑(t) are known, and the con-
troller input is chosen as Eq. (26), then the synchronization
error will converge to the origin asymptotically and all signals
in the closed-loop system will remain bounded.

Proof Substituting the ideal controller (26) into Eq. (25)
gives

𝑃C
0 Dα

t 𝑒(t) =−𝐶𝑒(t). (27)

Let the quadratic Lyapunov function be

V1(t) =
1
2
𝑒T(t)𝑒(t). (28)

By Lemma 6, the α-th derivative with respect to time of
Eq. (28) is bounded as

C
0 Dα

t V1(t) =
1
2

C
0 Dα

t 𝑒
T(t)𝑒(t)≤ 𝑒T(t)C0 Dα

t 𝑒(t)

≤ −2cminV1(t), (29)

where cmin = min{c1,c2, . . . ,cn}. It follows from Lemma 4
and Eq. (29) that the synchronization error will converge to
zero asymptotically. By using Lemma 7, we know that all
signals will keep bounded. This completes the proof of Theo-
rem 1.

Note that if 𝑓(𝑥(t)),𝑓(𝑦(t)) and the external disturbance
𝑑(t) are fully unknown, the ideal control input (26) cannot be
used directly. To solve this problem, let us approximate the
unknown nonlinear function Fi(𝑒(t)) through the fuzzy logic
system (20) as

F̂i(𝜃i(t),𝑒(t)) = 𝜃T
i (t)𝜓i(𝑒(t)), i = 1,2, . . . ,n, (30)

where 𝜓i(𝑥(t)) is the fuzzy basis function, and 𝜃i(t) is
an adjustable parameter of the fuzzy systems, which makes
sup{

∣∣Fi(𝑒(t))− F̂i(𝜃
*
i ,𝑒(t))

∣∣ | t ∈ ℐ} as small as possible (i =
1,2, . . . ,n). For a fixed synchronization error vector, define the
parameter estimation error related to 𝜃i as

𝜃̃i(t) = 𝜃i(t)−𝜃*i , (31)

and define the fuzzy approximation error related to 𝜃*i as

εi(𝑒(t)) = Fi(𝑒(t))− F̂i(𝜃
*
i ,𝑒(t)). (32)

As in Refs. [36] and [44]–[48], we can assume that the
fuzzy systems do not violate the universal approximator prop-
erty. Thus it is rational to give the following assumption.

Assumption 2 The fuzzy approximation error is
bounded, i.e., there exists an unknown positive constant ε* > 0
such that

sup{|εi(𝑒(t))| | t ∈ ℐ, i = 1,2, · · · ,n} ≤ ε
*. (33)

Remark 2 It should be emphasized that Assumption 2
is not restrictive because the upper bound ε* is assumed to
be unknown. Note that εi(𝑒(t)) is a continuous function, it is
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bounded on any finite interval. Therefore, such a constant ε*

always exists.
According to the above discussion, one obtains

F̂i(𝜃i(t),𝑒(t))−Fi(𝑒(t))

= F̂i(𝜃i(t),𝑒(t))− F̂i(𝜃
*
i ,𝑒(t))+ F̂i(𝜃

*
i ,𝑒(t))−Fi(𝑒(t))

= F̂i(𝜃i(t),𝑒(t))− F̂i(𝜃
*
i ,𝑒(t))− εi(𝑒(t))

= 𝜃̃T
i (t)𝜓i(e(t))− εi(𝑒(t)). (34)

Denote

𝜃(t)𝜓(𝑒(t))

= [𝜃T
1 (t)𝜓1(𝑒(t)),𝜃T

2 (t)𝜓2(𝑒(t)), . . . ,𝜃T
n (t)𝜓n(𝑒(t))]T

and

𝜃̃(t)𝜓(𝑒(t))

= [𝜃̃T
1 (t)𝜓1(𝑒(t)), 𝜃̃T

2 (t)𝜓2(e(t)), . . . , 𝜃̃T
n (t)𝜓n(𝑒(t))]T,

then equation (34) can be rewritten as

𝐹̂ (𝜃(t),𝑒(t))−𝐹 (𝑒(t)) = 𝜃̃T(t)𝜓(𝑒(t))−𝜀(𝑒(t)), (35)

where 𝜃(t) = [𝜃T
1 (t),𝜃

T
2 (t), . . . ,𝜃

T
n (t)]

T ∈ℛN×n (N is the num-
ber of fuzzy rules).

Based on the above discussion, now we are ready to give
the following results.

Theorem 2 Suppose that Assumptions 1 and 2 are sat-
isfied. Let ˆ̄di(t) and ε̂*(t) be the estimations of the unknown
constants d̄i and ε*, respectively. If the synchronization con-
troller 𝑢(t) is designed as

𝑢(t) = 𝐺−1[𝜃T(t)𝜓(𝑒(t))+ ε̂
*(t)sign(𝑒(t))

+diag( ˆ̄𝑑(t))sign(𝑒(t))+𝐾𝑒(t)], (36)

where
ˆ̄𝑑(t) = [ ˆ̄d1(t), ˆ̄d2(t), . . . , ˆ̄dn(t)]T

and 𝐾 = diag(k1,k2, . . . ,kn) is a positive definite gain matrix
to be chosen, and the control system parameters 𝜃i(t), ε̂*(t),
and d̂i(t) are respectively updated by

C
0 Dα

t 𝜃i(t) = γ1iei(t)𝜓i(e(t))− γ1iγ2i𝜃i(t), (37)

C
0 Dα

t ε̂
*(t) = γ3

n

∑
i=1

|ei(t)|− γ3γ4ε̂
*(t), (38)

C
0 Dα

t
ˆ̄di(t) = γ5i|ei(t)|− γ5iγ6i

ˆ̄di(t), (39)

where γ1i, γ2i, γ3, γ4, γ5i, and γ6i are positive design param-
eters, then the synchronization will converge to an arbitrary
small region of the origin if appropriate design parameters are
chosen.

Proof Substituting the synchronization controller (36)
into Eq. (25) and using Eq. (35), we have

C
0 Dα

t 𝑒(t) = −𝐶𝑒(t)+𝐹 (𝑒(t))−𝐺𝑢(t)−𝑑(t),

= −𝑃𝑒(t)− 𝜃̃T(t)𝜓(𝑒(t))+𝜀(𝑒(t))−𝑑(t)
− 𝜀̂*(t)sign(𝑒(t))−diag( ˆ̄𝑑(t))sign(𝑒(t)), (40)

where 𝑃 = 𝐶 +𝐾. From the definition of 𝑃 we can know
immediately that it is a positive definite matrix.

Multiplying 𝑒T(t) into both sides of Eq. (40) yields

𝑒T(t)C0 Dα
t 𝑒(t)

= −𝑒T(t)𝑃𝑒(t)−𝑒T(t)𝜃̃T(t)𝜓(𝑒(t))

+𝑒T(t)𝜀(𝑒(t))−𝑒T(t)𝑑(t)

−𝑒T(t)ε̂*(t)sign(𝑒(t))−𝑒T(t)diag( ˆ̄𝑑(t))sign(𝑒(t))

≤ −pmin𝑒
T(t)𝑒(t)−

n

∑
i=1

ei(t)𝜃̃T
i (t)𝜓i(𝑒(t))+ ε

*
n

∑
i=1

|ei(t)|

+
n

∑
i=1

d̄i|ei(t)|− ε̂
*(t)

n

∑
i=1

|ei(t)|−
n

∑
i=1

ˆ̄di(t)|ei(t)|

= −pmin𝑒
T(t)𝑒(t)−

n

∑
i=1

ei(t)𝜃̃T
i (t)𝜓i(𝑒(t))

− ε̃
*(t)

n

∑
i=1

|ei(t)|−
n

∑
i=1

˜̄di(t)|ei(t)|, (41)

where pmin is the minimum eigenvalue of 𝑃 , and

ε̃
*(t) = ε̂

*(t)− ε
*, (42)

˜̄di(t) = ˆ̄di(t)− d̄i (43)

are the estimation errors of the unknown constants ε* and d̄i,
respectively. Note that the α-th derivative of a constant is zero,
from Eqs. (31), (42), and (43) we have C

0 Dα
t 𝜃̃i(t) = C

0 Dα
t 𝜃i(t),

C
0 Dα

t ε̃*(t) = C
0 Dα

t ε̂*(t), and C
0 Dα

t
˜̄di(t) = C

0 Dα
t

ˆ̄di(t).
Let us consider the following Lyapunov function candi-

date:

V2(t) =
1
2
𝑒T(t)𝑒(t)+

n

∑
i=1

1
2γ1i

𝜃̃T
i (t)𝜃̃i(t)

+
1

2γ3
ε̃
*2(t)+

n

∑
i=1

1
2γ5i

˜̄d2
i (t). (44)

Then, by using Lemma 5, Eqs. (37)–(39) and (41), we
obtain

C
0 Dα

t V2(t)

≤ 𝑒T(t)C0 Dα
t 𝑒(t)+

n

∑
i=1

1
γ1i
𝜃̃T

i (t)
C
0 Dα

t 𝜃̃i(t)

+
1
γ3

ε̃
*(t)C0 Dα

t ε̃
*(t)+

n

∑
i=1

1
γ5i

˜̄di(t)C0 Dα
t

˜̄di(t)

= 𝑒T(t)C0 Dα
t 𝑒(t)+

n

∑
i=1

1
γ1i
𝜃̃T

i (t)
C
0 Dα

t 𝜃i(t)

+
1
γ3

ε̃
*(t)C0 Dα

t ε̂
*(t)+

n

∑
i=1

1
γ5i

˜̄di(t)C0 Dα
t

ˆ̄di(t)

≤ −pmin𝑒
T(t)𝑒(t)−

n

∑
i=1

ei(t)𝜃̃T
i (t)𝜓i(𝑒(t))
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− ε̃
*(t)

n

∑
i=1

|ei(t)|

+
n

∑
i=1

1
γ1i
𝜃̃T

i (t)
C
0 Dα

t 𝜃i(t)+
1
γ3

ε̃
*(t)C0 Dα

t ε̂
*(t)

−
n

∑
i=1

˜̄di(t)|ei(t)|+
n

∑
i=1

1
γ5i

˜̄di(t)C0 Dα
t

ˆ̄di(t)

= −pmin𝑒
T(t)𝑒(t)−

n

∑
i=1

γ2i𝜃̃
T
i (t)𝜃i(t)− γ4ε̃

*(t)ε̂*(t)

−
n

∑
i=1

γ6i
˜̄di(t) ˆ̄di(t)

= −pmin𝑒
T(t)𝑒(t)−

n

∑
i=1

γ2i𝜃̃
T
i (t)𝜃̃i(t)

−γ4ε̃
*(t)ε̃*(t)− γ4ε̃

*(t)ε*(t)

−
n

∑
i=1

γ2i𝜃̃
T
i (t)𝜃

*
i −

n

∑
i=1

γ6i
˜̄di(t) ˜̄di(t)−

n

∑
i=1

γ6i
˜̄di(t)d̄i

≤ −pmin𝑒
T(t)𝑒(t)−

n

∑
i=1

γ2i

2
𝜃̃T

i (t)𝜃̃i(t)

− γ4

2
ε̃
*2(t)−

n

∑
i=1

γ6i

2
˜̄d2
i (t)

+
n

∑
i=1

γ2i

2
𝜃*T

i 𝜃
*
i +

γ4

2
ε
*2 +

n

∑
i=1

γ6i

2
d̄2

i

≤ −h̄1V2(t)+ h̄2, (45)

where h̄1 = min{2pmin,γ1iγ2i,γ2γ4,γ5iγ6i} and

h̄2 =
n

∑
i=1

γ2i

2
θ
*T
i θ

*
i +

γ4

2
ε
*2 +

n

∑
i=1

γ6i

2
d̄2

i

are two positive constants.
It follows from Eq. (45) that there exists a nonnegative

function z(t) such that

C
0 Dα

t V2(t)+ z(t) =−h̄1V2(t)+ h̄2. (46)

Taking the Laplace transform on Eq. (46), one obtains

V2(s) =
sα−1

sα + h̄1
V1(0)+

h̄2

s(sα + h̄1)
− Z(s)

sα + h̄1

=
sα−1

sα + h̄1
V2(0)+

sα−(1+α)h̄2

(sα + h̄1)
− Z(s)

sα + h̄1
, (47)

where V2(s) and Z(s) are the Laplace transforms of V2(t) and
z(t), respectively. By using Eq. (5), equation (47) can be
solved as

V2(t) = V2(0)Eα,1(−h̄1tα)+ h̄2tα Eα,1+α(−h̄1tα)

−z(t)* t−1Eα,0(−h̄1tα), (48)

where * denotes the convolution operator. Noting that both
t−1Eα,0(−h̄1tα) and z(t) are nonnegative, we have m(t) *
t−1Eα,0(−h̄1tα)≥ 0. Then, we have

V2(t)≤V2(0)Eα,1(−h̄1tα)+ h̄2tα Eα,1+α(−h̄1tα). (49)

Noting that arg(−h̄1tα) =−π , |− h̄1tα | ≥ 0 for all t ≥ 0
and α ∈ (0,2), according to Lemma 3, we know that there
exists a positive constant g0 such that

|Eα,1(−h̄1tα)| ≤ g0

1+ h̄1tα
, (50)

i.e.,

lim
t→∞

V2(0)Eα,1(−h̄1tα) = 0. (51)

Thus, for every ε > 0, there exists a constant t1 > 0 such that
t > t1 implies

V2(0)Eα,1(−h̄1tα)<
ε

3
. (52)

On the other hand, using Lemma 2, we know that for ev-
ery ε > 0, there exists a positive constant t2 such that

tα Eα,α+1(−h̄1tα)≤ h̄2

h̄1
+

ε

3
(53)

for all t > t2. If we can choose the controller design param-
eters such that h̄2/h̄1 ≤ ε/3, then it follows from Eqs. (49),
(52), and (53) that

V2(t)< ε. (54)

From Eq. (54) and the definition of the Lyapunov function
V2(t), we know that all signals in the closed-loop system will
keep bounded and ‖𝑒(t)‖ ≤

√
2ε for all t > t2. This ends the

proof of Theorem 2.
Remark 3 Fractional-order adaptation laws are also pro-

posed to update the design parameters in Refs. [9], [11], and
[53]. It should be stressed that in the above literature, the right
side of the fractional-order adaptation laws contains only a
positive term (for example, the adaptation law (37) is changed
as C

0 Dα
t 𝜃(t) = γ1iei(t)𝜓i(𝑒(t))). According to Lemma 7, the

estimation of these design parameters will be monotone in-
creasing. Thus, their boundednesses are very hard to be en-
sured. But in this paper, we add a term (for example, the
term −γ1iγ2i𝜃i(t) in Eq. (37) in the fractional-order adaptation
laws to solve this problem. It can be seen that the proposed
fractional-order adaptation laws have a very similar form to
those in Eq. (45), so it is easy to know that we can guarantee
the boundedness of the parameters to be updated by choosing
proper design parameters.

Remark 4 To guarantee that the synchronization error
eventually converges to a small enough region of the origin,
we should make h̄2/h̄1 as small as possible, and this can be
done by choosing proper controller design parameters, for ex-
ample, we can choose larger ki, γ1i, γ3, and γ5i and smaller γ2i,
γ4, and γ6i.

Remark 5 The term 𝐾𝑒(t) in Eq. (36) can be removed
in some conditions. We add this term here only for the purpose
of theoretical analysis. In fact, if 𝐾 = 0, we can replace the
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term pmin in Eq. (45) by cmin, and the stability of the closed-
loop system can be guaranteed still. In the simulation studies,
we will set 𝐾 = 0. That is to say, the proposed fuzzy logic
systems have very good approximation abilities.

Remark 6 To approximate the unknown nonlinear func-
tions, fuzzy logic systems, whose input are chosen as the syn-
chronization errors, are employed in this paper. We know that
the controlled slave fractional-order neural networks will syn-
chronize to the master system, so the synchronization errors
may be very small after a period of time. In this case, to guar-
antee the performance of the fuzzy logics systems, the fuzzy
rules should work well when the synchronization errors vary
very slowly in a small region of the origin. So, how to choose
appropriate fuzzy membership functions is an important work
in this paper. We will discuss this problem in Section 4.

Remark 7 Synchronization for fractional-order neural
networks has been investigated in many papers, for example,
in Refs. [11], [13], [15]–[18], and [21]–[27]. It should be men-
tioned that the adaptive fuzzy control method has rarely been
used to synchronize fractional-order neural networks. In ad-
dition, the model we used is very similar to that of Refs. [11]
and [27]. A comparison between our method and their results
is presented as follows: 1) In Refs. [11] and [27], adaptive
control and fractional-order sliding mode control methods are
used respectively. In this paper, an adaptive fuzzy control ap-
proach is proposed. 2) In Refs. [11] and [27], the prior knowl-
edge of the system model is needed. But in our method, the
system model can be fully unknown. 3) Bearing the results

of Refs [11] and [27] in mind, the advantages of our control
methods are: prior knowledge is not needed and the proposed
method has better robustness; the exact values of the parame-
ters are not needed (in fact, their exact values are hard to obtain
in practice.[8,36])

4. Simulation studies
In this section, a simulation example will be given

to show the effectiveness of the proposed synchronization
method.

Let 𝑥(t) = [x1(t),x2(t),x3(t)]T, α = 0.95, fi(xi(t)) =

tanh(xi(t)), ci = 1, Ii = 0 for i = 1,2,3, 𝐴 = 2.00 −1.20 0
2.00 1.71 1.15
−4.75 0 1.10

. With the above system parameters,

and let the initial condition be 𝑥(0) = [−3, 4, 3]T, the master
fractional-order neural network (22) has a chaotic attractor,
which is presented in Fig. 2.

The initial condition for the slave fractional-order neu-
ral networks is chosen as 𝑦(0) = [2,−1,−1]T, and the exter-
nal disturbance is defined as 𝑑(t) = [sin t,cos t,sin t + cos t]T.
The control design parameters are given as γ11 = γ12 = γ13 =

1,γ21 = γ22 = γ23 = 0.05,γ3 = 1.5,γ4 = 0.03,γ51 = γ52 = γ53 =

1,γ61 = γ62 = γ63 = 0.01, and k1 = k2 = k3 = 0. The initial
conditions for ˆ̄di(t) and ε̂*(t) are chosen as ˆ̄d1(0) = ˆ̄d2(0) =
ˆ̄d3(0) = ε̂*(0) = 0.01. To avoid the chattering phenomenon

produced by the sign function in Eq. (36), the discontinuous
function sign(·) is replaced by arctan(10·).
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Fig. 2. (color online) Chaotic behavior of system (21) in (a) x1(t)–x2(t)–x3(t), (b) x1(t)–x2(t) plane, (c) x1(t)–x3(t) plane and (d)
x1(t)–x4(t) plane.
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We define 7 Gaussian membership functions distributed
on interval [−4, 4] for each input ei(t). The synchronization
errors may be very small after a period of time, so the mem-
berships should have good performance nearby the origin. In
this paper, the parameters of the proposed membership func-
tions are listed in Table 1 (the membership functions have the
form exp[−(ei(t)−ρ)2/2δ 2]). It is easy to know that there
are 7×7×7 = 343 fuzzy rules used. The initial conditions for
𝜃i(t) are defined as 𝜃1(0) = 𝜃2(0) = 𝜃3(0) = 0 ∈ℛ343.

Table 1. Parameters of the membership functions.

Membership functions Parameter δ Parameter ρ

Function 1 1 –3
Function 2 0.4 –1
Function 3 0.1 –0.2
Function 4 0.05 0
Function 5 0.1 0.2
Function 6 0.4 1
Function 7 1 3
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Fig. 3. (color online) Membership functions.
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Fig. 4. (color online) Synchronization errors.

The simulation results are presented in Figs. 4–7. The
time responses of the synchronization errors are included in
Fig. 4. It is shown that the synchronization errors converge to
a very small region of the origin after a short period of time
although the controller design matrix K in Eq. (36) is chosen
as 0. The varieties of the control inputs are depicted in Fig. 5.
The norms of the fuzzy system parameters and the estimations

of the unknown system parameters are presented in Figs. 5 and
7, respectively. It is worth mentioning that all design param-
eters are chosen to be small in the simulation, so the control
inputs and the time responses of the parameters to be updated
online vary in a very stable way. That is to say, good synchro-
nization performance has been achieved based on the proposed
control method.
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Fig. 5. (color online) Control inputs.

0 2 4 6 8 10
0

0.4

0.8

1.2

Time/s

F
u
z
z
y
 s

y
st

e
m

 p
a
ra

m
e
te

rs

 

 
θ1↼t↽
θ2↼t↽
θ3↼t↽

Fig. 6. (color online) Fuzzy system parameters.
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Fig. 7. (color online) Estimations of the unknown system parameters.

In the rest of this section, we will give some simulation
results to show the differences between our control method
and that in Ref. [11]. Our design parameters are chosen as
above. In Ref. [11], the same system model is used in the sim-
ulation, and their design parameters are also chosen as those
in Ref. [11] except that the initial values and the external dis-
turbances are changed as above.
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Fig. 8. (color online) Simulation results. (a) Synchronization errors and (b) control inputs of our method, (c) synchronization errors
and (d) control inputs of Ref. [11].
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Fig. 9. (color online) Simulation results with large disturbance. Synchronization errors of (a) our method and (b) Ref. [11].

It can be concluded from Fig. 8 that the two methods

have similar synchronization performance, but in our method,

the synchronization will converge to the origin with smaller

fluctuation. It should be noted that the comparison results

are hard to be concluded because the design parameters in

the two controllers are very different. To show the robust-

ness of the two methods, we will increase the disturbances.

Let 𝑑(t) = [3sin t,3cos t,3sin t+3cos t], the simulation results

are presented in Fig. 9, from which we can conclude that our

method has better robustness compared with the synchroniza-

tion method in Ref. [11].

5. Conclusion

Synchronization of two identical fractional-order neural
networks by using an adaptive fuzzy control approach is dis-
cussed in this paper. We use the fuzzy logic systems to han-
dle the case that the model of the system is fully unknown.
Based on the fractional Lyapunov stability criterion, an adap-
tive fuzzy controller is given to guarantee that the synchroniza-
tion errors converge to an arbitrary small region of the origin.
It is shown that fractional-order adaptations can be designed
to cancel the fuzzy approximation errors and the estimation er-
rors of unknown parameters. By using the results of this paper,
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some control methods which are proposed for integer-order
nonlinear systems may be extended to control fractional-order
nonlinear systems. Working towards the simplicity of the con-
troller design and giving simpler stability analysis methods for
fractional-order nonlinear systems are our further investigation
directions.
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