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Effects of time delays in a mathematical bone model∗
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In this paper we propose a mathematical model of bone remodeling with time delays of both osteoclast-derived
paracrine signaling of tumor and tumor-derived paracrine signaling of osteoclast. The effects of time delays on the growth of
tumor cells and bone system are studied in multiple myeloma-induced bone disease. In the case of small osteoclast-derived
paracrine signaling, it is found that the growth of tumor cells slows down, the oscillation period of the ratio of osteoclasts
to osteoblasts is extended with increasing time delay, and there is a competition between the delay and osteoclast-derived
paracrine signaling. In the case of large tumor-derived paracrine signaling, the tumor-derived paracrine signaling can
induce a more significant decline in tumor growth for long time delay, and thus slowing down the progression of bone
disease. There is an optimal coupling between the tumor-derived paracrine signaling of osteoclasts and time delay during
the progressions of bone diseases, which suppresses the tumor growth and the regression of bone disease.
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1. Introduction
Time delay is ubiquitous in most physical and biologi-

cal systems, arising from finite propagation speeds of signals,
which has been widely studied in the context of coupled limit
cycle oscillator systems,[1–4] for example, the semiconductor
lasers,[5] neuronal networks,[6–8] etc.

Multiple myeloma is a hematologic malignancy that in-
terferes in a destructive way with the natural bone renewal
process,[9–13] coupled with several diseases which involve ab-
normal and uncontrolled proliferation of tumor cells. Multi-
ple myeloma-induced bone disease occurs due to dysregulated
bone remodeling, where tumor cells interacting with the bone
marrow microenvironment disrupt healthy kinetics, which is
dependent on the behaviors of osteoclasts and osteoblasts, and
ultimately leads to significant bone destruction.[14–16] Cur-
rently, the therapy of multiple myeloma-induced bone dis-
ease is still a challenge by virtue of its incurability, but it
may be controlled to some extent.[17,18] Some mathematical
models[19–22] have been proposed to reveal the kinetics of bone
cell populations in healthy and pathological bone remodel-
ing, and underlying cellular and signaling mechanisms. It was
demonstrated that the skeleton undergoes constant remodeling
through bone resorption carried out by active osteoclasts and
bone formation by osteoblasts, restoring the bone mass to its
initial value, and exhibits regular periodic oscillations in bone
cell populations. A limit cycle is observed in the phase plane
of osteoclasts–osteoblasts.

Although there are a number of theoretical and exper-
imental studies in various aspects of bone physiology, little

work deals with the role of time delay in multiple myeloma-
induced bone disease. However, there is increasing evidence
for the existence of the delay during the bone remodeling
cycles.[23,24] For example, it is observed that the increase in
bone cell populations takes place after 10–15 days in mice and
6–8 days in humans through therapy with G-CSF.[24] More-
over, some clinical observations also demonstrated that signals
transmission delays are inherent to bone systems due to the fi-
nite propagation speeds in the bone remodeling process.[25–27]

Interesting questions now arise: how do the time delays
influence the oscillation in a number of osteoclasts and os-
teoblasts? What are the effects of time delays on bone tumor
(i.e., myeloma cells) in response to different treatments? To
address these issues, according to the models[19–22] of bone re-
modeling with multiple myeloma, we propose a mathematical
model of bone remodeling kinetics with delay times of both
osteoclast-derived paracrine signaling of tumor and tumor-
derived paracrine signaling of osteoclast in this paper. Our
model can characterize both the kinetics of bone remodeling
during the disease progression and the time delays of osteo-
clasts on tumor cells due to the promotion of bone resorption
for the growth of the tumor.

The rest of this paper is organized as follows. In Sec-
tion 2, the mathematical model consisting of pathological
bone remodeling and different therapeutic approaches is pro-
posed. In Section 3, the influences of both osteoclast-derived
paracrine signaling of tumor and tumor-derived paracrine
signaling of osteoclast are discussed in multiple myeloma-
induced bone disease, and the evolution of the bone system
and the tumor in response to different treatments are studied
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in the presence of time delays. We draw some conclusions
from the present study in Section 4.

2. Bone remodeling model with time delays

In the presence of multiple myeloma, the bone remod-
eling process involves the activities of pre-osteoclasts, osteo-
clasts, pre-osteoblasts, osteoblasts, and myeloma cells. The
scheme of interactions between bone cells and myeloma cells
is shown by Fig. 1.
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Fig. 1. (color online) Schematic diagram of interactions between bone
cells and myeloma cells, showing (1) pre-osteoclasts differentiating
into osteoclasts; (2) osteoclasts autocrine regulation; (3) osteoclast-
derived factors stimulating osteoblasts production; (4) myeloma cell-
derived factors affecting osteoclasts (PTHrP, TGF-β , IL-8, among oth-
ers); (5) osteoclast-derived factors affecting myeloma cells; (6) pre-
osteoblasts differentiating into osteoblasts; (7) osteoblasts autocrine
regulation; (8) osteoblast-derived factors inhibiting osteoclasts produc-
tion; (9) myeloma cells derived factors inhibiting osteoblasts production
(DKK1, BMP, IGFs, among others).

Power law approximations are effective tools for describ-
ing and analyzing highly nonlinear biochemical systems.[28]

Bone remodeling is a nonlinear biological process involv-
ing complex mechanical and biochemical signaling pathways.
Power law approximations are applied to the descriptions of
biochemical autocrine and paracrine factors for bone system
by Komarova et al., and are widely used in the subsequent
studies of bone remodeling process.[19–21] When the delay
times of both osteoclast-derived paracrine signaling of tumor
and tumor-derived paracrine signaling of osteoclast are con-
sidered, the time evolutions of osteoclasts, osteoblasts, and
myeloma cells can be written as

dC(t)
dt

= α1C(t)g11

(
1+r11

T (t)
LT

)
B(t− τ1)

g21 −β1C(t), (1)

dB(t)
dt

= α2C(t− τ2)
g12 B(t)g22−r22

T (t)
LT −β2B(t), (2)

dT (t)
dt

= γTC(t)g13 T (t)ln
( LT

T (t)

)
, (3)

dZ(t)
dt

= −k1 max[C(t)−Cs,0]+ k2 max[B(t)−Bs,0]. (4)

Bone remodeling is a coordinated process involving groups
of bone cells working in so-called “basic multicellular units”
(BMUs). There are three stages: activation, resorption, and
formation in a BMU’s lifetime. In Eqs. (1)–(4), C(t) and B(t)
represent the numbers of osteoclasts and osteoblasts at a single
BMU, respectively; T (t) is the relative number of the tumor
(in percentage); Z(t) denotes a positive mineralization balance
between bone resorption and formation (i.e., the bone mass);
parameters αi and βi (with i = 1, 2) denote the production rate
of bone cells and decay rate, respectively; g11 (or g22) is the
signaling of osteoclasts (or osteoblasts) in its own production,
referred to as autocrine signaling; g12 (or g21) is the effect of
all the factors produced by osteoclasts (or osteoblasts) that reg-
ulate osteoblasts (or osteoclasts), referred to as paracrine sig-
naling; g13 represents the effectiveness of osteoclast-derived
paracrine signaling of myeloma cells; γT is the growth rate
of tumor; LT reflects maximal allowed value; r11 and r22 are
the effectiveness of tumor-derived paracrine signaling of os-
teoclast and the effectiveness of tumor-derived paracrine sig-
naling of osteoblast, respectively, and they describe the effects
of the tumor on the signaling of bone cells; ki, represents the
normalized activities of bone resorption and formation; and Cs

and Bs are the numbers of osteoclasts and osteoblasts at steady
state in the bone remodeling process, respectively.

On the other hand, for the multiple myeloma-induced
bone disease, there are three possible pharmaceuticals for
the treatment of disease: bisphosphonates which can sup-
press the production of osteoclasts,[29–31] proteasome in-
hibitors which can stimulate osteoblast production and bone
formation,[16,32,33] and the anti-tumor therapy[13,20,29] which
inhibits the growth of tumor cells. Thus, in the bone re-
modeling process involving the activities of osteoclasts, os-
teoblasts, and myeloma cells, the time evolution of cell popu-
lations Eqs. (1)–(3) can be adapted by

dC(t)
dt

= α1C(t)g11

(
1+r11

T (t)
LT

)
B(t−τ1)

g21−(β1 +d1)C(t), (5)

dB(t)
dt

= α2C(t− τ2)
g12 B(t)g22−r22

T (t)
LT − (β2−d2)B(t), (6)

dT (t)
dt

= γTC(t)g13 T (t)ln
( LT

T (t)

)
−d3T (t), (7)

where di(t) (with i =1, 2, 3) represent three pharmaceuticals
for the treatment of bone tumor, which depends on time and is
given by

di =

{
0, if t < tstart,

µi, if t ≥ tstart,
(8)

where tstart is the starting time of therapy and di are the param-
eters of therapy.
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3. Results
The above bone remodeling model can be studied by

numerical simulation. Here, we take the parameters in ac-
cordance with Refs. [19] and [20]: α1 = 3 day−1, α2 =

4 day−1, β1 = 0.2 day−1, β2 = 0.02 day−1, g11 = 1.1, g12 =

1.0, g13 = 0.5, g21 = −0.5, g22 = 0, r11 = 0.005, r22 =

0.2, γT = 0.005, LT = 100, k1 = 0.0748 cell−1·day−1, k2 =

0.0006395 cell−1·day−1, and d3 = 0.008, unless otherwise
mentioned. The unit of time is days.

3.1. Oscillation phenomena of bone remodeling in the ab-
sence of time delays

In the absence of time delays, the kinetic behaviors of
bone remodeling without or with myeloma cells are shown in
Fig. 2. For normal bone remodeling, the system exhibits reg-
ular periodic oscillations in bone cell populations and a limit
cycle is observed in the phase plane of osteoclasts–osteoblasts.
In contrast, for pathological bone remodeling, the number of
bone cells displays damped oscillations due to the profusion of
myeloma cells, and the periods of oscillations become shorter

than those in the normal case. It can be found that the am-
plitude of osteoclasts oscillations increases initially, reaches
a maximum, and then decreases due to the growth of tumor
with increasing time (see Figs. 2(a) and 2(c)). It means that
the system tries to prevent bone resorption from abnormally
coupling with bone formation, and tends to maintain normal
bone remodeling. The oscillation amplitude of the number
of osteoclasts increases after the invasion of myeloma cells,
which is consistent with the experimental results.[34,35] Fig-
ure 2(b) shows that the amplitude of osteoblasts oscillations
remarkably decreases due to the invasion of tumor cells, which
is a critical sign of multiple myeloma-induced bone disease.
Figures 2(d)–2(f) show the variations in bone cell population;
there is not a limit cycle in the phase plane of osteoclasts nor
osteoblasts, and the oscillation amplitude of the ratio of bone
cells C(t)/B(t) is reduced, leading to a reduction in bone mass.
The variations in bone cell populations and bone mass of the
mathematical model are in agreement with some experimental
results,[36–39] and similar results can be obtained in the follow-
ing sections.
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Fig. 2. (color online) Kinetic behaviors of the system without time delays. The time evolution of the number of osteoclasts (a), the
number of osteoblasts (b), the tumor (c), the ratio of C(t) to B(t) (e), and the bone mass (f). (d) The numbers of both osteoclasts and
osteoblasts in phase plane.

3.2. Effects of time delay on osteoclast-derived paracrine
signaling of tumor

3.2.1. The case of τ1 = τ2 = ττ1 = τ2 = ττ1 = τ2 = τ

The osteoclast-derived paracrine signaling of tumor can
be characterized by the parameter g13. When g13 is small, fig-
ures 3(a)–3(c) show that the growth of myeloma cells slows
down, and the oscillation period of the ratio of osteoclasts
to osteoblasts C(t)/B(t) is extended remarkably with the in-
crease of time delay τ , leading to apparent difference in bone
mass. When g13 is large, however, the obvious alternations

in the system by changing τ are not present, which indicates
that the system is particularly sensitive to the variation of τ

for small g13. In fact, although there is no time delay term in
the equation (see Eq. (3)) of myeloma cells, the influence of
the delay on the tumor is reflected in the curve of the tumor
growth, implying that tumor cells are influenced by time delay
effect of bone cells. Figures 3(c) and 3(f) show that the bone
mass for small g13 is higher than that for large g13 at the same
time (see the vertical dotted line): the smaller the value of g13,
the less the bone loss in the bone system is, and the longer time
delays can reduce bone loss and improve skeletal structure.

030503-3



Chin. Phys. B Vol. 26, No. 3 (2017) 030503

0 500 1000 1500
0

50

100

Time

T
u
m

o
r

(a)τ= 0.01
τ= 0.03
τ= 0.06

0 500 1000 1500
0

0.1

0.2

0.3

(b)

Time

R
a
ti
o
 o

f 
C
↼t
↽ 

to
 B
↼t
↽

0 500 1000 1500
40

60

80

100

120
(c)

Time

B
o
n
e
 m

a
ss

0 500 1000 1500
0

50

100
(d)

Time

T
u
m

o
r

0 500 1000 1500
0

0.05

0.10

0.15

0.20 (e)

Time

R
a
ti
o
 o

f 
C
↼t
↽ 

to
 B
↼t
↽

0 500 1000 1500
40

60

80

100

120
(f)

Time

B
o
n
e
 m

a
ss

Fig. 3. (color online) The kinetics of the system with τ1 = τ2 = τ . (a)–(c) g13 = 0.4; (d)–(e) g13 = 0.5.

3.2.2. The case of τ1 6= τ2τ1 6= τ2τ1 6= τ2

When τ1 < τ2, figure 4 shows that the dependence of the
systemic kinetics on time delay is similar to that in the case

τ1 = τ2 (Fig. 3), which indicates that the bone system exhibits
strong resistance on account of the invasion of myeloma cells
for long time delays when osteoclast-derived paracrine signal-
ing of tumor g13 is small (see the vertical dotted line).
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Fig. 4. (color online) Kinetic behaviors of the system with τ1 > τ2, with g13 = 0.4 ((a)–(c)) and 0.5 ((d)–(f)).

When τ1 < τ2, however, it is found that the system does

not display apparent variations by varying τ2 for small g13

nor large g13 as shown in Fig. 5. There is a competition be-

tween the delay and the osteoclast-derived paracrine signaling

of tumor in the development of bone disease. In particular, for

τ1 ≥ τ2, the delay is predominant over the osteoclast-derived

paracrine signaling of tumor for small g13, while the param-

eter g13 is crucial for large g13. Accordingly, the growth of

tumor cells and the progression of skeletal destruction slow

down due to the effect of time delay for small g13 whereas

there are slight changes in the kinetic behaviors of the system

for large g13. Moreover, it is observed that the larger the value

of g13, the faster the tumor increases as it reaches a maximal

value. In fact, with the growth of the tumor, more PTHrPs are

030503-4



Chin. Phys. B Vol. 26, No. 3 (2017) 030503

secreted by tumor cells to promote the production of RANKL,
leading to increased TGF-β by bone resorption of osteoclasts,
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Fig. 5. (color online) Kinetic behaviors of the system with τ1 < τ2 and
g13 = 0.4 ((a), (b)) and 0.5 ((c), (d)).

further contributing to the tumor growth and resulting in a de-
cline in bone mass. This suggests a vicious cycle imposed by
tumor cells and osteoclasts,[40–43] which induces bone destruc-
tion further and exacerbates bone disease.

3.3. Effects of time delay on tumor-derived paracrine sig-
naling of osteoclast

3.3.1. The case of τ1 = τ2 = ττ1 = τ2 = ττ1 = τ2 = τ

The tumor-derived paracrine signaling of osteoclast can
be characterized by the parameter r11. Figure 6 shows typi-
cal time-dependent curves of the system for different values of
r11. For large value of r11, the growth of tumor is slower and
the oscillation period of C(t)/B(t) is longer than those in the
case of small value of r11 when τ = 0.08. Therefore, increas-
ing time delay can suppress the growth of tumor cells and the
deterioration of bone destruction in the case of large value of
r11 (see the vertical dotted line).
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Fig. 6. (color online) Kinetic behaviors of the system with τ1 = τ2 = τ , and r11 = 0.001 ((a)–(c)) and 0.008 ((d), (e)).

3.3.2. The case of τ1 6= τ2τ1 6= τ2τ1 6= τ2

When τ1 > τ2, it is found that from Fig. 7 the influence of
time delay on the kinetics of the system is similar to that in the
case τ1 = τ2 (see Fig. 6). When τ1 < τ2, however, the time de-
lay τ2 cannot induce obvious changes of the system for small
value of r11 nor value of large r11 as shown in Fig. 8. The
extents of skeletal destruction and the progression of bone dis-
ease can be changed by time delay for large value of r11 (see
the vertical dotted line), and the kinetic characteristics of the
system depend strongly on the combined effects of the tumor-
derived paracrine signaling and time delay. It is concluded
that there is an optimal coupling between the tumor-derived
paracrine signaling of osteoclasts and time delay by the above
analysis during the progression of bone disease, which sup-
presses the tumor growth and the regression of bone disease.
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Fig. 7. (color online) Kinetic behaviors of the system with τ1 > τ2 and
r11 = 0.001 ((a), (b)) and 0.008 ((c), (d)).
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Fig. 8. (color online) Kinetic behaviors of the system with τ1 < τ2 and
r11 = 0.001 ((a), (b)) and 0.008 ((c), (d)).

3.3.3. Therapeutic scenarios

The kinetic behaviors of myeloma cells and bone system
in the presence of time delays are simulated for anti-tumor
therapy, then together with either bisphosphonates or protea-
some inhibitors, and numerical results are presented in Fig. 9.
Different kinds of therapeutic strategies in our model start at
time tstart = 1000 and stop at tstop = 2200. For convenience,
the time delays are set to be τ1 = τ2 = τ in the following.
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Fig. 9. (color online) Kinetic behaviors of the system with τ1 = τ2 = τ in
response to combined treatment. Panels (a) and (b) show the anti-tumor and
bisphosphonates d1 = 0.03; panels (c) and (d) display the anti-tumor and
proteasome inhibitors d2 = 0.003.

Figures 9(a) and 9(b) show how the combined therapy
of anti-tumor and bisphosphonates affects kinetic properties
of the system. The change of time delay can induce appar-
ent variation of the system for drug d1. From Figs. 9(a) and
9(c), it is observed that a rapid reduction in the tumor growth
takes places in the early stage of treatment. This is mainly due
to the anti-tumor therapy d3, and almost independent of the
influence of time delay during this time. However, the differ-
ences in the kinetics of the system are displayed by varying

time delay in the later stage of tumor development. For drug
d1, tumor cells exhibit relatively slow growth by increasing τ

when treatment is stopped whereas the system does not exhibit
remarkable variation for drug d2. Moreover, the cycles in the
phase plane are changed with the variation of time delay τ for
drug d1, which are represented by the curves in Fig. 9(b). This
suggests that drug d1 and long time delay τ can suppress tumor
regrowth and bone disease relapse. By the above analysis of
therapeutic scenarios the combined therapy of anti-tumor and
bisphosphonates signifies the anti-tumor therapy in shrinkage
of tumor but less effective in long-term suppression of tumor
growth and prevention of tumor relapse. In fact, the bone sys-
tem is capable of restoring itself to the healthy remodeling cy-
cle after the effect of tumor cells has been completely elimi-
nated. However, in either case, the tumor is usually never com-
pletely eliminated when the tumor reaches its limiting value,
which may result in tumor regrowth after the treatment has
been interrupted.

4. Conclusions

In this paper, we proposed a mathematical model of bone
remodeling with time delays for multiple myeloma-induced
bone disease. The effects of time delays on myeloma cells and
bone system are analyzed from two representative systemic
parameters: osteoclast-derived paracrine signaling of tumor
g13 and tumor-derived paracrine signaling of osteoclast r11.
For osteoclast-derived paracrine signaling g13, the system ex-
hibits diverse properties with time delays. It is shown that the
time delays can apparently slow down the development of tu-
mor cells and reduce the seriousness of the skeletal destruction
for small value of g13 when τ1 ≥ τ2. Moreover, it is found that
there is a vicious cycle between osteoclasts activity and tu-
mor activity[40–43] in such a way that the tumor development
enhances bone resorption of osteoclasts, which in turn pro-
motes the growth of tumor, leading to further bone destruction
and severe bone disease. For tumor-derived paracrine signal-
ing r11, the kinetic properties of the system are different from
those for g13. In the cases of τ1 ≥ τ2, the growth of tumor
cells and the progression of bone disease are evidently slowed
down by increasing time delay for large value of r11. It is
found that there is an optimal coupling between the tumor-
derived paracrine signaling of osteoclasts and time delay dur-
ing the progression of bone diseases, which suppresses the tu-
mor growth and the regression of bone disease.

Our model with time delays for multiple myeloma-
induced bone disease not only can be used to analyze many
qualitative properties of time delays and systemic parameters,
but also might provide guidelines for probing the mechanism
of bone destruction and exploring more effective therapeutic
approaches for multiple myeloma-induced bone disease.
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