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Homoclinic and heteroclinic chaos in nonlinear systems driven by
trichotomous noise∗
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The homoclinic and heteroclinic chaos in nonlinear systems subjected to trichotomous noise excitation are studied.
The Duffing system and the Josephson-junction system are taken for example to calculate the corresponding amplitude
thresholds for the onset of chaos on the basis of the stochastic Melnikov process with the mean-square criterion. It is shown
that the amplitude threshold for the onset of chaos can be adjusted by changing the internal parameters of trichotomous
noise, thereby inducing or suppressing chaotic behaviors in the two systems driven by trichotomous noise. The effects
of trichotomous noise on the systems are verified by vanishing the mean largest Lyapunov exponent and demonstrated by
phase diagrams and time histories.
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1. Introduction
The chaotic motion is a kind of irregular and random

movement due to sensitive dependence on initial conditions,
and it has been studied by many methods such as the largest
Lyapunov exponent, Poincare map, power spectrum, fractal
dimension, and Melnikov method. Outstanding among them
is the Melnikov technique, which renders an analytical method
available for the detection of chaotic motions. It was used
by Koch and Leven[1] to identify boundaries of subharmonic
and homoclinic bifurcations depending on the parameters of
a forced pendulum system. With this method, Ariaratnam et
al.[2] discussed homoclinic chaos prediction subjected to an
axial excitation for the transverse vibration of a buckled col-
umn. Shaw and Rand[3] studied the chaotic motions in an in-
verted pendulum with rigid barriers subjected to periodic ex-
citations. Xie[4] modified the Melnikov method and used it
to explore the effect of Gaussian white noise excitation on
the chaotic motion of a buckled column. Further, Lin and
Yim[5] defined a stochastic Melnikov process and developed
the stochastic Melnikov method of determining the threshold
for noisy chaos. They observed that external noise has sig-
nificant effect on the transition from noisy periodic attractor
to chaos. Awrejcewicz et al.[6–8] predicted the existence of
chaos in a four-dimensional self-excited system and a class
of lumped mechanical system with Coulomb-like friction and
dry friction, respectively. The stochastic Melnikov technique
was applied by Lei[9] to an averaged oscillator in order to de-
termine the threshold of random excitation amplitude for the
onset of chaos. Zhang et al.[10] utilized an extended Melnikov

method to investigate the multi-pulse global bifurcations and
chaotic dynamics of the nonlinear cantilever beam oscillations
driven by harmonic axial transverse excitations at the free end
in the resonant case. The Melnikov method was also employed
by Yang et al.[11] to obtain the chaotic threshold for a nonlin-
ear system under the perturbation of external forcing.

Trichotomous noise, a particular case of non-Gaussian
colored noise,[12] can be regarded as a stochastic telegraph
process like dichotomous noise, whose effect on dynamic sys-
tems has been analyzed by many researchers.[13–18] However,
trichotomous noise can represent real noise better than di-
chotomous noise in actual applications because the former
can degenerate into the latter and is more flexible to model
random fluctuations in nature.[19] Besides, trichotomous noise
can be directly expressed as a physical condition such as the
heat transfer between three states or configurations. It has
been developed to mimic the fluctuations of the oscillator fre-
quency and mass.[20–23] The influence of variable environ-
ment on the population carrying capacity was also modified
as the colored three-level Markovian noise.[24] Most of the
past research on trichotomous noise focused on the cases of
stochastic resonance. For example, Mankin et al. investi-
gated trichotomous-noise-induced transitions[20] and explored
the stochastic resonance phenomenon in some linear systems
subjected to trichotomous noise.[25–27] The cases of stochas-
tic resonance of a linear oscillator with random damping
parameter,[28] several fractional oscillators,[29–31] the coupled
underdamped bistable systems[32] and the FitzHugh–Nagumo
neuron model[33] driven by trichotomous noise have also been
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analyzed. Zhong et al.[30] studied two different forms of the
generalized stochastic resonance phenomena versus trichoto-
mous noise intensity. For the stochastic chaos, several studies
have focused on systems induced by Gaussian noise[34,35] or
Poisson noise.[36,37] Lei et al.[17] studied the chaos in a gen-
eralized Duffing-type oscillator with a fractional-order deflec-
tion subjected to dichotomous noise excitation. They showed
that for such an oscillator, the threshold of chaos can be en-
hanced and then chaotic behaviors can be controlled while ap-
propriately changing the transition rate of dichotomous noise.
However, chaos in the system driven by trichotomous noise
has not been studied so far.

In this study, the effects of trichotomous noise on
chaos in the Duffing system[38–41] and the Josephson-junction
system[42–44] are discussed, respectively, with the stochastic
Melnikov method. The rest of the paper is organized as fol-
lows. Trichotomous noise is generated numerically, and then
its spectral density is derived and depicted in Section 2. In Sec-
tion 3 the necessary condition for the appearance of chaos is
discussed based on the two illustrative systems by the stochas-
tic Melnikov method with the mean-square criterion. In Sec-
tion 4, the analytical results including the mean largest Lya-
punov exponent, phase diagrams and time histories are veri-
fied by numerical methods. Finally, conclusions are drawn in
Section 5.

2. Trichotomous noise
2.1. Generation of trichotomous noise

One can extend the notion of dichotomous noise further
to trichotomous noise denoted by ξ (t) which is a stationary
Markovian process. The process is composed of jumps be-
tween three values a, 0 and −a, while the values rise with the
respective stationary probabilities

Ps(a) = Ps(−a) = q, Ps(0) = 1−2q. (1)

The transition probabilities[20] between three states
ξ (t) =±a and 0 are obtained as

P(±a, t +∆t|0, t) = P(±a, t +∆t|∓a, t) = q(1− e−ν∆t),

P(0, t +∆t|±a, t) = (1−2q)(1− e−ν∆t),

∆t > 0, 0 < q < 0.5, ν > 0, (2)

where ν is the switching rate that is related to noise correlation
time τ by

ν = 1/τ. (3)

The generation of trichotomous noise is completely deter-
mined by Eqs. (1) and (2).

Figures 1(a)–1(c) present the generation of trichotomous
noise for the values 1,0,−1 as a time-dependent function for

different values of correlation time τ and probability q numer-
ically. It is clear to observe that as the correlation time τ in-
creases, residence time grows or jump frequency shrinks at
the three values from Figs. 1(a)–1(b), which means that the
randomness is weakened. Furthermore, it is also worth not-
ing that trichotomous noise can approach dichotomous noise
which only jumps between two values 1 and −1 in the case
q = 0.5 shown in Fig. 1(c), which explains dichotomous noise
as a special case of trichotomous noise.
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Fig. 1. (color online) Generation of trichotomous noise for the val-
ues 1,0,−1, for different values of parameter: (a) q = 0.3,τ = 0.1;
(b) q = 0.3,τ = 1; (c) q = 0.5,τ = 1.

2.2. Spectral density of trichotomous noise

We calculate the mean value

〈ξ (t)〉= ∑
x=−a,0,a

xPs(x) = 0, (4)

and the correlation function〈
ξ (t)ξ

(
t ′
)〉

= ∑
xx′

xx′P(x, t|x′, t ′)Ps(x′)

= ∑
x′

x′Ps(x′)∑
x

xP(x, t|x′, t ′)

= 2qa2 e−ν|t−t ′|. (5)
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Then the spectral density of trichotomous noise ξ (t), as
the Fourier transform of the correlation function, can be ob-
tained as

S (ω) = 2qa2
ν/π

(
ω

2 +ν
2). (6)

Here, we fix a = 1 to show the spectral density of trichoto-
mous noise for several values of parameters τ , q in Fig. 2. It is
obvious that the spectral density is always symmetrical about
the straight line ω = 0 which is also the position of the spectral
density peak. From Fig. 2(a), we observe that when q is fixed
at 0.3, the bigger the value of τ , the larger the peak value of
the spectral density is, and at the same time the narrower the
bandwidth of the one is, implying the less the randomness of
the noise is. While τ is fixed at 1, the larger the value of q,
the larger the peak value of the spectral density is, as shown
in Fig. 2(b). These illustrate that the parameters correlation
time τ and probability q have effects on the spectral density of
trichotomous noise to different extents.
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Fig. 2. (color online) Spectral densities of trichotomous noise for dif-
ferent values of parameter: (a) q = 0.3 and (b) τ = 1.

3. Stochastic Melnikov method
3.1. Chaos threshold with the stochastic Melnikov method

The Melnikov method, developed by Wiggins,[45] of
measuring the distance between stable and unstable manifolds,
is aimed at predicting whether chaos occurs.

Consider the two-dimensional perturbed Hamiltonian
system as follows:

ẋ =
∂H(x,y)

∂y
+ εg1(x,y, t),

ẏ = −∂H(x,y)
∂x

+ ε(g2(x,y, t)+µξ (t)), (7)

where 0< ε� 1 denotes a perturbative parameter, H(x,y) rep-
resents the Hamiltonian function of the unperturbed system,
and µ is the amplitude representing the intensity of trichoto-
mous noise ξ (t). For simplicity, system (7) can be rewritten
as the following vector form:

𝑋̇ = 𝐹 (𝑋)+ ε𝐺(𝑋, t), (8)

where

𝐹 (𝑋) =

(
∂H
∂y

,−∂H
∂x

)T

,

𝐺(𝑋, t) = (g1(x,y, t),g2(x,y, t)+µξ (t))T .

When ε = 0, the corresponding unperturbed system is

𝑋̇ = 𝐹 (𝑋). (9)

If system (9) has a homoclinic or heteroclinic orbit
𝛤 (t) = (x(t),y(t))T, then the Melnikov process of the orbit
can be obtained as

M(t0) =
∫ +∞

−∞

𝐹 (Γ (t))Λ𝐺(Γ (t), t + t0)dt

=
∫ +∞

−∞

(
∂H(x,y)

∂y
(g2(x,y, t + t0)+µξ (t + t0))

+
∂H(x,y)

∂x
g1(x,y, t + t0)

) ∣∣∣∣
𝛤 (t)

dt

= Md +µMs, (10)

where Λ is the projection operator. For example, if 𝑎 =

(a1,a2)
T and 𝑏= (b1,b2)

T, then

𝑎 Λ 𝑏=

∣∣∣∣ a1 a2
b1 b2

∣∣∣∣= a1b2−a2b1. (11)

The deterministic portion of the stochastic Melnikov pro-
cess is

Md =
∫ +∞

−∞

(
∂H(x,y)

∂y
g2(x,y, t + t0)

+
∂H(x,y)

∂x
g1(x,y, t + t0)

) ∣∣∣∣
𝛤 (t)

dt, (12)

and the stochastic portion is

Ms =
∫ +∞

−∞

∂H(x,y)
∂y

(ξ (t + t0))|𝛤 (t)dt. (13)

The mean of the stochastic Melnikov process E[M(t0)] = Md

since E[Ms] = 0. If ξ (t) is considered as an input of Eq. (13),
then the impulse response function is

h(t) =
∂H(x,y)

∂y

∣∣∣
𝛤 (t)

,
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and the corresponding frequency response function is

H(ω) =
∫ +∞

−∞

h(t)e−iωt dt

=
∫ +∞

−∞

∂H(x,y)
∂y

∣∣∣
𝛤 (t)

e−iωt dt. (14)

Thus, the second moment of the stochastic portion can be de-
rived through the convolution integral as a filtering process in
the frequency domain as follows:

E[M2
s ] =

∫ +∞

−∞

|H(ω)|2S(ω)dω. (15)

From the viewpoint of the Smale–Birkhoff theorem, if the
Melnikov function has a simple zero point, the transversal in-
tersection between the stable and unstable manifolds will oc-
cur. Once the two manifolds intersect, they will intersect infi-
nite times, indicating the appearance of chaos. However, the
mean of the stochastic Melnikov process is usually negative
and not zero since the average ignores the effects of stochas-
tic excitations. However, the standard Melnikov method only
provides a necessary condition for the occurrence of chaos in
the sense of Smale’s horseshoes. Accordingly, the criterion for
chaotic behavior in stochastic systems can be described with
a mean-square representation in view of energy.[5] That is, the
stochastic Melnikov process has a simple zero point associated
with the mean-square criterion when M2

d = µ2E[M2
s ], which

yields the threshold for the onset of noise-induced chaos.
As mentioned above, we discuss the possible domain for

the onset of chaos in a nonlinear system with two illustrative
examples.

3.2. Example 1: Duffing system

Consider the Duffing system as

ẍ− x+ x3 = ε(−δ ẋ+µξ (t)). (16)

By variable substitution y = ẋ, system (16) can be ex-
pressed as the equivalent differential equations as follows:

ẋ = y,

ẏ = x− x3 + ε(µξ (t)−δy). (17)

The Hamiltonian function of the unperturbed system re-
lating to system (17) is

H(x,y) =
1
2

y2− 1
2

x2 +
1
4

x4. (18)

We obtain the homoclinic orbits as follows:

𝛤±hom(t) =
(
x0(t),y0(t)

)T

= ±
(√

2sech(t),−
√

2sech(t) tanh(t)
)T

. (19)

The stochastic Melnikov function for system (17) can be
written as

M(t0) =
∫ +∞

−∞

y0(t)(µξ (t + t0)−δy0(t))dt

= µMs +Md, (20)

where

Md=−δ

∫ +∞

−∞

(y0(t))2 dt and Ms=
∫ +∞

−∞

y0(t)ξ (t+t0)dt.

Based on the above derivation, the impulse response func-
tion is h(t) = y0(t), which correlates with the frequency re-
sponse function as follows:

H(ω) =
∫ +∞

−∞

y0(t)e−iωt dt

= ∓
∫ +∞

−∞

√
2sech(t) tanh(t)(cosωt− i sinωt)dt

= ±i
√

2
∫ +∞

−∞

sech(t) tanh(t)sin(ωt)dt

= ∓i
√

2ωπ sech(πω/2). (21)

Thus, the second moment of the stochastic part of the
Melnikov process can be obtained in the frequency domain
as follows:

E[M2
s ] = 4qνπ

∫ +∞

−∞

sech2(πω/2)
ω2

ω2 +ν2 dω. (22)

As mentioned above, when E[µ2M2
s ] = M2

d , the threshold
of chaos induced by trichotomous noise in system (17) can be
expressed as

µ =
δ
∫ +∞

−∞
sech2(t) tanh2(t)dt√

qvπ
∫ +∞

−∞
sech2(πω/2)

ω2

ω2 +ν2 dω

=

√
τδ
∫ +∞

−∞
sech2(t) tanh2(t)dt√

qπ
∫ +∞

−∞
sech2(πω/2)

ω2τ2

1+ω2τ2 dω

. (23)

3.3. Example 2: Josephson-junction system

We consider the Josephson-junction system perturbed by
trichotomous noise excitation as follows:

d2θ

dt2 + sinθ + ε

[
α

dθ

dt
−µξ (t)

]
= 0. (24)

With the transformation θ = x, θ̇ = y, system (24) can be
changed into the following equivalent form:

ẋ = y,

ẏ =−sin(x)+ ε(−αy+µξ (t)). (25)

The Hamiltonian function of the unperturbed system as-
sociated with system (25) is

H(x,y) = y2/2+1− cos(x). (26)

The analytical solutions of two heteroclinic orbits can be
calculated from

𝛤±het(t) =
(
x1(t),y1(t)

)T

= ±(2arctan(sinh(t)),2sech(t))T . (27)

In a similar way, we derive the stochastic Melnikov func-
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tion of system (25) as

M(t0) =
∫ +∞

−∞

y1(t)(−αy1(t)+µξ (t + t0))dt

= µMs +Md, (28)

where

Md=−α

∫ +∞

−∞

(y1(t))2 dt=−8α and Ms=
∫ +∞

−∞

y1(t)ξ (t+t0)dt.

As in the case of the Duffing system, the corresponding
frequency response function is

H(ω) =
∫ +∞

−∞

y1(t)e−iωt dt

= ±2
∫ +∞

−∞

sech(t)cos(ωt)dt

= ±2π sech(πω/2). (29)

Thus, the second moment of the stochastic part Ms, as
the output of the system in the frequency domain, can be ex-
pressed as

E[M2
s ] = 8qνπ

∫ +∞

−∞

sech2(πω/2)
1

ω2 +ν2 dω. (30)

Then, the conditions of occurrence of chaos for the
stochastic Melnikov process in system (25) can be obtained

in the mean-square sense as

M2
d = E[µ2M2

s ] = µ
2E[M2

s ]

= 8qνµ
2
π

∫ +∞

−∞

sech2(πω/2)
1

ω2 +ν2 dω. (31)

Hence, the threshold for chaotic behaviors in system (25)
can be obtained from

µ =

√√√√√ 8α2

qνπ
∫ +∞

−∞
sech2(πω/2)

1
ω2 +ν2 dω

=

√√√√√ 8τα2

qπ
∫ +∞

−∞
sech2(πω/2)

τ2

1+ω2τ2 dω

. (32)

Equations (23) and (32) show the condition of the onset of
chaos in the Duffing system and the Josephson-junction sys-
tem, respectively. Without loss of generality, we assume the
parameter values δ = 0.15,α = 0.1 for later discussion. The
relations between the correlation time τ , probability q and the
amplitude threshold µ for the onsets of chaotic behaviors are
obtained as depicted in Fig. 3. It indicates straightforwardly
that as the correlation τ increases for q = 0.1,0.2,0.3, and 0.5,
respectively, the threshold µ for the occurrence of chaos first
decreases rapidly, then increases again slowly for system (16),
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Fig. 3. (color online) Chaotic threshold µ for system (16) ((a), (b)) and system (24) ((c), (d)). Panels (a) and (c) show the analytical
results of the relations among τ , q and µ; panels (b) and (d) display the analytical results of the relations between τ and µ for
q = 0.1,0.2,0.3, and 0.5, respectively.
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but for system (24) the threshold µ decreases continuously just
with the speed from fast to slow. In other words, trichoto-
mous noise can induce different chaotic responses for the two
illustrative systems. In the situation where τ is fixed, due to
the increase of q, the threshold µ is found to decrease con-
tinually for both systems as shown in Figs. 3(b) and 3(d). In
particular, while q = 0.5, trichotomous noise degrades into di-
chotomous noise, both of them have similar properties, but
trichotomous noise with other stationary probabilities rules
out chaos more easily than dichotomous noise since the lat-
ter has a smaller chaotic threshold, given the same correlation
time. This clearly indicates that one may enhance the thresh-
old of chaos to suppress the occurrence of chaos in the system
through properly adjusting the correlation time and the station-
ary probabilities of trichotomous noise.

4. Numerical methods
Since the result obtained by the stochastic Melnikov

method together with the mean-square criterion is not a neces-
sary and sufficient condition for the occurrence of chaos, it is
desirable for us to further account for the analytical result by
using numerical simulations.

4.1. Mean largest Lyapunov exponent

For the existence of chaos, the system can be judged in-
tuitively from the largest Lyapunov exponent which charac-
terizes the exponential rate of divergence or convergence of
nearby orbits. A positive largest Lyapunov exponent means
that in phase space of the system, no matter how close the
two initial trajectories are, the difference between them will in-
crease exponentially with time evolution so that the long-term
behavior of the system cannot be predicted. We utilize Wolf’s
algorithm[46] to calculate the largest Lyapunov exponent. The
basic idea of Wolf’s algorithm is to study the long-term evo-
lution of infinitesimal n-dimensional sphere under the initial
condition. The Lyapunov exponent is defined as

λ = lim
t→∞

1
t

log2
p(t)
p(0)

,

where p(t) is the length of principal axis of this sphere. Note
that the direction of principal axis is always chosen with prob-
ability 1 since it cancels out other directions with time evo-
lution. So we can obtain with probability 1 the largest Lya-
punov exponent given an arbitrary initial condition and its tan-
gent vector. In the chaotic system, the length evolution in the
axis direction is very fast, in order to prevent it from overflow-
ing, we use the Gram–Schmidt orthonormal process. For the
largest Lyapunov exponent, we only need to do unitization for
each iteration process.

However, for the stochastic system, we can only deter-
mine the speed of divergence or convergence of a sample or-
bit. Thus, in this work for minimizing the effect of random

orbits,[47] we utilize the mean largest Lyapunov exponent for
investigating whether the system with a stochastic excitation
is chaotic through averaging different sample orbits.

For the nonlinear system with given initial value under
the trichotomous noise excitation, if an external noise orbit is
selected as input, then a sample orbit of the stochastic sys-
tem will be obtained as output correspondingly, whose pro-
cessing method can be similar to that of the deterministic
system,[48] by using the variation equation to obtain the lin-
earized system along the fiducial sample orbit. The average
divergence or convergence degree of sample orbits can be de-
scribed through the linearized system. Then, we select another
sample orbit to repeat the calculation of the largest Lyapunov
exponent Li, where i denotes the serial number of the orbit.
Finally, the average of all the largest Lyapunov exponents of
the sample orbits is the mean largest Lyapunov exponent, i.e.,

L = 1
N

N
∑

i=1
Li, where N is the number of total orbits. In this

work, we choose N = 100 for averaging. The plots of the
mean largest Lyapunov exponent L versus trichotomous noise
amplitude µ for various values of correlation time τ and prob-
ability q in systems (16) and (24) are shown in Fig. 4. As seen
from Figs. 4(a) and 4(c), the phenomena of the two systems
are similar to each other. We vary correlation time τ in a range
between 0.1 and 3 and keep q = 0.3 fixed, when the amplitude
of trichotomous noise µ increases to a critical value (around
µC = 0.67,0.48,0.79, see Fig. 4(a); µC = 1.35,0.70,1.10, see
Fig. 4(c), for τ = 0.1,1,3, respectively), the mean largest Lya-
punov exponent turns into a positive value from a negative
one, signifying the occurrence of chaotic motions. It is also
observed from Figs. 4(a) and 4(c) that with increasing correla-
tion time, the critical value first decreases and then increases.
Moreover, when we fix the value of µ , such as µ = 0.6 in sys-
tem (16) and µ = 0.9 in system (24), the dynamical behaviors
of both systems will change with the increase of correlation
time τ: from non-chaos to chaos (from τ = 0.1 to τ = 1), and
then from chaos to non-chaos again (from τ = 1 to τ = 3). This
means that chaos in the nonlinear system can be modified and
controlled by adjusting the correlation time of trichotomous
noise which can not only induce but also suppress the onset of
chaos in the system. In Figs. 4(b) and 4(d), correlation time
τ is fixed at 1, when the probability q ranges from 0.1 to 0.5,
the corresponding mean largest Lyapunov exponent also varies
from a negative value to a positive one, but the critical value
decreases continually, which shows that trichotomous noise
rules out chaos more easily than dichotomous noise when τ is
fixed. In addition, in the case of system (24), when q= 0.1 and
0.2, we see that the mean largest Lyapunov exponent does not
increase continually, but decreases after first increasing with
the increase of the amplitude µ .

To better reveal the dependence of the threshold on the
correlation time and stationary probability, the plots of func-
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tion of the amplitude threshold versus the correlation time for
various values of probability are obtained by selecting the crit-
ical value of the mean largest Lyapunov exponent (from non-
chaos to chaos) as shown in Figs. 5(a)–5(f). On the one hand,
if the value of probability q is fixed, then the threshold of am-

plitude µ for the occurrence of chaos shows the phenomenon
of the increase after first reduction with the increase of corre-
lation time τ . On the other hand, for a fixed correlation time,
the threshold µ will decrease with the increase of probability
q. A comparison between Fig. 3(b) and Fig. 5(a) shows that
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Fig. 4. (color online) Plots of mean largest Lyapunov exponent L versus amplitude µ in system (16) ((a), (b)) and system (24) ((c), (d))
with q = 0.3 ((a), (c)), and τ = 1 ((b), (d)).
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Fig. 5. (color online) Plots of chaotic threshold µ versus correlation time τ for system (16) ((a)–(c)) and system (24) ((d)–(f)).
Panels (a) and (d) show numerical results of the relationship between τ and µ for different q values; in panels (b), (c), (e), and (f). ‘−’
denotes analytical result; ‘··’ refers to numerical result.
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in system (16), the variation tendency of the analytical results
obtained by the stochastic Melnikov method under the mean-
square sense is the same as the one of numerical results ob-
tained by selecting the mean largest Lyapunov exponent crit-
ical value, but a comparison between Fig. 3(d) and Fig. 5(d)
indicates that in system (24), the variation tendency of the for-
mer differs from that of the latter. This can be explained since
the mean of the stochastic Melnikov process only serves as a
necessary condition for the occurrence of chaos. More specif-
ically, it can be seen from Figs. 5(b), 5(c), 5(e), and 5(f) that
the smaller the value of τ and the bigger the value of q, the
smaller the difference between the analytical and numerical
results becomes, for both systems. It follows that the stochas-
tic Melnikov method associated with the mean-square crite-
rion can generate reasonable analytical results for the onset of
chaos.

4.2. Phase diagrams and time histories

We utilize phase diagrams and time histories to numeri-
cally investigate dynamical behaviors. Figures 6(a)–6(c) ex-

hibit the phase trajectories and time histories of system (16)
corresponding to Fig. 4(a) where µ is chosen to be 0.6 and the
mean largest Lyapunov exponents are about −0.002,0.010,
and −0.005 for τ = 0.1,1, and 3, respectively. Similarly,
figures 6(d)–6(f) exhibit the phase trajectories and time his-
tories of system (24) matching with Fig. 4(c) where we fix
µ = 0.9 and the mean largest Lyapunov exponents are about
−0.003,0.007, and −0.002, respectively. After taking the two
different initial values and getting rid of transient time t = 106,
the trajectories are almost coincident with those shown in
Figs.6(a), 6(c), 6(d), and 6(f) in which the mean largest Lya-
punov exponents are negative. However, the evolutions of the
trajectories are obviously different for the two more closely
initial values due to the positive mean largest Lyapunov ex-
ponents in Figs. 6(b) and 6(e). These plots elucidate that re-
sults of phase diagrams and time histories are in good agree-
ment with the ones of the mean largest Lyapunov exponent,
which depicts the sensitive dependence on initial condition in
the chaotic system.
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Fig. 6. (color online) Phase diagrams and time histories with q= 0.3 for different initial conditions and correlation times in system (16)
((a)–(c)) and system (24) ((d)–(f)), respectively, with ((a), (d)) τ = 0.1, ((b), (e)) τ = 1, and ((c), (f)) τ = 3.

5. Conclusions

In the present paper, the effects of trichotomous noise ex-
citation on the chaotic behaviors of the Duffing system and
the Josephson-junction system are discussed, analytically and
numerically. The stochastic Melnikov process in the mean-
square sense is used to obtain the threshold of trichotomous

noise amplitude for the onset of chaos. When the stationary

probability of trichotomous noise is fixed and the correlation

time increases, the threshold of noise amplitude for the onset

of chaos increases after decreasing first in the Duffing system,

but always decreases continuously in the Josephson-junction

system. However, in reverse, with the increasing of the sta-
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tionary probability of trichotomous noise whose correlation
time is fixed, the threshold decreases continually in both sys-
tems. The extensive numerical simulations including the mean
largest Lyapunov exponent, phase diagrams and time histories
are carried out to verify the analytical results, and we can see
that both results are in agreement with each other. We con-
clude that the correlation time and the stationary probability of
trichotomous noise play significant roles in inducing and sup-
pressing chaos in both the Duffing system and the Josephson-
junction system.

References
[1] Koch B P and Leven R W 1985 Physica D 16 1
[2] Ariaratnam S T, Xie W C and Vrscay E R 1989 Dyn. Stability Syst. 4

111
[3] Shaw S W and Rand R H 1989 Inter. J. Non-Linear Mech. 24 41
[4] Xie W C 1994 Nonlinear Stochastic Dynamics, AMD 192 215
[5] Lin H and Yim S C S 1996 ASME J. Appl. Mech. 63 509
[6] Awrejcewicz J and Sendkowski D 2004 Phys. Lett. A 330 371
[7] Awrejcewicz J and Pyryev Y 2006 Nonlinear Anal., Real World Appl.

7 12
[8] Awrejcewicz J and Holicke M 2006 Math. Probl. Eng. 2006 1
[9] Lei Y M and Xu W 2007 Acta Phys. Sin. 56 5103 (in Chinese)

[10] Zhang W, Yao M H and Zhang J H 2009 J. Sound Vib. 319 541
[11] Yang X W, Tian R L, Cao Q J and Wu Q L 2012 Chin. Phys. B 21

20503
[12] Elston T C and Doering C R 1996 J. Stat. Phys. 83 359
[13] Horsthemke W and Lefever R 1984 Noise-induced Transitions (Berlin:

Springer)
[14] Bena I, Van den Broeck C, Kawai R and Lindenberg K 2002 Phys. Rev.

E 66 045603
[15] Gitterman M 2003 Phys. Rev. E 67 057103
[16] Li J H and Han Y X 2006 Phys. Rev. E 74 051115
[17] Lei Y M, Fu R, Yang Y and Wang Y Y 2016 J. Sound Vib. 363 68
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