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Modes splitting in graphene-based double-barrier waveguides∗

Si-Pu You(有四普), Ying He(何英)†, Yan-Fang Yang(杨艳芳), and Hui-Fang Zhang(张惠芳)

Department of Physics, College of Sciences, Shanghai University, Shanghai 200444, China

(Received 28 June 2016; revised manuscript received 17 November 2016; published online 13 February 2017)

The graphene-based double-barrier waveguides induced by electric field have been investigated. The guided modes
can only exist in the case of Klein tunneling, and the fundamental mode is absent. The guided modes in the single-barrier
waveguide split into symmetric and antisymmetric modes with different incident angles in the double-barrier waveguide.
The phase difference between electron states and hole states is also discussed. The phase difference for the two splitting
modes is close to each other and increases with the order of guided modes. These phenomena can be helpful for the potential
applications in graphene-based optoelectronic devices.
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1. Introduction
In recent years, more and more research on graphene has

been done experimentally and theoretically[1–6] due to its re-
markable properties and potential applications.[7–11] Graphene
is a single two-dimensional layer of carbon atoms bound in
a hexagonal lattice structure, and the quasi particle exactions
around the Dirac point obey a linear Dirac-like energy disper-
sion law, which can be described by a two-dimensional Dirac
equation.[8] It exhibits many unique properties.[12–21]

As we all know, quasiparticles in graphene exhibit the
linear dispersion relation, which is similar to that of light or
photons. Thus it is possible to make an analogy between the
propagation of electron waves in a graphene waveguide and
electromagnetic waves in dielectric optical waveguides. Elec-
trons in graphene near the Dirac point exhibit some optical-
like phenomenon, such as reflection, refraction, and trans-
mission. Moreover, the electrons in graphene have very long
mean free paths and seem to be almost insensitive to disorder
and electron–electron interactions.[7] Hence, quantum well or
barrier in graphene can act as a slab waveguide for electrons
wave.[22–28]

It is necessary to compare the difference between an op-
tical waveguide and a graphene waveguide. First, the guided
modes in an optical waveguide depend on the configuration
of the waveguide and the material properties of the guiding
film, the cover, and the substrate. For a graphene waveg-
uide, the layers are characterized by potential energies, which
can be modulated by the external electric field without chang-
ing the configuration of the waveguide. Secondly, in the
graphene waveguide the guided modes are generated due to the
propagation of ballistic electrons governed by the Dirac-like
equation, while in the dielectric optical waveguide the guided

modes are generated due to the propagation of electromag-
netic waves satisfying the Helmholtz equation. Many achieve-
ments about graphene waveguides have been reported.[24–34]

The waveguide induced by a δ -function-like magnetic field
exhibits a step-like increase in conductance with increasing
fermion energy.[23] The graphene-based waveguide with elec-
trostatic potential modulation and magnetic modulation by fer-
romagnetic stripes has been investigated.[24–28,35] All of these
results show that the characteristics of the guided modes differ
due to the different modulation method and different waveg-
uide structures.

The research about graphene-based waveguides mainly
focuses on the quantum well structures,[24–27,36] while only
a small part of potential barrier structures have been
studied.[28,37–39] The graphene waveguide with a single barrier
structure has been studied in detail.[28] In the graphene-based
double-barrier structures, the giant Goos–Hänchen shift, reso-
nant tunneling, and shot noise have been reported,[37–39] which
demonstrate some different properties compared with that in
the single barrier structure. The graphene double-barrier struc-
ture is an important field, since practical optoelectronic de-
vices are not made of simple structures such as a single quan-
tum barrier or a single quantum well while it may consist
of double barriers or double wells. Moreover, the graphene
waveguide with a double-barrier structure possesses more ex-
tensive physical phenomena than those in the single-barrier
structure.

Here we will investigate the guided modes in a graphene-
based double-barrier waveguide. The results show that guided
modes in double-barrier waveguides will split. The splitting
of guided modes is very sensitive to well widths and bar-
rier heights. When the well width, which is the distance in-
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terval between two barriers, tends to be large enough, im-
pact between the two barriers will be ignored, and thus the
double-barrier waveguides will degenerate into two single bar-
rier waveguides. The phase difference between electron states
and hole states has also been discussed and the relationship
between the phase difference and the order of guided modes is
also illustrated.

2. Model and theory
In this work, we consider the symmetric double-barrier

waveguides induced by monolayer graphene, as shown in
Fig. 1. A graphene-based barrier can be created with two elec-
trostatic gates, a global back gate, and a local top gate, apply-
ing on the sheet of graphene. The potential profiles of the five
zones of the double-barrier waveguides are denoted by

V1(x) =

{
V0, 0≤ x≤ x1,x2 ≤ x≤ x3,

0, otherwise.
(1)

V0

V↼x↽


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x2
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2θ
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Fig. 1. (color online) Schematic structure of the double-barrier waveg-
uides based on graphene.

In Fig. 1, θ is the incident angle with respect to the x axis, and
the propagation direction of the guided modes is the y axis.
The double-barrier waveguides we consider here are induced
by electrostatic field, and we can control the height of barriers
by changing the strength of electrostatic field.

The low energy band structure for a single valley (K lat-
tice point) in graphene can be described by the 2D Dirac-like
Hamiltonian

[−ih̄vF(𝜎 ·∇)+V (x)]𝜓 = E𝜓, (2)

where vF ≈ 106 m/s is Fermi velocity, 𝜎 = (σx,σy) are the
Pauli matrices, E is the incident energy of electron, and h̄
is Planck’s constant h divided by 2π . Since a graphene
honeycomb lattice contains two sublattices A and B, 𝜑(x)
can be expressed by a two component spinor, i.e., 𝜑(x) =
[𝜑A(x),φ B(x)], where 𝜑A(x) and 𝜑B(x) represent the smooth
enveloping functions of sublattices A and B, respectively. As
a result of translation invariance in the y direction, ψ(x,y) can
be written as ψ(x,y) = φ(x)e ikyy. Thus we can obtain

dφ A(x)
dx

− kyφ
A(x) = i

E−V (x)
h̄vF

φ
B(x), (3a)

dφ B(x)
dx

+ kyφ
B(x) = i

E−V (x)
h̄vF

φ
A(x). (3b)

The solution to Eq. (3) for a given energy in the five regions
can be written as

φ
A(x) =



Aeαx, x < 0,
Bcos(kxx)+C sin(kxx), 0 < x < x1,

A′ eα(x−x2)+De−α(x−x1), x1 < x < x2,

B′ cos[kx(x− x2)]+C′ sin[kx(x− x2)], x2 < x < x3,

D′ e−α(x−x3), x3 < x,

(4a)

φ
B(x) =



iS′[A(ky−α)eαx]/k2, x < 0,
iS[(Bky−Ckx)cos(kxx)+(Bkx +Cky)sin(kxx)]/k1, 0 < x < x1,

iS′[A′(ky−α)eα(x−x2)+D(α + ky)e−α(x−x1)]/k2, x1 < x < x2,

iS{(B′ky−C′kx)cos[kx(x− x2)]+(B′kx +C′ky)sin[kx(x− x2)]}/k1, x2 < x < x3,

iS′[D′(α + ky)e−α(x−x3)]/k2, x3 < x,

(4b)

Here, we define kx = k1 cosθ , ky = k1 sinθ , S = sgn(E−V0),
and S′ = sgn(E), where sgn(E−V0) and sgn(E) are sign func-
tions. k1 = |E−V0|/h̄vF and k2 = |E|/h̄vF are wave vectors in
regions II, IV and regions I, III, V respectively, and A, B, C,
D, A′,B′, C′, and D′ are the undetermined coefficients of en-
veloping functions. Using the boundary continuity conditions
of the wave functions at x = 0, x = x1, x = x2, and x = x3, we
can obtain

𝑀(A,B,C,D,A′,B′,C′,D′)T = 0, (5)

where 𝑀(E,kx) is an 8× 8 matrix. The dispersion Eq. (5)
is a transcendental one and cannot be solved analytically. In
order to solve the equation easily, we transform Eq. (5) into
f (kxx1) = g(kxx1), where f (kxx1) and g(kxx1) are functions
of kxx1. The equation f (kxx1) = g(kxx1) is too long, so the
analytical expression is not given here. We propose a graph-
ical method to determine the solution of kxx1 for the guided
modes. In Fig. 2, the dependencies of f (kxx1) and g(kxx1) on
kxx1 are presented, and the intersections show the existence of
the guided modes.
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Fig. 2. (color online) Graphical determination of kxx1 for oscillating
guided modes. The red solid curves and black dashed line correspond
to f (kxx1) and g(kxx1) respectively, and the purple circles represent
the location of solutions. Here the physical parameters are chosen
to be E = 15 meV, V0 = 50 meV, x1 = 200 nm, x2 = 220 nm, and
x3 = 420 nm.

3. Results and discussion

The guided modes in the double-barrier waveguides can

only be supported for 0 < E <V0/2, when S = sgn(E−V0) =

−1 and S′ = sgn(E) = 1. Then SS′ = −1, which corresponds

to the case of Klein tunneling. In this case, the electron makes

an intraband tunneling from an electronlike to a holelike.

However, the condition SS′ = 1, corresponding to the classi-

cal motion, cannot be satisfied in the double-barrier waveg-

uides, so the guided modes cannot be generated in the clas-

sical motion case, which is different from the quantum well

graphene waveguide where the incident energy should satisfy
E >V0/2 > 0 and the guided modes can be generated for both
the Klein tunneling with SS′ = −1 and classical motion with
SS′ = 1.[25,28,36]

The existence of the guided modes is demonstrated in
Fig. 2. For such given parameters, we can see that there exist
six intersections. Moreover, we could get kxx1 from the graph
directly. The corresponding values of kxx1 are 2.8613, 3.0152,
5.6954, 6.0477, 8.4775, and 9.2539, which determine six spe-
cific incident angles.

The wave function corresponding to the intersections is
represented in Fig. 3. It is demonstrated that the number of
the nodes of the guided modes φ begins from one and is order-
producing with the decreasing angle. Similar to the optical
waveguide terminology, we define the guide modes by the
number of the nodes of the spinor wave function. In the case of
Klein tunneling, the properties of guided modes in the double-
barrier waveguides are quite different from that in the single
barrier waveguide. It shows that only three guided modes
can propagate in the single barrier waveguide for the same
parameters,[24] while in the double-barrier waveguide, there
are six guided modes. It means that the single-barrier modes
split into symmetric and antisymmetric modes with different
incident angles and x-direction energies. Two resonant wave
functions in adjacent quantum barriers are mixed by tunneling
and split into a doublet.
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Fig. 3. (color online) The wave functions of guided modes as a function of distance of graphene waveguide, corresponding to the intersections
in Fig. 2. The red dashed curve and the green solid curve correspond to φ A(x) and iφ B(x), respectively. The vertical dashed line represents
boundaries of the waveguide. The physical parameters are (a) kxx1 = 2.8613, (b) kxx1 = 3.0152, (c) kxx1 = 5.6954, (d) kxx1 = 6.0477, (e)
kxx1 = 8.4775, and (f) kxx1 = 9.2539.
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We find that the modes are from first-order to sixth-order,
and the fundamental mode does not exist. Although the or-
der of new modes generated by splitting in the double-barrier
waveguides are obviously different from each other, the an-
gle of incidence and energy of x-direction are close to each
other for the two splitting modes, such as the first-order and
second-order modes. However, the difference of the angle
of incidence and energy of x-direction between the two split-
ting modes increases with the increasing order of the modes,
which is shown in Fig. 4(a). For example, the incident an-
gles of fifth-order mode and sixth-order mode are 37.0801◦

and 29.4415◦ respectively, and the energy in x-direction is
9.0440 meV and 7.3730 meV respectively. Guided modes can
exist in the graphene-based waveguide with some certain sep-
arated incident angles rather than arbitrary continuous angles,
and with discrete energy in x-direction.

As reported in the previous papers,[24,25,28,36] the funda-
mental mode can only exist in the case of classical motion and
cannot exist in the Klein tunneling case in the graphene-based
waveguide. The graphene double-barrier waveguides support
modes only in the case of Klein tunneling, and the fundamen-
tal mode is absent. The wave function φ A has a peak close
to the right interface between region IV and region V, while
the iφ B has a peak close to the left interface between region
I and region II. The difference results from that the electron
and the hole have different velocities due to the conservation
of pseudo-spin of the chiral particles. [36] Figure 3 also mani-
fests an obvious shift between the wave function φ A and iφ B,
which is due to the different phase between the electron for
φ A and that of the hole for iφ B. The electron moves toward
the left interface, while the hole moves toward the right one si-
multaneously. This may cause a local effect, that is, electrons
are more likely to locate in the left part of the double-barrier

waveguides, and the holes prefer to locate in the right part of
the double-barrier waveguides. Here we calculate the phase
difference δ between the electron for φ A and that of the hole
for iφ B as δ = π/2− θ , where θ is the incident angle. The
relationship between the phase difference δ and the order of
guided modes n is shown in Fig. 4(b).

In Fig. 4(b), the phase difference δ increases with the in-
crease of the order of guided modes n. It is chiefly because that
the phase difference of the guided modes is dependent on the
incident angle, and the lower-order mode corresponds to a big-
ger angle of the incident electron, but the higher-order mode is
related to a smaller angle of the incident electron. For the split-
ting doublet, the phase difference is close to each other. How-
ever, the phase difference for the splitting modes increases sig-
nificantly with the order of modes. It results from that the en-
ergy of electron in the x-direction also increases with the order
of guided modes. The split interval of the x-direction energy
and the phase difference of the splitting doublet become larger
and larger with the increase of the order of the modes, as is
shown in Fig. 4.

       





 (a)

n

n

E
x
/
m
e
V

       





(b)

δ/
(Ο
)

Fig. 4. (color online) The dependence of (a) x-direction energy Ex and
(b) the phase difference δ on the order n of the guided modes corre-
sponding to Fig. 3.
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Fig. 5. (color online) The probability current densities for the six guided modes corresponding to Fig. 3. The cyan horizontal lines
represent boundaries of the five regions in the waveguide.
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In order to understand the confinement of the elec-
tron wave in the double-barrier waveguides, we calculate
the probability current density by the definition in the Dirac

equation Jy = vF𝜓
+𝜎y𝜓, where 𝜎y =

(
0 −i
i 0

)
and ψ =(

φ A(x)
φ B(x)

)
eikyy. The probability current densities for the six

guided modes are shown in Fig. 5. It can be seen that the
electrons can be confined in the double-barrier waveguides.
Moreover, we can see that the probability current density for
the first-order mode in Fig. 5(a) is quite similar to that for the
second-order mode in Fig. 5(b), which are generated by modes
splitting.

4. Conclusion
In conclusion, we study the guided modes in the double-

barrier waveguides based on graphene. The graphene quan-
tum double barrier can act as an electron waveguide when
the incidence angle is larger than the total internal reflec-
tion critical angle. The dispersion equation, guided modes
chart, wave function, phase difference, and the probability cur-
rent densities are discussed in detail. It is found that elec-
tronic waves can only propagate in the graphene-based double-
barrier waveguides in the case of Klein tunneling (0 < E <

V0/2) when the electron makes an intraband tunneling from
an electronlike to a holelike.

In the double-barrier waveguide, modes splitting take
place. Due to a considerable overlap of wave functions in
the two barriers, the single-quantum-barrier modes split into
symmetric and antisymmetric modes with different incident
angles and x-direction energy. Therefore, the double-barrier
waveguides can support more guided modes than single bar-
rier waveguides do under the same circumstances. Although
the incident angle and the x-direction energy in double-barrier
waveguides are different from that in single barrier waveg-
uides, but the difference is very small and can be modulated by
incident energy and the electrostatic gates. It gives us a way
to fine-tune some of the parameters of the guided modes in the
double-barrier waveguides. Furthermore, the double-barrier
waveguides have a much wider range of applications than sin-
gle waveguides and have potential applications in directional
couplers and the core component in future electron guided-
wave integrated circuits. The split interval of x-direction en-
ergy of the doublets becomes larger and larger, and the phase
difference between electrons for φ A and holes for iφ B be-
comes larger and larger with the increasing order of the guided
modes.

In the graphene-based double-barrier waveguides, the

interference and coupling effect may happen, which de-
serves our further investigation. The graphene-based quantum
double-barrier waveguides are potentially useful in electron
guided-wave integrated circuits which could perform optical-
like processing. We hope these performances of graphene-
based double-barrier waveguides can be helpful in designing
and motivating the application of graphene-based devices in
the future.
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