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1. Introduction
Over the past half century, the numerical solutions of

many physics and engineering problems have been obtained
by mesh-based methods such as the finite element method.
In these methods, the approximation of unknown variables
is related exactly to the geometry of the elements. Mesh-
less (or meshfree) methods,[1,2] in which the approximation
of unknown variables requires only nodes, can overcome the
meshing-related drawbacks.[1–3]

Shape functions play an important role in meshless meth-
ods. The moving least squares (MLS) approximation is one of
the most extensively used methods to construct meshless shape
functions.[4–6] In recent years, some MLS variants,[1] such as
the complex variable MLS,[7] the interpolating MLS,[4,8–10]

the complex variable interpolating MLS,[11,12] and the im-
proved interpolating MLS,[13–15] have also been presented.
The MLS approximation is developed from the traditional
least squares method (LSM), which means that the LSM is
used at each computing point in practical numerical processes.
A disadvantage of the LSM is that the final system of algebra
equations is sometimes ill-conditioned. Hence, the MLS may
form an ill-conditioned or singular moment matrix. Besides,
the matrix must be inverted, which leads to the decrease in
stability and the increase in computational cost and error. To
overcome this drawback, weighted orthogonal basis functions
are generated for the MLS.[16,17] Afterwards, the improved
moving least squares (IMLS) approximation is developed. A
key advantage of the IMLS approximation is that the moment
matrix is diagonalized and then the system of algebra equa-
tions is solved without deriving the inverse matrix. Conse-
quently, the burden of inverting the moment matrix is elimi-

nated, and the IMLS approximation has a higher computing
efficiency.[17–19]

Recently, a shifted and scaled monomial basis func-
tion has been developed to stabilize the MLS.[20] Theoret-
ical analysis and numerical verification show that both the
determinant and the condition number of the moment ma-
trix in the stabilized MLS are independent of the nodal dis-
tance, and thus the stabilized MLS prevents the instability
occurrence.[21] The inherent instability of the interpolating
MLS has also been studied theoretically and numerically.[22]

We should point out that the shifted and scaled monomial ba-
sis function has already been widely used in another class of
meshless method, i.e., the reproducing kernel particle method
(RKPM), since 1995.[23,24] Over the past two decades, there
have been many developments on the RKPM. The equivalence
between the MLS and the kernel approximations has been
addressed.[25,26] Actually, when the monomial basis function
is used, the element-free Galerkin (EFG) method and the
RKPM are equivalent.

In this paper, shifted and scaled orthogonal basis func-
tions are developed to stabilize the IMLS approximation. The
determinant and the condition number of the moment matrix
in the stabilized IMLS are invariable with respect to the nodal
distance. Therefore, the stabilized IMLS is expected to obtain
more accurate and stable results.

The improved element-free Galerkin (IEFG) method is
a typical IMLS-based meshless method.[1] In this method,
the IMLS is used to approximate the unknown variables, and
the Galerkin weak form is employed to obtain the discretized
system equations. The IEFG method has been successfully
applied to problems in fracture,[27] elastic,[28] transient heat
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conduction,[29] elastodynamics,[30] biological population,[31]

and viscoelasticity,[32] and to wave equation,[33] Camassa and
Holm equation,[34] and Schrödinger equation.[35] It is shown
that, under the same node distribution, the numerical error of
the IEFG method is much less than that of the EFG method;
and under the same accuracy, the IEFG method needs fewer
nodes than the EFG method. Therefore, the IEFG method has
greater computational precision and efficiency than the EFG
method.

The IEFG method has gained great success in computa-
tional physics and engineering. Contrarily, only a few pub-
lished papers deal with the associated mathematical theory. In
Ref. [36], Li et al. analyzed theoretically the properties and
errors of the IMLS, and then deduced the error estimates of
the IEFG method for linear Poisson equations. In Refs. [37]
and [38], Li et al. established error estimates for the MLS, and
then obtained error analysis of the Galerkin boundary node
method. For the EFG method, error estimates have been es-
tablished for the linear Poisson equation,[1,21,39,40] elasticity
equation,[41] sine-Gordon and sinh-Gordon equations.[42]

The second goal of this paper is to analyze theoretically
the IEFG method for both linear and nonlinear elliptic equa-
tions. Detailed computational formulas are deduced. Besides,
based on the error results of the IMLS, the theoretical error
analysis of the IEFG method for linear and nonlinear elliptic
equations is provided in energy norms.

The rest of this paper is outlined as follows. Section 2
presents and analyzes a stabilized IMLS approximation. Then,
analysis of the IEFG method for both linear and nonlinear el-
liptic problems is presented in Sections 3–6. Finally, numer-
ical examples and conclusions are given in Sections 7 and 8,
respectively.

2. A stablized IMLS approximation
2.1. Formulations

Let {𝑥i}N
i=1 be a set of N nodes in a bounded domain

Ω ⊂Rn (n = 1,2, . . .). As in the MLS,[4] the local approxima-
tion ℐu of a function u in the IMLS can be defined as

u(𝑥)≈ ℐu(𝑥, 𝑥̄) =
m

∑
j=1

q j (𝑥̄)a j (𝑥) ,

∀ 𝑥= (x1,x2, · · · ,xn)
T ∈ Ω , (1)

where ℐ is an approximation operator, q j (𝑥̄) are constructed
basis functions, a j (𝑥) are unknown coefficients, m is the num-
ber of the basis, and 𝑥̄ = (x̄1, x̄2, . . . , x̄n)

T is the evaluation
point 𝑥 or a nodal point 𝑥i.

The basis used in the MLS is a complete set of linear
independent monomial functions. In the IMLS, the basis is
composed of a complete set of weighted orthogonal functions

that can be constructed by the Schmidt orthogonalization tech-
nique as

q1 (𝑥̄) = 1, qi (𝑥̄) = pi (𝑥̄)−
i−1

∑
k=1

(pi,qk)𝑥
(qk,qk)𝑥

qk (𝑥̄),

i = 2,3, . . . ,m, (2)

where the inner product (·, ·)𝑥 about nodes {𝑥i}i∈∧(𝑥) is de-
fined for functions v1 and v2 as

(v1,v2)𝑥 = ∑
i∈∧(𝑥)

wi (𝑥)v1 (𝑥i)v2 (𝑥i),

where 𝑥i, i ∈ ∧(𝑥), are nodes with influence domains that
cover the point 𝑥, ∧(𝑥) = {I1, I2, . . . , Iℓ} denotes the global

sequence numbers of these nodes, and wi (𝑥)
∆
= w(𝑥−𝑥i) are

weight functions.
In Eq. (2), the given function pi (𝑥̄) can be chosen as the

monomial basis functions used in the MLS.[16] Let 𝑝T (𝑥̄) =

[p1 (𝑥̄) , p2 (𝑥̄) , . . . , pm (𝑥̄)], then in this case a linear basis is
given by

𝑝T (𝑥̄) = [1, x̄1, x̄2, . . . , x̄n] ,

and a quadratic basis by

𝑝T (𝑥̄) =
[
1, x̄1, x̄2, . . . , x̄n, x̄2

1, x̄1x̄2, . . . , x̄2
n
]
.

Besides, we can define pi (𝑥̄) as[17]

p1 (𝑥̄) = 1, pi (𝑥̄) = ri−1 (𝑥̄) , i = 2,3, . . . ,m,

where r (𝑥̄) = x̄1 for one-dimensional problems, and r (𝑥̄) =

∑
n
i=1 x̄i or r (𝑥̄) =

√
∑

n
i=1 x̄2

i for n-dimensional problems.
The coefficients a j (𝑥) in Eq. (1) are obtained by mini-

mizing the L2 norm

𝒥 = ∑
i∈∧(𝑥)

wi (𝑥) [ℐu(𝑥,𝑥i)−ui]
2

= ∑
i∈∧(𝑥)

wi (𝑥)

[
m

∑
j=1

q j (𝑥i)a j (𝑥)−ui

]2

as

𝑎(𝑥) = [a1 (𝑥) ,a2 (𝑥) , . . . ,am (𝑥)]T

= 𝐴−1 (𝑥)𝐵 (𝑥)𝑢,

where 𝑢=
[
uI1 ,uI2 , . . . ,uIℓ

]T with ui are the nodal values, and

𝐴i j (𝑥) = (qi,q j)𝑥 , i, j = 1,2, . . . ,m,

𝐵 ji (𝑥) = wIi (𝑥)q j (𝑥Ii) ,

j = 1,2, . . . ,m; i = 1,2, . . . , ℓ.

Since the functions given by Eq. (2) are orthogonal, i.e.,
(qi,q j)𝑥 = 0 for i ̸= j, we have

a j (𝑥) =
∑
ℓ
i=1𝐵 ji (𝑥)uIi
(q j,q j)𝑥

=
∑i∈∧(𝑥) wi (𝑥)q j (𝑥i)ui

(q j,q j)𝑥
, j = 1,2, . . . ,m. (3)
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Substituting Eq. (3) into Eq. (2) and setting 𝑥̄ = 𝑥, the
global approximation of u(𝑥) is

u(𝑥) ≈ ℐu(𝑥) = ℐu(𝑥, 𝑥̄) |𝑥̄=𝑥

= ∑
i∈∧(𝑥)

Φi (𝑥)ui =
N

∑
i=1

Φi (𝑥)ui,

where the IMLS shape function is

Φi (𝑥) =

wi (𝑥)
m

∑
j=1

q j (𝑥i)q j (𝑥)

(q j,q j)𝑥
, i ∈ ∧(𝑥) ,

0, i /∈ ∧(𝑥) ,

i = 1,2, . . . ,N.

2.2. Choice of basis functions

As in Refs. [21] and [22], it can be proved theoretically
that the determinant and the 2-norm condition number of the
moment matrix 𝐴(𝑥) in the IMLS are

det(𝐴(𝑥)) =Cdh2∑
m
i=1 î, (4)

cond(𝐴(𝑥)) =Cch−2m̂, (5)

where
h = max

1≤i≤N
min

1≤ j≤N, j ̸=i

∣∣𝑥i −𝑥 j
∣∣

is the nodal spacing, Cd and Cc are constants independent of h,
and the notation î denotes the largest degree of the functions
p j (𝑥̄).

Equations (4) and (5) indicate that, for h small enough,
𝐴(𝑥) in the IMLS becomes poorly conditioned and the accu-
racy of computing a j (𝑥) decreases.

In Refs. [21] and [22], a shifted and scaled monomial ba-
sis function is used in the MLS and the interpolating MLS to
improve the condition number of the associated moment ma-
trix. In this study, the following shifted and scaled functions
are defined using p j (𝑥̄) as

ps
j (𝑥̄) = p j

(
𝑥̄−𝑥e

h

)
, j = 1,2, . . . ,m,

where 𝑥e is a fixed point located on the influence domain of the
evaluation point 𝑥. In particular, we can take 𝑥e =𝑥. Then, as
in Eq. (2), shifted and scaled orthogonal basis functions qs

j (𝑥̄)

are constructed using ps
j (𝑥̄) as

qs
1 (𝑥̄) = 1, qs

j (𝑥̄) = ps
j (𝑥̄)−

j−1

∑
k=1

(
ps

j,q
s
k

)
𝑥(

qs
k,q

s
k

)
𝑥

qs
k (𝑥̄),

j = 2,3, . . .m.

Finally, substituting qs
j (𝑥) for q j (𝑥) in the IMLS, a stabilized

IMLS can be deduced directly. The corresponding moment
matrix is denoted as 𝐴s (𝑥) with entries

𝐴s
i j (𝑥) =


(

qs
j,q

s
j

)
𝑥
, i = j,

0, i ̸= j,
i, j = 1,2, . . . ,m.

Besides, the shape function is

Φi (𝑥) =


wi (𝑥)

m

∑
j=1

qs
j (𝑥i)qs

j (𝑥)(
qs

j,q
s
j

)
𝑥

, i ∈ ∧(𝑥) ,

0, i /∈ ∧(𝑥) ,

i = 1,2, . . . ,N. (6)

It can be proved as Eqs. (4) and (5) that

det(𝐴s (𝑥)) =Cs
d, (7)

cond(𝐴s (𝑥)) =Cs
c, (8)

where Cs
d and Cs

c are constants independent of h. Equations (7)
and (8) indicate that both the determinant and the condition
number of 𝐴s (𝑥) are unchanged with respect to h. Conse-
quently, the stabilized IMLS yields more accurate and stable
results.

2.3. Error estimate

Along the lines of the error analysis of the IMLS
approximation,[36] the following error estimate can be derived
for the stabilized IMLS approximation.

Theorem 1 Suppose that Ω ⊂ Rn is a bounded domain
with a Lipschitz boundary, the weight functions wi (𝑥) are γ-th
times continuously differentiable, and there is a constant inte-
ger C0 such that each point in Ω lies on the influence domains
of at most C0 nodes. Then for any u ∈ Hr+1 (Ω) with r ≥ 0,
there is a constant C independent of h such that

‖u−ℐu‖Hk(Ω) ≤Ch p̃−k ‖u‖H p̃(Ω) ,

0 ≤ k ≤ min{ p̃,γ} , p̃ = min{r, m̂}+1.

3. The IEFG method for linear Robin problem
Since the Robin boundary condition requires fewer re-

strictions on trial functions, we first consider the follow-
ing general second-order linear elliptic equation with Robin
boundary condition:{

−∇ · (𝜍 (𝑥)∇u(𝑥))+ τ (𝑥)u(𝑥) = b(𝑥) , 𝑥 ∈ Ω ,

(𝜍 (𝑥)∇u(𝑥)) ·𝑛(𝑥)+σ (𝑥)u(𝑥) = q̄(𝑥) , 𝑥 ∈ Γ = ∂Ω ,
(9)

where 𝜍 (𝑥) is a symmetric, uniformly elliptic, and bounded
matrix, τ (𝑥) ≥ 0 and σ (𝑥) ≥ 0 are given continuous func-
tions, b(𝑥) and q̄(𝑥) are given square-integrable functions,
and 𝑛(𝑥) is the normal exterior to Γ at the point 𝑥. When
σ ≡ 0, the Robin problem (9) degenerates to a pure Neumann
problem.

The weak solution of the linear Robin problem (9) is to
find u ∈ H1 (Ω) such that

a(u,v) =
∫

Ω

bvdΩ +
∫

Γ

q̄vdΓ , ∀v ∈ H1 (Ω) , (10)

030203-3



Chin. Phys. B Vol. 26, No. 3 (2017) 030203

where the bilinear form a(·, ·) is coercive and continuous on
H1 (Ω),

a(u,v) ∆
=
∫

Ω

𝜍∇u ·∇vdΩ +
∫

Ω

τuvdΩ +
∫

Γ

σuvdΓ . (11)

In order to obtain the meshless numerical solution, let

Vh (Ω) = span{Φi,1 ≤ i ≤ N} , (12)

where Φi are the stabilized IMLS shape functions given by
Eq. (6). Then, the approximation of the variational problem
(10) reads to find uh ∈Vh (Ω) such that

a(uh,v) =
∫

Ω

bvdΩ +
∫

Γ

q̄vdΓ , ∀ v ∈Vh (Ω) , (13)

which can be discretized into the following linear system

𝐾𝑢= 𝑏,

where

𝑢 = [u1,u2, . . . ,uN ]
T , (14)

[𝐾]i j =
∫

Ω

𝜍∇Φi ·∇Φ j dΩ +
∫

Ω

τΦiΦ j dΩ

+
∫

Γ

σΦiΦ j dΓ , (15)

[𝑏]i =
∫

Ω

bΦi dΩ +
∫

Γ

q̄Φi dΓ .

In Ref. [39], the error estimates of the EFG method are
established for the linear Poisson equation. In this paper, the
error estimates of the IEFG method will be established for
more general linear and nonlinear elliptic equations. As with
Theorem 4.1 in Ref. [39], we have the following theorem.

Theorem 2 Let u ∈ Hr+1 (Ω) be the analytical solution
of the linear Robin problem (9), and let uh be the solution of
Eq. (13), then there is a constant C independent of h such that

‖u−uh‖H1(Ω) ≤Chp̃−1 ‖u‖H p̃(Ω) , (16)

‖u−uh‖L2(Ω) ≤Ch p̃ ‖u‖H p̃(Ω) , (17)

where p̃ = min{r, m̂}+ 1 with m̂ being the largest degree of
the used basis function in the stabilized IMLS approximation.

Proof Subtracting Eq. (13) from Eq. (10) leads to

a(u−uh,v) = 0, v ∈Vh (Ω) . (18)

Let ℐu be the IMLS approximation of u. Then, according to
ℐu−uh ∈Vh (Ω) and the coerciveness and continuity of a(·, ·),
we have

‖u−uh‖2
H1(Ω) ≤ a(u−uh,u−uh)

= a(u−uh,u−ℐu)≤C‖u−uh‖H1(Ω) ‖u−ℐu‖H1(Ω) .

Thus, invoking Theorem 1 yields Eq. (16).
Let ω ∈ H1 (Ω) be the solution of a(ω,σ) =∫

Ω
(u−uh)σdΩ for any σ ∈ H1 (Ω), then ‖ω‖H2(Ω) ≤

C‖u−uh‖L2(Ω). Since ℐω ∈ Vh (Ω), from Eq. (18) we have
a(u−uh,ℐω) = 0. Let σ = u− uh, then using the continuity
of a(·, ·), Theorem 1, and Eq. (1) yields

‖u−uh‖2
L2(Ω) =

∫
Ω

(u−uh)
2 dΩ = a(ω,u−uh)

= a(ω −ℐω,u−uh)

≤ C‖ω −ℐω‖H1(Ω) ‖u−uh‖H1(Ω)

≤ Chp̃ ‖ω‖H2(Ω) ‖u‖H p̃(Ω)

≤ Chp̃ ‖u−uh‖L2(Ω) ‖u‖H p̃(Ω) ,

from which we obtain Eq. (17).

4. The IEFG method for linear Dirichlet prob-
lem
Consider the following linear elliptic equation with

Dirichlet boundary condition:{
−∇ · (𝜍 (𝑥)∇u(𝑥))+ τ (𝑥)u(𝑥) = b(𝑥) , 𝑥 ∈ Ω ,

u(𝑥) = ū(𝑥) , 𝑥 ∈ Γ = ∂Ω ,
(19)

where 𝜍 (𝑥) is a symmetric, uniformly elliptic, and bounded
matrix, τ (𝑥) ≥ 0 is a given continuous function, and b(𝑥)
and ū(𝑥) are given square-integrable functions.

Due to the use of the weighted least squares technique,
the IMLS shape functions Φi lack the delta function property.
In this study, the penalty method[1,2] is adopted and then the
linear Dirichlet problem (16) is approximated as{

−∇ · (𝜍 (𝑥)∇uα (𝑥))+ τ (𝑥)uα (𝑥) = b(𝑥) , 𝑥 ∈ Ω ,

αuα (𝑥)+(𝜍 (𝑥)∇uα (𝑥)) ·𝑛(𝑥) = α ū(𝑥) , 𝑥 ∈ Γ ,

which admits the variational problem: Find uα ∈ H1 (Ω) such
that

aα (uα ,v) =
∫

Ω

bv dΩ+α

∫
Γ

ūvdΓ , ∀ v ∈ H1 (Ω) , (20)

where α is a penalty factor, and

aα (uα ,v)
∆
=
∫

Ω

𝜍∇uα ·∇vdΩ +
∫

Ω

τuα vdΩ

+α

∫
Γ

uα vdΓ . (21)

With the stabilized IMLS approximate space Vh (Ω) given
by Eq. (12), the approximation of the variational problem (20)
reads to find uh ∈Vh (Ω) such that

aα (uh,v) =
∫

Ω

bvdΩ +α

∫
Γ

ūvdΓ , ∀ v ∈Vh (Ω) , (22)

which can be discretized into the following linear system

𝐾α𝑢= 𝑏α , (23)

where 𝑢 is given in Eq. (14), and

[𝐾α ]i j =
∫

Ω

𝜍∇Φi ·∇Φ j dΩ +
∫

Ω

τΦiΦ j dΩ
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+α

∫
Γ

ΦiΦ j dΓ , (24)

[𝑏α ]i =
∫

Ω

bΦi dΩ +α

∫
Γ

ūΦi dΓ .

Theorem 3 Let u ∈ Hr+1 (Ω) be the analytical solution
of the linear Dirichlet problem (19), and let uh be the solution
of Eq. (22), then there is a constant C independent of h such
that

‖u−uh‖H1(Ω) ≤C
(

h p̃−1 +α
−1 +α

1/2h p̃
)
,

p̃ = min{r, m̂}+1. (25)

Proof For the bilinear form aα (·, ·) defined in Eq. (21),
let

‖v‖
α

∆
=
√

aα (v,v)

=

√∫
Ω

𝜍∇v ·∇vdΩ +
∫

Ω

τv2 dΩ +α

∫
Γ

v2 dΓ ,

∀ v ∈ H1 (Ω) , (26)

then we have

C* ‖v‖H1(Ω) ≤ ‖v‖
α
≤C# ‖v‖H1(Ω)+α

1/2 ‖v‖L2(Γ ) . (27)

From Eqs. (20) and (22), we have

aα (uα −uh,v) = 0, ∀ v ∈Vh (Ω) .

Then according to ℐuα −uh ∈Vh (Ω), we obtain

‖uα −uh‖2
α
= aα (uα −uh,uα −uh) = aα (uα −uh,uα −ℐuα)

≤ Ca ‖uα −uh‖α
‖uα −ℐuα‖α

.

Thus, in view of Eq. (27),

‖uα −uh‖H1(Ω) ≤ C−1
* ‖uα −uh‖α

≤C−1
* Ca ‖uα −ℐuα‖α

≤ C−1
* Ca

(
C# ‖uα −ℐuα‖H1(Ω)

+α
1/2 ‖uα −ℐuα‖L2(Γ )

)
,

and invoking Theorem 1 leads to

‖uα −uh‖H1(Ω)

≤ C
(

hp̃−1 ‖uα‖H p̃(Ω)+α
1/2hp̃ ‖uα‖H p̃(Ω)

)
. (28)

Let ω ∈ H1 (Ω) be the solution of{
−∇ · (𝜍 (𝑥)∇ω (𝑥))+ τ (𝑥)w(𝑥) = 0, 𝑥 ∈ Ω ,

ω (𝑥) = (𝜍 (𝑥)∇u(𝑥)) ·𝑛(𝑥) , 𝑥 ∈ Γ ,
(29)

and let
u(𝑥) = uα (𝑥)+α

−1
ω (𝑥)+µ (𝑥) .

Then, we have

‖u−uh‖H1(Ω) ≤ ‖uα −uh‖H1(Ω)+α
−1 ‖ω‖H1(Ω)

+ ‖µ‖H1(Ω) , (30)

aα (µ,v) = aα (u,v)−aα (uα ,v)−α
−1aα (ω,v) . (31)

Using Green’s formula and problem (19), we have

aα (u,v) =
∫

Ω

𝜍∇u ·∇vdΩ +
∫

Ω

τuvdΩ +α

∫
Γ

uvdΓ

= −
∫

Ω

∇ · (𝜍∇u)vdΩ +
∫

Γ

(𝜍∇u ·𝑛)vdΓ

+
∫

Ω

τuvdΩ +α

∫
Γ

ūvdΓ

=
∫

Ω

bvdΩ +
∫

Γ

(𝜍∇u ·𝑛)vdΓ +α

∫
Γ

ūvdΓ .

(32)

Besides, applying ω |Γ = 𝜍∇u ·𝑛 arrives at

aα (ω,v) =
∫

Ω

𝜍∇ω ·∇vdΩ +
∫

Ω

τωvdΩ

+α

∫
Γ

(𝜍∇u ·𝑛)vdΓ . (33)

Hence, substituting Eqs. (20), (32), and (33) into Eq. (31) gives

aα (µ,v) =−α
−1
∫

Ω

𝜍∇ω ·∇vdΩ −α
−1
∫

Ω

τωvdΩ ,

and then setting v = µ leads to

‖µ‖H1(Ω) ≤C−1
* ‖µ‖

α
≤Cα

−1 ‖ω‖H1(Ω) . (34)

Finally, the proof is completed by inserting Eqs. (28) and (34)
into Eq. (30).

Theorem 3 implies that the optimal rate of convergence
may be obtained by choosing α =Cα h−2(min{r,m̂}+1)/3, where
Cα is a constant. In particular, when r ≥ 2 and m̂ = 2, we have

α =Cα h−2. (35)

Then, the IEFG solution converges to the analytical solution
with optimal order h2 in H1 (Ω).

5. The IEFG method for nonlinear Robin prob-
lem
Consider the following nonlinear elliptic equation with

Robin boundary condition:{
−∇ · (𝜍 (𝑥)∇u(𝑥))+ τ (𝑥)u(𝑥) = f (u) , 𝑥 ∈ Ω ,

(𝜍 (𝑥)∇u(𝑥)) ·𝑛+σ (𝑥)u(𝑥) = q̄(𝑥) , 𝑥 ∈ Γ ,
(36)

where f (u) is a nonlinear function of the unknown u. Let f (u)
satisfy the Lipschitz condition with respect to u, i.e.,

| f (u1)− f (u2)| ≤ ℒ|u1 −u2| , ∀ u1,u2, (37)

where ℒ is a Lipschitz constant.
The weak solution of the nonlinear Robin problem (36) is

to find u ∈ H1 (Ω) such that

a(u,v) = l (u,v) , ∀ v ∈ H1 (Ω) , (38)
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where the bilinear form a(·, ·) is defined in Eq. (11), and

l (u,v) ∆
=
∫

Ω

f (u)vdΩ +
∫

Γ

q̄vdΓ .

With the stabilized IMLS approximate space Vh (Ω) given
by Eq. (12), the approximation of the variational problem (38)
reads to find uh ∈Vh (Ω) such that

a(uh,v) = l (uh,v) , ∀ v ∈Vh (Ω) , (39)

which can be discretized into the following nonlinear system

𝐾𝑢= 𝑓𝒩 (𝑢) , (40)

where 𝑢 and 𝐾 are given in Eqs. (14) and (15), respectively,
and [

𝑓𝒩 (𝑢)
]

i =
∫

Ω

f
(
∑

N
k=1 Φkuk

)
Φi dΩ +

∫
Γ

q̄Φi dΓ .

Since 𝑓𝒩 (𝑢) is a nonlinear term of 𝑢, equation (40) is a
nonlinear algebraic system and cannot be solved directly. In
this research, the system is solved by the subroutine ‘fsolve’
of MATLAB.[43] This algorithm is a variation of Newton’s
method, which uses a finite difference approximation to the
Jacobian and takes precaution to avoid large step sizes or in-
creasing residuals.[44] In Ref. [44], a boundary type method
was developed for nonlinear elliptic problems. The method in
Ref. [44] is different from the presented IEFG method. How-
ever, the subroutine ‘fsolve’ can be used in the two methods to
solve the final nonlinear algebraic systems.

Theorem 4 Let u ∈ Hr+1 (Ω) be the analytical solution
of the nonlinear Robin problem (36), and let uh be the solution
of Eq. (39), then there is a constant C independent of h such
that

‖u−uh‖L2(Ω) ≤Chp̃ ‖u‖H p̃(Ω) ,

‖u−uh‖H1(Ω) ≤Chp̃−1 ‖u‖H p̃(Ω) ,

p̃ = min{r, m̂}+1.

Proof Subtracting Eq. (39) from Eq. (38) provides

a(u−uh,v) = l (u,v)− l (uh,v) , ∀ v ∈Vh (Ω) , (41)

thus

a(u−uh,ℐu−uh)

= l (u,ℐu−uh)− l (uh,ℐu−uh)

=
∫

Ω

[ f (u)− f (uh)] (ℐu−uh) dΩ ,

then using Eq. (37) and Schwarz’s inequality yields

a(u−uh,ℐu−uh)

≤
∫

Ω

ℒ|u−uh| |ℐu−uh| dΩ

≤ ℒ‖u−uh‖L2(Ω) ‖ℐu−uh‖L2(Ω)

≤ ℒ‖u−uh‖L2(Ω)

{
‖ℐu−u‖L2(Ω)+‖u−uh‖L2(Ω)

}
.

Additionally, applying the coerciveness and the continuity of
a(·, ·) yields

a(u−uh,u−uh)≥C‖u−uh‖2
H1(Ω) ,

a(u−uh,u−ℐu)≤C‖u−uh‖H1(Ω) ‖u−ℐu‖H1(Ω) .

Thus, inserting the above three equations into

a(u−uh,u−uh)

= a(u−uh,u−ℐu)+a(u−uh,ℐu−uh) ,

and invoking Theorem 1 lead to

‖u−uh‖2
H1(Ω)

≤ C1 ‖u−uh‖H1(Ω) ‖u−ℐu‖H1(Ω)+C2 ‖u−uh‖L2(Ω)

×
{
‖ℐu−u‖L2(Ω)+‖u−uh‖L2(Ω)

}
≤ C1 ‖u−uh‖H1(Ω) hp̃−1 ‖u‖H p̃(Ω)+C2 ‖u−uh‖L2(Ω)

×
{

hp̃ ‖u‖H p̃(Ω)+‖u−uh‖L2(Ω)

}
. (42)

On the other hand, let ω be the solution of

a(ω,v) =
∫

Ω

(u−uh)vdΩ , ∀ v ∈ H1 (Ω) ,

then

a(ω,u−uh) =
∫

Ω

(u−uh)
2 dΩ = ‖u−uh‖2

L2(Ω) . (43)

Since ℐω ∈Vh (Ω), from Eq. (41) we have

a(ℐω,u−uh) =
∫

Ω

ℐω [ f (u)− f (uh)] dΩ

≤ ‖ℐω‖L2(Ω)ℒ‖u−uh‖L2(Ω) .

As the proof of the inverse estimates in Refs. [37] and [38],
from Lemma 5.2 in Ref. [36] it follows that ‖ℐω‖L2(Ω) ≤
CIh2 ‖ℐω‖H2(Ω). Thus

a(ℐω,u−uh) ≤ CIh2 ‖ℐω‖H2(Ω)ℒ‖u−uh‖L2(Ω)

≤ C3h2 ‖ω‖H2(Ω) ‖u−uh‖L2(Ω) . (44)

Besides, using the continuity of a(·, ·) and Theorem 1 yields

a(ω −ℐω,u−uh) ≤ C‖ω −ℐω‖H1(Ω) ‖u−uh‖H1(Ω)

≤ C4h‖ω‖H2(Ω) ‖u−uh‖H1(Ω) . (45)

Therefore, by collecting Eqs. (43)–(45) we have

‖u−uh‖2
L2(Ω)

= a(ω,u−uh) = a(ℐω,u−uh)+a(ω −ℐω,u−uh)

≤
(

C3h2 ‖u−uh‖L2(Ω)+C4h‖u−uh‖H1(Ω)

)
‖ω‖H2(Ω) .

Moreover, the continuous dependence of the solution on the
given data requires ‖ω‖H2(Ω) ≤Cr ‖u−uh‖L2(Ω). Thus,

‖u−uh‖L2(Ω) ≤C3h2 ‖u−uh‖L2(Ω)+C4h‖u−uh‖H1(Ω) .(46)

Finally, gathering Eqs. (42) and (46) completes the proof.
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6. The IEFG method for nonlinear Dirichlet
problem
Consider the following nonlinear elliptic boundary value

problem:{
−∇ · (𝜍 (𝑥)∇u(𝑥))+ τ (𝑥)u(𝑥) = f (u) , 𝑥 ∈ Ω ,

u(𝑥) = ū(𝑥) , 𝑥 ∈ Γ ,
(47)

where f (u) is a nonlinear function of the unknown u and sat-
isfies Eq. (37).

By introducing a penalty factor α , we can approximate
problem (47) as{

−∇ · (𝜍 (𝑥)∇uα (𝑥))+ τ (𝑥)uα (𝑥) = f (uα) , 𝑥 ∈ Ω ,

αuα (𝑥)+(𝜍 (𝑥)∇uα (𝑥)) ·𝑛(𝑥) = α ū(𝑥) , 𝑥 ∈ Γ ,

which admits the variational problem: Find uα ∈ H1 (Ω) such
that

aα (uα ,v) = lα (uα ,v) , ∀ v ∈ H1 (Ω) , (48)

where the bilinear form aα (·, ·) is defined in Eq. (21), and

lα (uα ,v)
∆
=
∫

Ω

f (uα)vdΩ+α

∫
Γ

ūvdΓ .

With the stabilized IMLS approximate space Vh (Ω) given
by Eq. (12), the approximation of the variational problem (48)
reads to find uh ∈Vh (Ω) such that

aα (uh,v) = lα (uh,v) , ∀ v ∈Vh (Ω) , (49)

which can be discretized into the following nonlinear system:

𝐾α𝑢= 𝑓𝒩
α (𝑢) ,

where 𝑢 and 𝐾α are given in Eqs. (14) and (24), respectively,
and[

𝑓𝒩
α (𝑢)

]
i =

∫
Ω

f
(
∑

N
k=1 Φkuk

)
Φi dΩ +α

∫
Γ

ūΦi dΓ .

Theorem 5 Let u∈Hr+1 (Ω) be the analytical solution of
the nonlinear Dirichlet problem (47), and let uh be the solution
of Eq. (49), then there is a constant C independent of h such
that

‖u−uh‖H1(Ω) ≤C
(

h p̃−1 +α
−1 +α

1/2hp̃
)
,

p̃ = min{r, m̂}+1.

Proof As in Theorem 4, it can be proved that

‖uα −uh‖α
≤C

(
hp̃−1 +α

1/2hp̃
)
,

which, along with equation (47), shows

‖uα −uh‖H1(Ω) ≤C−1
* C

(
hp̃−1 +α

1/2h p̃
)
. (50)

Let w ∈ H1 (Ω) be the solution of Eq. (29), and let

u(𝑥) = uα (𝑥)+α
−1

ω (𝑥)+ζ (𝑥) . (51)

Then, we have

‖u−uh‖H1(Ω) ≤ ‖uα −uh‖H1(Ω)+α
−1 ‖ω‖H1(Ω)

+ ‖ζ‖H1(Ω) , (52)

aα (ζ ,v) = aα (u,v)−aα (uα ,v)−α
−1aα (w,v) ,

∀ v ∈ H1 (Ω) . (53)

Using Green’s formula and problem (47), we have

aα (u,v) = −
∫

Ω

∇ · (𝜍∇u)vdΩ +
∫

Γ

(𝜍∇u ·𝑛)vdΓ

+
∫

Ω

τuvdΩ +α

∫
Γ

ūvdΓ

=
∫

Ω

f (u)vdΩ +
∫

Γ

(𝜍∇u ·𝑛)vdΓ

+α

∫
Γ

ūvdΓ . (54)

Besides, applying ω |Γ = 𝜍∇u ·𝑛 arrives at

aα (ω,v) =
∫

Ω

𝜍∇ω ·∇vdΩ +
∫

Ω

τωvdΩ

+α

∫
Γ

(𝜍∇u ·𝑛)vdΓ . (55)

Then, inserting Eqs. (48), (54), and (55) into Eq. (53) leads to

aα (ζ ,v) =
∫

Ω

[ f (u)− f (uα)]vdΩ −α
−1

×
[∫

Ω

𝜍∇ω ·∇vdΩ +
∫

Ω

τωvdΩ

]
,

∀ v ∈ H1 (Ω) ,

and thus setting v = ζ provides

‖ζ‖2
α
≤ C1 ‖u−uα‖L2(Ω) ‖ζ‖L2(Ω)+C2α

−1

×
(
‖∇ω‖L2(Ω) ‖∇ζ‖L2(Ω)

+ ‖ω‖L2(Ω) ‖ζ‖L2(Ω)

)
. (56)

According to Eq. (51), we have

‖u−uα‖L2(Ω) =
∥∥α

−1
ω +ζ

∥∥
L2(Ω)

≤ α
−1 ‖ω‖L2(Ω)+‖ζ‖L2(Ω) . (57)

Substituting Eq. (57) into Eq. (56) yields

‖ζ‖2
α
≤ C1

(
α
−1 ‖ω‖L2(Ω)+‖ζ‖L2(Ω)

)
‖ζ‖L2(Ω)

+C2α
−1(‖∇ω‖L2(Ω) ‖∇ζ‖L2(Ω)+‖ω‖L2(Ω) ‖ζ‖L2(Ω)

)
≤ C1 ‖ζ‖2

L2(Ω)+C3α
−1 ‖ω‖H1(Ω) ‖ζ‖H1(Ω) .

Then together with the definition of the norm ‖·‖
α

given in
Eq. (26), we have

Cς ‖∇ζ‖2
L2(Ω)+(Cτ −C1)‖ζ‖2

L2(Ω)+α ‖ζ‖2
L2(Γ )
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≤ C3α
−1 ‖ω‖H1(Ω) ‖ζ‖H1(Ω) .

Thus,

‖ζ‖H1(Ω) ≤Cα
−1 ‖ω‖H1(Ω) . (58)

Finally, substituting Eq. (58) into Eq. (52) and using Eq. (50)
completes the proof.

7. Numerical examples

In this section, numerical results are presented for several
one-dimensional problems. In all examples, the quadratic ba-
sis function is employed. Besides, to evaluate the integrations
using the standard Gauss quadrature, a uniform cell structure
with one node per cell is used, and each cell contains five
Gauss points. Moreover, the weight function is chosen as the
quartic spline, i.e.,

wi (𝑥) =

{
1−6d2 +8d3 −3d4, d ≤ 1,
0, d > 1,

where d = |𝑥−𝑥i|/d̄ and the support size d̄ is taken to be 4h.

7.1. Linear Robin problem

Consider the following linear Robin problem:
−∆u(x)+u(x) = b(x) , x ∈ Ω = (0,1) ,

∂u(x)
∂𝑛

+u(x) = q̄(x) , x ∈ Γ ,

where b(x) and q̄(x) are chosen such that the analytical solu-
tion is u(x) = 2e−0.5x cos(πx).

The numerical and analytical values of u and its deriva-
tive du/dx are presented in Fig. 1 with 33 nodes. We can find
that the numerical solutions are in excellent agreement with
the analytical solutions.

To study the convergence, figure 2(a) gives the log–log
plot of the error with respect to the nodal spacing. Clearly,
the error decreases along with the decrease of the nodal spac-
ing, and the IEFG using the stabilized IMLS obtains mono-
tonic convergence. The experimental convergence rate ap-
proximates to 2 and agrees well with the theoretical rate. For
comparison, the error of the IEFG using the original IMLS is
also given in the figure. The comparison shows that the IEFG
using the stabilized IMLS has higher computational precision
and better numerical stability than the IEFG using the origi-
nal IMLS. In addition, the curves of the error against the CPU
time are shown in Fig. 2(b). It is found that the IEFG using the
stabilized IMLS has greater computational efficiency than the
IEFG using the original IMLS.
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Fig. 1. (color online) Numerical and analytical solutions of (a) u and
(b) du/dx for the linear Robin problem.
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Fig. 2. (color online) Comparison of (a) convergence and (b) computa-
tional efficiency of the IEFG using the original IMLS and the stabilized
IMLS for the linear Robin problem.

7.2. Linear Dirichlet problem

Consider the following linear Dirichlet problem:
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−∇ ·

((
x2 +1

)
∇u(x)

)
+u(x) = b(x) ,

x ∈ (−1,1) ,

u(±1) = 1,

where b(x) is chosen such that the analytical solution is u(x)=
|x|4.5.

For investigating the influence of the penalty factor, we
display the relationship between the penalty factor α and the
error of the IEFG in Fig. 3. In this analysis, four kinds of
nodal arrangements of 81, 161, 321, and 641 nodes are used.
We can observe that a too small or too big penalty factor in-
creases the numerical error. For a too small penalty factor,
Theorem 3 indicates that the error will be dominated by the
second right-hand term of Eq. (25) with the theoretical con-
vergence rate α−1. Clearly, the left-hand half of Fig. 3 shows
that the experimental convergence rate matches the theoretical
one. On the other hand, for a too big penalty factor, Theorem
3 indicates that the error will be dominated by the third right-
hand term of Eq. (25) and the error increases as the penalty
factor increases. The right-hand half of Fig. 3 also confirms
this theoretical result.
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Fig. 3. (color online) Convergence of the IEFG with respect to the
penalty factor α .
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Fig. 4. (color online) Convergence of the IEFG with respect to the nodal
spacing for variable penalty factors.

From Fig. 3 we can also find that the optimal value of the
penalty factor α is influenced by the nodal spacing h. When

the penalty factor is chosen as α = Cα h−2 given in Eq. (35),
the log–log plot of the error with respect to h is shown in Fig. 4.
To study how the parameter Cα affects the convergence of the
IEFG, the error is shown for various Cα . From Fig. 4 we can
see that the experimental convergence rate approximates to 2
in all cases and thus the convergence is little influenced by the
parameter Cα . These numerical results also match the theoret-
ical results.

7.3. Nonlinear Robin problem

Consider the following nonlinear Robin problem:
−∆u(x)+u(x) = ln

(
u2 (x)+1

)
+b(x) , x ∈ Ω = (0,1) ,

∂u(x)
∂𝑛

+u(x) = q̄(x) , x ∈ Γ ,

where b(x) and q̄(x) are chosen such that the analytical solu-
tion is u(x) = 2e−0.5x cos(πx).

The numerical results of the IEFG for u and its derivative
du/dx are shown in Fig. 5 together with the analytical solu-
tions. The results are obtained using 21 nodes on the domain.
We can observe from this figure that the numerical solutions
are in excellent agreement with the analytical solutions.
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Fig. 5. (color online) Numerical and analytical solutions of (a) u and
(b) du/dx for the nonlinear Robin problem.

The log–log plot of the error ‖u−uh‖H1(Ω) with respect
to the nodal spacing h is given in Fig. 6. From this figure, we
can observe that the experimental convergence rate approxi-
mates to 2 and also confirms the theoretical rate.
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Fig. 6. (color online) Error and convergence for the nonlinear Robin
problem.

7.4. Nonlinear Dirichlet problem

Consider the following nonlinear Dirichlet problem:
−∇ ·

((
x2 +1

)
∇u(x)

)
+u(x)

= sin2 (u(x))+b(x) , x ∈ (−1,1) ,

u(±1) = 1,

where b(x) is chosen such that the analytical solution is u(x)=
|x|4.5.

Figure 7 exhibits the analytical and numerical solutions
for the potential u and its derivative du/dx. In this analysis,
the penalty factor is taken as α = 102h−2, and 21 nodes are
used on the domain. Again, the numerical solutions capture
the behavior of the analytical solutions very well.
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Fig. 7. (color online) Numerical and analytical solutions of (a) u and
(b) du/dx for the nonlinear Dirichlet problem.

To demonstrate the convergence of the IEFG for nonlin-
ear Dirichlet problems, we present the log–log plot of errors

with respect to the nodal spacing in Fig. 8. It can be seen again
that the experimental results match the theoretical bounds.
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Fig. 8. (color online) Error and convergence for the nonlinear Dirichlet
problem.

8. Conclusion
By discussing the condition number and the determinant

of the moment matrix in the IMLS approximation, shifted and
scaled orthogonal basis functions are developed to stabilize the
IMLS approximation. Compared with the original IMLS ap-
proximation, the stabilized IMLS approximation is expected
to give more accurate and stable results. Then, the theoretical
error of the IEFG method is analyzed for both linear and non-
linear elliptic boundary value problems. For linear and nonlin-
ear Robin problems, the error bound of the numerical solution
is proportional to the nodal spacing. For linear and nonlin-
ear Dirichlet problems, since the penalty method is adopted
to impose Dirichlet boundary conditions, the error bound is
related to the nodal spacing and the penalty factor. Theoret-
ical and numerical analysis indicates that satisfactory results
can be achieved by choosing the penalty factor proportional
to a negative power of the nodal spacing. Numerical exam-
ples confirm the theoretical analysis, and show that the IEFG
method using the stabilized IMLS has greater computational
efficiency and better numerical stability than the IEFG method
using the original IMLS.
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