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Many real-world systems can be modeled by weighted small-world networks with high clustering coefficients. Recent
studies for rigorously analyzing the weighted spectral distribution (WSD) have focused on unweighted networks with low
clustering coefficients. In this paper, we rigorously analyze the WSD in a deterministic weighted scale-free small-world
network model and find that the WSD grows sublinearly with increasing network order (i.e., the number of nodes) and
provides a sensitive discrimination for each input of this model. This study demonstrates that the scaling feature of the
WSD exists in the weighted network model which has high and order-independent clustering coefficients and reasonable

power-law exponents.
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1. Introduction

The weighted spectral distribution (WSD) is a metric de-
fined on the normalized Laplacian spectrum. Although the
WSD is first proposed!!=3! for the study of Internet topologies,
our recent work!*~7] has demonstrated that the WSD is a good
indicator for distinguishing diverse evolving physical systems.
Additionally, we explained the physical meaning of the WSD
in Internet topologies, ®! that is, the metric indicates the trans-
formation from single-homed to multi-homed networks. Also,
we designed an algorithm!®! for calculating the WSD which
induces that the metric can be applied to networks with more
than millions of nodes. However, these studies!=*] focused on
unweighted networks. To rigorously analyze the WSD in di-
achronic networks which focus on the time evolution and are

191 we have designed

similar to dynamical processes in nature,
a tree model! and a scale-free model.! However, the two
models’ clustering coefficients are strictly zero. Furthermore,
the v exponent of the degree distribution P(k) o< k=7 of the
used scale-free models!®! is one, whereas the y exponent of
most real evolving scale-free networks falls in a range between
two and three.!'!] Therefore, in this paper, we rigorously study
the WSD on diachronic weighted small-world scale-free net-
works which have more reasonable y exponents.

Synchronic random models are rigorous tools to analyze
many graph metrics,[!? e.g., average path length and graph
spectra. However, these models consider the statistical ensem-
ble of graphs at a fixed time point and cannot capture the dy-
namical process in nature.!'”! For diachronic networks, both

[13-16 [17-23

random models 1 and deterministic models I have re-
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ceived much attention. Specifically, deterministic models are
suitable for the rigorous analysis of more graph metrics, e.g.,
diameter, clustering coefficients, graph matrices, and graph
spectra. The first deterministic scale-free model was proposed
by Barabasi e al.”?”) Another elegant model, called pseudo
fractral scale-free web (PSW), was introduced by Dorogovtsev
et al.'"' The PSW has been extended to many versions, =23
and the latest version proposed by Zhang et al.[>3! is called de-
terministic weighted scale-free small-world network (WSSN)
model. The WSSN model has highly tunable exponents for
three power-law distributions of node degree, node strength,
and edge weight. Additionally, all of the exponents fall in a
range between 2 and 3 and the average clustering coefficient
of the model is high and independent of the network order.
These features of this model might lead to a better understand-
ing of realistic networks. Therefore, in this paper, we rigor-
ously study the WSD by using the WSSN model.

Currently, the scaling feature of many graph metrics has
received much attention. The average receiving time is de-
fined as the average of the mean first-passage times for a ran-
dom walker to a given hub node in a graph, averaged over all
source points in the graph.[?* Dai and Sun ez al.!>~?"! studied
the average receiving time and the average weighted receiving
time in deterministic Koch and hierarchical network models
and found that the average receiving time grows sublinearly
with increasing network order and the average weighted re-
ceiving time grows as power-law function of the network or-
der. The Kemeny constant is defined as the expected time for
a walker starting from a node to another node selected ran-

29]

domly from all nodes.?®! Zhang ez al.'*”! studied the Kemeny
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constant in deterministic scale-free fractal networks and found
that the Kemeny constant scales linearly with network order.
Additionally, many graph metrics (e.g., degree distribution,
clustering coefficient, and spectral radius)%-*?! can be used
to capture the unaltered features of evolving systems. As one
number of these graph metrics with scaling features, this study
on the WSD is helpful for a better understanding of evolving
weighted and small-world systems.

2. WSSN model

The WSSN model is controlled by two parameters m and
8. Zhang et al.!”®! denoted the network after ¢ steps of the
model by G(¢).
follows.?! For t = 0, G(0) is a triangle consisting of three
For r > 1, G(r) is obtained from
G(t —1): m-w new nodes are added for each of the links with

Specifically, the network is constructed as
links with unit weight.

weight w in G(¢ — 1), and each new node is connected to both
ends of this link in G(# — 1) by two new links of unit weight;
moreover, the weight of these links in G(r — 1) is increased by
m- & -w. It is noteworthy that m and & are positive integers.
When m = 1 and 8 = 1, the constructed networks G(¢) with
t =0, 1, and 2 are shown in Fig. 1.

t=1 t=2

Fig. 1. G(¢) (t =0, 1, and 2) with m = 1 and 6 = 1. The white, gray,
and black nodes are respectively added at steps t = 0, 1, and 2, and the
weights of the most thick lines, the second thick lines, and the thinnest
lines are respectively 4, 2, and 1.

In G(r), we represent all nodes added at step k as k and
let (i, j) denote an edge linking two nodes i and j for i < j. If
i = j, both i and j must be zero. Then, according to the study

of Zhang et al.,!**! the strength s, (k) of node k and the weight
wy (i, j) of edge (i, j) in G(¢) can be expressed as

si(k)=2-(14m-8+m)*, (1)
wi(i, j) = (1+m-8)"7, )

where the strength of a node is defined as the sum over all
weights of edges that are connected to the node.

Additionally, Zhang et al.!*3! derived the number of all
nodes in G(r) as

3
Numt:m~((l+m~5+2~m)t+5+l). 3)

3. WSD in weighted networks

To this day, the study on the WSD has been restricted to
unweighted networks. Let G = (V,E) denote a simple and
undirected graph where V and E are respectively node set and
edge set, and d, denote the degree of node v in graph G. Let n
denote the cardinality of node set V. If A = (a;; ),y is the ad-
jacency matrix of graph G (a;; = 1 if there is an edge between
nodes v; and v; and a;; = 0 otherwise) and B is a diagonal ma-
trix with b;; = d,,, the normalized Laplacian matrix of graph
G is defined as L(G) =1 —B~'/?-A-B~'/2 where I denotes
the identity matrix.!'! Let A1, A, ..., A, denote all eigenvalues
of matrix L(G), called the normalized Laplacian spectrum of
graph G. Then, the WSD is defined as!!!

WGN) = Y (1-1)", @
i=12,....,n

where 4 is the best selection of parameter N.[!-°]

Because all eigenvalues of L(G) fall in a range [0, 2], Fay
et al.!"' transformed Eq. (4) into another expression as follows:
W(GN)~ Y, (1-0)"-f(A =), ©)
60c;

where Q; € {(2(i—1)/h,2i/h]}"_, denotes equally spaced in-
tervals in [0,2], and f(A = 0) represents the number of eigen-
values falling in €2;. Note that 6 is an arbitrary value in €;.
When i — +o0, equation (5) turns into Eq. (4). According to
Eq. (5), the WSD can be expressed by using the weighted sum
of the normalized Laplacian spectral distribution, so it is called

the “weighted spectral distribution”.[!]
Additionally, Fay ez al.l!l derived the following equation:

Y (1-a)V=u ((B*‘/2 -A-B’I/Z)N)

i=12,....,n

_ Quyuy Quy s * " Quy (6)
- b b .b ’
C Ouy,u1Oupup Un UN

where tr(M) denotes the trace of matrix M, and C =
Vi, Vi, - - - Vuy denotes all N-cycles in graph G.

If G is an unweighted graph, A = (a;j)nx, is a 0 — 1 ma-
trix and node degree d,, =Y ;—; 5 . ,aij. For this case, Fay et
al.''! obtained the following equation:

1
.N— _—
(=2 =Yg ™

i=12,...n Vuy “Vuy ! Vup

1ty

In this paper, we consider the WSD on weighted net-
works. Thus, entry a;; in A should be the weight of edge be-
tween nodes v; and v;, andentry b =} »

be the strength of node v;. Additionally, equation (6) holds for
weighted networks. Therefore, for weighted networks, we can
obtain

Z (1- li)N = ZC Quyuy Qg ** Auy , ®)

sVu] SVLQ ot SVuN

where s, denotes the strength of node v in graph G.
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4. Calculation method of WSD in weighted net-
works

Based on Eq. (8), for the WSD calculation, it is critical
to enumerate all N-cycles (4 is the best selection of N) in
weighted graph G. Specifically, all 4-cycles can be classified
as four patterns as shown in Fig. 2.(6-7-9]

» @E0i v ;

pattern 1 v
v <Z J
J

pattern 2

7 k
pattern 4

pattern 3

Fig. 2. All patterns of 4-cycles with start node v in simple and undi-
rected graph G.

It is noteworthy that the multiple edges between two
nodes in these patterns are related to only one edge in weighted
graph G that does not have any multiple edge. Let N(v) de-
note the set of neighbors of node v, N(i) = {v,i1,i2,..., i}
represent the set of neighbors of node i € N(v), and C(i, j) =
N NN() = {v,c1,c2,. ..
neighbors of nodes i and j with i, j € N(v) and i # j.

scy; } refer to the set of common

As an extension for unweighted graphs,!® in weighted
graph G, the sum over all 4-cycles associated with patterns
1 and 3 WSD;3(v), and the sum over all 4-cycles associated
with patterns 2 and 4 WSD4(v) can be calculated as

2 2
a2 (a;
wspp( = Yy Gl ©)
i€N(v) JEN(i) sv-(8i) -5
WSDo4 (v Z Z M’ (10)
i#j  keC(i,j) Sy Sic Sk Sj
i,JEN(v)

where for each 4-cycle, the corresponding term of the sum is
the product of edge weights divided by the product of node
strengths.

However, it is extremely difficult to derive Eq. (10) in
the WSSN model, because we cannot obtain the formula of
C(i,j) for Vi,j € N(v) Ai # j. In this paper, we decompose
Eq. (10) into the sum over all 4-cycles associated with pat-
tern 2 WSD;(v) and the sum over all 4-cycles associated with
pattern 4 WSD4(v) as follows:

(avi)z ’ (aw')z
WSD,(v) = — (11)
0= L s,
i,JeN(v)
WSDy(v) = Z M7 (12)
v—i—k—j—v Sy Sic Sk S

where v-i-k- j-v denotes all 4-cycles associated with pattern 4.
As is well known, the WSD in weighted graph G can be
expressed as

WSD =Y (WSD3(v) +WSDs(v) +WSD4(v)).  (13)

veV

5. WSD in WSSN model

First, we will further classify the nodes labeled as k (i.e.,
added at step k) in G(r) (see Section 2). Based on the construc-
tion rule of the WSSN model, each node k must be generated
by an edge in G(k — 1) and any edge with weight win G(k—1)
must generate m - w nodes k. Thus, we define k; ;) as a node k
generated by edge (i, j) where 0 <i < j <k. If i = j, both i
and j must be zero, and if j =k, all of i, j, and kK must be zero.
Let ”](Ci,j) denote the number of all nodes k; ).

Then, we can obtain the following theorem (see Appendix

A for the proof).
Theorem 1 In the model WSSN, Case A: ”(()0,0) =3;
ok k—1 ; . Cook
Case B: "(0.0) =3m-(14m-8)~"ifk > 1; Case C: "o j) =

6m*-(1+m-8)k7=1. (14+m+m-8)7Vif 1 < j<k; and
Case D: n’{i’j) =6m> - (1+m-8)F=1. (1+m+m-8§)/~1.
(1+2m+m-8)~lif1 <i<j<k O
Second, we will derive the formula of N; (k; ) which is
defined as a set of neighbors of node k(; ;) in G(). As is well
known, Ni(k(; j) includes only one node i and only one node
j, and for V1 <1 <t —k, Nk+1(k<i7j)) includes all nodes in
Niy1-1(k(; j) and all nodes (k+ l)(l.,k(m), (k+ l)(j,k
(k+ l)(k(i‘,j)af) where s > kand i, j,s € Ngqi—1 (k(lj))
Thus, N (k(; j)) can be expressed as

o) 20d

Ni(kq ) =I5 ()OI (j)u (U;jlfj(k‘ﬂ)) , (14

where Ilk ;(1) only includes the nodes added at step / of the
WSSN model.

As is well known, Hllkj(l)
notes the cardinality of a set.

£,0)|| = 1. where |- de-

Additionally, according to the edges that generate nodes
k+1,

10+ 1) = LD} U{k+ D e

x U (Ui:l {(kJrl)(k,k-&-s)}né) , (15)

where {x}y denotes a set composed of y different nodes labeled
as x.

In G(k+1—1), the weight of edge (k,k+s) for V1 <
s <I—1iswgy1(k,k+s) = (1+m-8)°", and the weight
of edges (i,k) and (j,k) is wiri—1(i,k) = wiri-1(j,k) =
(1+m-8)'~!. Because the number of edges (k,k +s) at-
tached to node k(; ) is equal to ||Il-’fj(k+s)||, we have nl =
17} (k+5)|| - m - wi 11 (k,k +5) in Eq (15). Moreover, n'; =
VE ) w1 (7. K) and ot = 15 0) | - w1 () i
Eq. (15).

Thus, for V1 <[ <t —k, we can obtain

i(k+1) H =2m-(14+m-8)"~ 1+Z k+s)H
xm-(14+m-8) 71, (16)
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Based on Eq. (16), [[If;(k+I+1)| = (1 +m-3) -
||Il-’fj(k+l)|\ =m- HI@(k—f—l)H Using Hlk k+1)|| =2m, we
can derive the following equations:

k4D H—Zm (1+m+m )~ 17)
nf:ni—m (14+m-8)~ (18)
nl=2m?- (1 +m-5)1+'-(1+m+m-5)“1 (19)

Third, we will derive WSD13 = Y ci() WSD13 (ki j)).

According to Eq. (9), for each neighbor v 6 N,(k( i.j))» we need
to derive its neighbor set N;(v). Based on Egs. (14) and (15),
except for nodes in I{f (i) and Ik ;(J), the neighbor sets of all
nodes in N; (k(; ;) are easy to denve. Thus, it is critical to in-
vestigate the generation process of edge (i, j) which generates
node k; j with 0 <i < j <k (both i and j must be zero if i = j
and all of i, j, and k must be zero if j = k).

Category 1 When k = 0, both nodes i and j can be ex-
pressed as 0(g ), and the number of nodes k; ;) is ”((]0.,0) =3
(see Theorem 1).

Category 2 When k = 1, both nodes i and j can be ex-
pressed as 0(g o), and the number of nodes k; ;) is n%o,o) =3m
(see Theorem 1).

When 2 < k <t, we analyze the following five categories:

Category 3 When i =0 and j = 0, both nodes i and j
can be expressed as 0(), and the number of nodes k; ;) is
n’(‘070) =3m-(1+m-8)*" (see Theorem 1).

Category 4 When i =0Aj € {1,2,...,k— 1}, node i
can be expressed as 0o, node j must be generated by an
edge (i,v) where v € N;_(i()), and the number of nodes
i(0,0) 18 11(()070> = 3. Additionally, each edge (i,v) must gener-
m-(14+m-8)/~""! nodes j, and each edge
m-(1+m-8)¥/~! nodes
k. Specifically, according to Egs. (14) and (15), we can obtain

atem-wj_(i,v) =
(i,7) must generate m-wy_1 (i, j) =

. j—i—1
Ni-1(ito0) = o) UIo @ U (U7, o)), @0)
1600 =1, [[Io)]|=2m-(1+m+m-§)"". @21)
|
WSD 13 (k(i(xﬁy) 7j(u,v)) )

(1 +m- 5)4t72k72i

1

Note that the intersection of two sets I ,(0) in Eq. (20)
is null, because the two sets include differeht nodes that are
marked as the same symbol.

Categories 5, 6, and 7 When 1 <i< j<k—1, we
assume that the edge that generates node i is (x,y) where
0 <x<y<i—1 (both x and y must be zero if x = y). Then,
node j must be generated by an edge (i,v) or (v,i) where v €
Nj-1(i(xy))- Additionally, each edge (i,v) or (v,7) must gen-
.<1 _,'_m_a)jfmax(i,v)fl
nodes j, and each edge (i, j) must generate m - wy_1 (i, j) =
m-(1+m-8)*J~! nodes k.

Specifically, we can obtain

. i i j—i—1
Nj—l (l(x,y)) = Ix,y<x> le,y(y) U (U;:]

L@l =1 E,m)=1
Hxv l—|—l)“:2m-(1—|—m—|—m-5)171

erate m-w;_ (min(i,v), max(i,v)) =m

I};’y(i—i—l)) . (2)

(23)

Now, we should further analyze the following three cate-
gories for nodes i, ).

Category 8 When node i is generated by edge (0,0), the
number of nodes i(q g is ”1&0‘0) =3m-(1+m-8)~! (see The-
orem 1).

Category 9 When node i is generated by edge (0,y)
wherey e {1,2,...,i— 0y) =
6m*- (14+m-8) =1 (1+m+m-8)! (see Theorem 1).

Category 10 When node i is generated by edge (x,y)
where x € {1,2,...;i—2}andy € {x+ 1,x+2,...,i— 1}, the
number of nodes i, o) = 6m*- (1+m-8) >~ 1.(1+
m+m-8)Y 1. (142m+m-8)*! (see Theorem 1).

According to the above analysis, we can determine the

1}, the number of nodes i(q ) is n’(

>is n’(

edges which generate the nodes in I" ;(i) and Ik ;(j). Thus,
()Ulk () CNt(k( i)
can be derived. Assume that node k( j) is generated by edge

the neighbor set of each node in I/

( [(xy)s ](W>), i.e., nodes i and j are respectively generated by
edges (x,y) and (u,v).

Then, based on Egs. (1), (2), (9), (14), and (15), in
weighted graph G(r), we can derive the following equation:

1
241+ mm-§)32ik <(1 +m—+m-8)—* +
2(1+m+m-§) !

2(1+m+m-§)—*!

(I+m+m-8)~

2+m+2m-8)-(1+m-8)*2%  2+m+2m-8
1 2(14+m+m-§) 7+

(1+m_5)4t—2k—2j
IR

1
l+m+m-8§)3-2ik ((1+m+m-6)’”

2(1+m+m-§)/~"+1

* (I+m+m-8)—v

KT (1 4m - §) 44311

Qtm+2m-8)-(1+m-8)% 2

)

2 1

24+m+2m-0

1
+1§i 24(1+m+m-§)3—3k2 ((1 +m—+m-8)~

22(1+m—+m-§) 1+l

it (I+m+m-6)—
22(1+m+m- §)kti—+1

0 mm oy

m2(1 +m- 6)4zf4k7317s71

(2+m+2m-8)-(14+m-8)%-2k2

24+m+2m-6

)X

B(1+mtm-5)¥ 3k 25+

028901-4
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1 1

2(1+m+m_6)t7k71+1 2(1+m+m.6)k+171+1

“

The above analysis has classified nodes k(; ;) as seven cat-
egories: 1. k=0;2. k=1;3. 2<k<tandi=0Aj=0;
4.2<k<tandi=0Aje{l,2,....k—1};5.2<k<tand
1<i<j<k—1Ax=0Ay=0;6.2<k<rand1<i<j<
k—1Ax=0Aye{1,2,...;i—1};7.2<k<rand 1 <i<
J<k—1Axe{l,2,...i-2}Aye{x+1,x+2,...,i—1}.

mim-8)y* ' (Ixmem oy &>

(2+m+2m-8)-(14+m-8)2-2%k2

24+m+m-0

Jes

follows:

WSDis =Y, Wkij(l), (25)

where Wkij(l) (I = 1,2,...,7) are the sums of WSD3(k(; ;)
and respectively related to the above seven categories 1-7.
Specifically, we can obtain

For each category above, the edges (x,y) and (u,v) that respec- Wkij(1) = n<070) WSD13(0(0g.4).000))) (26)
tively generate nodes i and j can be determined. Wkij(2) = nz 0,0)  WSDi3(1 (0(0"0)70(0#0))), 27)
Thus, we expand WSD13 = ¥y e WSDis (ki ) as‘ Wkij(3) = leznfo,m Di3(kg0000)) (28
1 k=1 |
Wkij(4) = I;Zzin(oo) (Zm (14m-8)1-WSDy3 (ko (00, )/(0‘0)))
=2 j=
i1 ) )
+ ; 2m2 . (1 +m 5)/‘1—1) . (l +m-+m- 5)[—1 'WSD13(k(O(070).j(O']))) -m- (1 +m- 5)](_]_17 (29)
fok=2 k=1 |
Wkij5) =Y Y ) nl(om-(zrn (14+m-8)77~1-WSDy3(k OO)J(O,)))
k=3 i=1 j=i+1
AR j—i—l—1 -1 k—j—1
+ )3 2m® - (14m-8)7 17 (Lt mtm- 8) ™ WSDs (i i) - (1m- 87 (30)
t k=2 k=1 i=1 . .
Wkij(6) = ), nloyy (m- (L+m: 81 WSDs (ki o ) +me (1+m-8) =L WSDis (ki o)
k=4i=2 j=i+1y=1
Unlind . .
+ L 2m% - (1+m-8)7 1 (1+m+m-8) " .WSD13(k<,»(0\v)7j(“+1)))) m-(14+m- 8771 31
fok=2 k=1 i=2 i-1 |
Wkl](7) = Z Z nl(x.)) ( (1+m 5)J - WSD13(k( i(xy) ](X,)))
k=5 i=3 j=i+1x=1y=x+1
i—1
+m- (1—|—m 5)] WSDB(k(i(X‘y),j(yti)))
/ i—1 o .
Z 2m? - (14m-8)7 1 (L mtm-8) " WSDis (ki i) e (Lm-8)<7 71 (32)
\
Fourth, we will derive WSD, = Zk WSDQ( G, >) (1 +M~5)4’74k 33)

According to Eq. (11), it is critical to extract all pairs of nodes
in N;(k; ;) for the calculation of WSDy(k; j))-
Eq. (14), the node pairs u and v can be classified as three cases

Based on

as follows.
Case 1 For u € If (i) and Vv € N; (k;
over 4-cycles assomated with k; ) —u— k(,_ﬂ

7))/{u}, the sum
v —k,j) can
be expressed as

WSDh(k(; ;)
1
23(2+m+2m-8) (
(1+m.5)4t—4k
C(I+m+m-§)4—i=3k1

(14m-5)22%
(Imtm-8)2 kT

)

21 +m—+m-8)H—i—j—-2k’

where for each 4-cycle, the corresponding term of the sum is
the product of edge weights divided by the product of node
strengths.

Case 2 For u € If;(j) and Vv € N, (k(;
over 4-cycles associated with k(; ;) —u — k<

j))/{u}, the sum
5 v k() can
be expressed as

WSDé (k(i7j) )
1
B 23(2+m+2m~6)((1
(1+m~5)4’_4k
C (I+m+m-8)4—Jj-3k1

(14+m-8)* 2%
+m—4m-§)2-ik-1

)
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(14m-§)¥—%
221 +m+m- §)H—i—j-2k"

(34)

Case 3 Foru € If;(k+1) and Vv € N (k(; ;))/{u} where
1 €{1,2,...,t — k}, the sum over 4-cycles associated with
ki.jy —u—k(j) —v—k(,j can be expressed as

WSD5™ (ki)

1 (1 +m- 3)2t72k72l
2(2+m+2m-6) ((1 +m+m-§)2-2k-1-1
(1 +m- 6)4t—4k—2l
C (I+m+m-§)4—4-I-1 > + 22(1+m+m-8§)4—i-1-3k
(1 _|_m.3)4t—4k—21 (1 +m.6)4t—4k74l
22(1+m+m-8)4—J=1=3k 241+ m+m- 84420

(1 +m- 6)4t—4k—2l

(35
Therefore, we can obtain
WSD, (k(i,j))
= WSDh(k(; ) +WSDj (k)
Ly IE (k4 1) | - WSDE (ki ), (36)
=1

WSD, Y, WSDy(k )

k(i,j) EG(I)

11

= ny0)-WSD2(010.0)) + Y. 1{o,0) - WSD2(k(0.0))
k=1
t—1

t
k
+Z Z ”(0,j)'WSD2(k(0.,j))
J=lk=j+1

t—2 t—1 t
+3 Y X njy) WSDa(k,).

i=1 j=i+1k=j+1

(37)

Fifth, we will derive WSD4 = Zk(i,j)EG(l> WSD4(k(l-7j)).
According to Eq. (12), we need to determine all 4-cycles of
pattern 4 with start node k; ;) for calculating WSDa4(k(; ;).
Using the schematic illustration shown in Fig. 3, we present
seven cases for these 4-cycles as follows.

Case 1 Assume that node j is generated by edge (u,i) if
u=xVu=ywhere edge (x,y) generates node i (or generated
by edge (i,u) if u>iNu€Nj1(ijy))), kiij)—i—u—Jj—kg;
and k(; jy — j —u—i—k; ;) are among these cases.

An example of Case 1 in Fig. 3isA—B—F —C—A.

Case 2 For any node p > 1 that is generated by edge (i, j)
and different from the start node k; ), k(i ;) —i—p —J — ki)
and k(; ) — j— p—i—k ;) are among these cases. An example
of case 2in Fig. 3isA—B—-L—-C—A.

Case 3 Assume node p € N;(k j)), for any pair of
nodes / and g(/ < g) that are generated by edge (k(; j),p) if
k < p (oredge (p,k(; ;) if k> p), k ;) —1—p—q—k ;) and
k(i j)y—q— p—1—k(_j are among these cases.

An example of Case 3 in Fig. 3isA—H—-C—-M —A.

Case 4 Assume that node ! € N;(k(; ;) and p is a
node generated by edge (k(; j),) if k <1 (or edge (I,k j))

if k > 1), for any node g generated by edge (k(; ;),p), k(; ;)
—l—p—q—kjand k; jy —q— p—1—k ; are among these
cases.

An example of Case 4 in Fig. 3isA—C—-Q—P—A.

Case 5 Assume that node / € NV (k(; j)) and g is a node
generated by edge (k; j),!) if k <1 (or edge (I, k; j)) if k > 1),
for any node p generated by edge (1,9), k(i j) —1—p—q—k
and k(; ) —q — p— 1 —k ;) are among these cases.

An example of Case 5 in Fig. 3isA—-C—-J - Q0 —A.

Case 6 For any node g that is generated by edge (j,k(; j)),
kijy—i—Jj—q—kgj and ki jy —q—j—i—k(; are among
these cases.

An example of Case 6 in Fig. 3isA—B—-C—H —A.

Case 7 For any node ¢ that is generated by edge (i,k; j)),

i.j)

kijy—J—i—q—kgj and ki jy —q—i—j—k( ;) are among
these cases.
An example of Case 7in Fig. 3isA—C—-B—-G—A.

Fig. 3. A subgraph of G(7) that is used to illustrate all 4-cycles of pat-
tern 4 with start node k(; ;). In this subgraph, edge (,y) generates node
i; and if u = x or y, edge (u,i) generates node j, otherwise edge (i,u)
generates node j.

Theorem 2 All 4-cycles of pattern 4 with start node k(; ;)
must belong to one of the above seven cases 1-7 (see Ap-
pendix B for the proof).

For start node k<i7 i) the above cases 2—7 do not need to
determine which edges generate nodes i and j where edge
(i,j) generates the start node. Thus, it is easy to calculate
WSD4(k; j)) for these cases.

For Case 2, edge (i,j) generates m-w,_1(i,j) = m-
(14+m-8)P~/=! nodes p for Vj+1<p <tAp#k and
m-(14+m-8)¥7=1 —1 nodes p for p = k. Thus, the corre-
sponding WSD4(k(; ;)) of this case can be expressed as

WSD3(k(; j))

p=j+1 st (k) -5 (i) - 5¢(p) - 5:(J)

(& wlik) wilip) - wi(j.p) - wi()iK)
B 2( L )
(wtu,k))z-(wt(j,k))z)

0)

, 38
(50K -5:(0) -1 (38)

where node strength s (-) and edge weight w,(-) are defined in
Egs. (1) and (2).
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For Case 3, based on Eq. (14), if p € Ii’fj(i) U
I{f ;(J), the set of all nodes generated by edge (p,k(; ;) is
Urmir 1t {8 maw, 1 (o) Where {x},., | (p4) denotes a set com-

posed of m-wy_j(p,k) nodes that are added at step x. If
|

WSDj (ki) = Y [2
p=i,j
t

I=k+1g=I+1

+ Y mewii(p.k) - (meowi oy (p,k)—1)-

t—1 t
Y Y mwi i (pk) wi(pk) -

ell-’fj(k—&—l) where [=1,2,....¢

erated by edge (k(; j),p) is Ui—ps1 {*}mw, | (k,p)- Thus, the
corresponding WSD4(k; ;)) of this case can be expressed as

— k, the set of all nodes gen-

follows:

wi (k1) -wi(p,1) -wi(p,q) -wi(k.q)
st(k) - se(1) - 5:(p) - 5:(q)

Wl‘(kvl) (Wt(pv )) Wt(k7l):|
s:(k) - (s:(1))* - s:(p)

I=k+1
: S 2w o wi(k, 1) -wi(p,1) - wi(p,q) - wi(k,q)
+p=;H |:2l=§1q=;—I ]71(]@]7) q—l(k7p) ( ) (l) St( ) ( )
: wi(k,1) - (wi(p,1)* - wi(k, 1)
m-wi_1(k,p)-(m-wi_1(k,p)—1)- . 39
# X mowip): ()~ )BT } (39)

Like the analyses of Cases 2 and 3, we can respectively derive the corresponding WSD4(k(,~l j)) of Cases 4-7 as follows:

2t t (1+m_5)4t—2k—p—q—2
((1 +m+m-8§)4-k-pr-g-i T

WSDi(kip) = 55 ¥ X

(1 +m- 5)4t—2k—p—q—2
(1 +m+m~3)4’k1’qj)

p=k+1g=p+1
ik : 4—2k—21—p—q—2
1 ) P—q
22 Z 1( - )5 d—p—q—2k—20+1° (40)
S i1 g (L m+m-8)
2 g ! . §)4—2%k—p—q-2 S\d—2k—p—q—2
WSDi(kiy) = = Y Y ( (1+m-35) e (1+m-8) . )
' 2 q:k+1p:q+l (I+m+m-95) P=q (I1+m+m-$6) p—q—j
—k ! (1+m.5)4172k7217p7q72
22 Z Z 1)

=1g=k+I+1 p=q+1

m t (1 +m- 5)4t72k7q7j71

2 4 (bmtm- §)4—ii—h=a’
m < (1 +m.5)4t—2k—q—j—l
WSD, (ki ) = — . (43
4kip) = 53 o (emtm §)%ik= 43)

It is worth noting that s,(-) and w;(-) in Egs. (40)—(43)
have been respectively substituted by Egs. (1) and (2). Thus,
WSDy = Y, 1y WSD4(k(; j)) associated with Cases 2-7
can be expressed as follows:

wspx’

= ”(()00) “WSD; 7 (0(0,0) + ”1({0,0) -WSDy (ko))

»
1~
5

k

|
_

+
M~

k 2—17
Mo - WDy~ (ko))

T
]
?V‘\

1
—1j

I M~

Z Z 5 WSDE (ki j)), (44)
where
7
WSD; 7 (k) = IZEWSDQ(k(,, )- (45)

For start node k<,<7 i) Case 1 needs to determine which
edges generate nodes i and j. Thus, we need to classify nodes

(14+m-+m-§)H—p—q-2k=21+1"

\
ki j) as seven categories: 1. k=0;2. k=1;3. 2 <k <t and

i=0ANj=0;4. 2<k<tandi=0Aj€{1,2,....k—1}
5. 2<k<tand 1 <i<j<k—1Ax=0Ay=0; 6.
2<k<rand 1<i<j<k—1Ax=0Aye{l,2,...,i—1}
7.2<k<tand 1 <i< j<k—1Axe{l,2,...;i—2}Ay€
{x+1,x+2,...,i— 1}. This classification of nodes k;
has been analyzed in detail for the calculation of WSD;3 =
Tk, et WSD13(kg ). Let WSDj(k ;) denote the sum
of WSD4(k<i, j)) associated with Case 1, then, using a simi-
lar method for calculating WSDi3, we will be able to expand
WSD} = ¥y, ca) WSD4 k(i ) as follows:

7
WSDy =Y Wkijy(l), (46)
=1
where Wkijl(l) (I=1,2,...,7) are the sums of WSD4(k( i)
and respectively related to the above seven categories 1-7.
Specifically, we can obtain

Wkiji(1) = 0, (47)
Ay 1 (14+m-8)%2
Wkija(2) = nigg)- B tmtm o1 (48)
t l—l—m 5)4z72k
Wkij} 49
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k—1 4t—2k—1
. _m - 0 (14+m-$)
Wkijy(4) = 55 IR [(1+m+m,5)4tkj

j—1 m_(1+m.6)4t72k72171
~ (1+m+m,5)4tfk7217j+1 ’

(50)

13
.. m
Wiil(5) = 5 Y ¥ Y or
14+m- 6)4t—2k—2i—1
+m+m- 5)41 k—i—j

(l+m 5)4[ 2k—2i—21—1
(1+m+m,6)4fk2i21j+l:|

HAw

(S

1
Wkiji(6) =2 i Z Z Moy

1_|_m 6 4t—2k—2i—1
x {24 L+m+m-§)4—Hk=i=j
-(1+m~3)4f 2k—2i—1
(1 +m+m-8)4—k—i-j~y
jZiml 2 (1+m-§)4—2k-2i-2-1
(14+m+m-§)4—k=2i=21—j+1

+

=1
1j-1i—-1y—1

t k—
wkijz(7) =2Y Y ¥ M)
k=5 j=4i=3 y=2x=1

m-(l +m.5)4t—2k—2i—l
21 +m+m-8)H—k-i-j—x
(1+m~5)4t—2k—2i—1
( +m+m,6)4t7k—i—jfy
- 1—|—m 5)4[ 2k—2i—21—1
Z l+m+m 5)4t —k—=2i-2I—j+1

,» (52)

X

. (53)

Thus, according to Egs. (44) and (46), we can obtain
WSDy = WSD,+WSD3 ™. (54)

Finally, according to Egs. (25), (37), and (54), we can
derive the WSD in G(¢) as follows:

WSD = WSD13+WSD; +WSDy. (55)

It is extremely complicated to manually express the WSD
in G(¢) with three parameters m, 0, and ¢. Fortunately, the
Symbolic Math Toolbox of Matlab can help us to simplify
the expression of the WSD. However, it is not intelligent
enough for the toolbox to finish the work alone. For exam-
ple, if we assume that x > 1 and x > y > 0, for functions
Q= (txyNt+xAt)/(xANt+1) and ¥ = (¢t (y/x) At +
1)/(1+1/xAt), Matlab R2015a code limit (@, ¢, inf) returns to
limit ((z*y At +xAt)/(xAt+1),t =inf) which is an invalid
result, but limit(y,¢,inf) can return to the expected result 1.
Thus, we need to compile extra codes to deal with the trans-
formation from ¢ to y.

Because the expression of the WSD is very long, accord-
ing to Eq. (3), we only present the limit of the ratio of the WSD

to the network order with t — +oo as follows:
limit (WSD/Numy)
t—r+o0

= (14+m+m-8)2-f/(4m-g|-g2-g3-84),  (56)

where

f = (28" +285' +1768° 4+ 6568° + 161287
1+27448° 4-33048° 4-28165* + 16665°
465282 +1528 +16) - m'°
+ (268" +3248° + 17966° + 583857 + 123386°
+177368° 4 175848* + 118868° 4 52485>
+ 13688 + 160) -m’ + (1428° +16158°
+795287 +224148% 4 401068°
+474618% 4 372628° 4 1875487 454988 +716) - m®
+ (436688 + 460487 +201328° +485885° + 7185454
+673508° 4 3931852 4 131148 + 1916) - m”
+(84087 +83358° +321938° +651408*
+766968° 4 5348482 + 206668 + 3430) - m®
+ (10648% +99985° 4-337615* + 553665°
14880687 4225468 +4330) - m’
+(8968° +79998* + 2322653
+291588% + 171548 +3943) -m* +
(4928% 4 41608° 4 1010282 + 87048 4 2570) - m*
+(1668% + 13098% + 25178 + 1128) - m?

+(308% 42108 +273) -m+28 + 10, (57)
g1 = (82 +48%+55+2)-m?
+(26%+85+5)-m+35+4, (58)

g = (8*+58°+982+75+2) -m’

+(38° +158% + 1885 +7) -m?

+(38%+ 156 +9) -m+ 8 +5, (59)
g = (8*+58°+982+75+2) -m’

+(48% +158% 4+ 185 +7) -m?

+(5824+158+9) -m+28+5, (60)
g4 = (8°4+65*+148° +168°+95 +2)-m*

4 (48% +248° + 428 +328 +9) - m®

+(68% + 368 + 428 + 16) - m?

1 (48% 4248 +14) -m+ 8 +6. (61)

Therefore, the WSD grows sublinearly as the network or-
der of the WSSN model increases. Additionally, it is easy to
verify that both the partial derivatives of Eq. (56) with respect
to m and & are smaller than O for Vm > 0A 6 > 0 (because the
expressions of the two partial derivatives are very long, we do
not present the expressions in this paper, but we can use the
“diff” function of Matlab to demonstrate these results). Thus,
the limit of the ratio of the WSD to the network order mono-
tonically decreases with increasing m and 6, i.e., the limit pro-
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vides a sensitive discrimination for each input of the WSSN
model.

6. Applications in synthetic weighted networks

The mathematical derivation process of Section 5 demon-
strates that the WSD is a good indicator to distinguish different
weighted evolving systems. In this section, we choose three
evolving weighted systems derived by classical Barrat’s model
(331 to verify the applicability of the WSD. The model gener-
ates weighted networks based on growth and weights’ dynam-
ics: at each time step, the model adds a new node and con-
nects it to m previously existing nodes for the growth; also, for
each of the m existing nodes, the model updates the weights of
edges connected to the node and makes the node strength in-
creased by 8. According to the study of Barrat et al.,[>* & /wq
reflects the influence of newly added edges on the weight dis-
tribution where wy = 1 denotes the initial weights of the newly
added edges. As shown in Fig. 4, the WSD grows sublinearly
as the network order of a certain weighted evolving system
increases, that is, the ratio of the WSD to the network order re-
mains stable for these networks with different orders. Further-
more, figure 4 shows that the ratio of the WSD to the network
order can effectively distinguish different weighted evolving
systems. Therefore, this study is important for promoting the
WSD applicability in weighted evolving networks.

160
<& :Barrat’s model (m =3, §=0.5)
O :Barrat’s model (m=3, §=1
120

Y% :Barrat’s model
(m=3,6=2)

80

wWSD

40

0 2000 4000
Network order

6000

Fig. 4. WSD versus network order of three weighted evolving systems
derived by classical Barrat’s model. Note that each quantity represents
the average of 10 realizations.

7. Conclusions

Weighted, high and order-independent clustering coeffi-
cient and restricted power-law exponent falling in (2,3) are
features existing in most realistic evolving networks. In this
paper, we rigorously investigate the W.SD in the WSSN model
which captures all of the mentioned features. In contrast to the
unweighted model with zero clustering coefficient, the deriva-
tion of the WSD in the WSSN model is very complicated.
However, with the help of the Symbolic Math Toolbox of Mat-
lab, we demonstrate that the ratio of the WSD to the network
order is asymptotically independent of the network order of
the WSSN model and monotonically decreases as each input
of the model increases. Furthermore, the rigorous derivation

process of the WSD studied in this paper will provide a helpful
insight into a understanding of the WSD in weighted network
systems.

Appendix A: The proof of Theorem 1

As is well known, the number of nodes 0 ) is 3. Thus,
”(()0.,0) =3 and Case A is correct.

Based on Eq. (2), the weight of each edge (0,0) in
G(k—1)is (1+m-8)k1. Thus, m-(1+m-8)*! nodes k
are generated by edge (0,0) in G(k) when k > 1. There are
3 edges (0,0) which induce that ”]((0,0) =3m-(1+m- 8k 1if
k > 1. Thus Case B is correct.

Using an induction method to prove Case C: when k = 2,
j must be 1, and n](CO-,j) = ”%071) = 6m? (i.e., Case C holds for
k=2andV1 < j<k).

Assume that Case C holds for k < ky (ko > 2) and V1 <
j<k. When k =ko+1, n’{OJ is determined by the number
of all edges (0,/) in G(k—1) (i.e., ||(0,)||) and the weight
of edge (0, /) in G(k—1) (i.e., wx_1(0,j) = (1 +m-8)F/~!
derived by Eq. (2)).

Edge (0, /) is generated if and only if nodes jo (0 <1 <
j—1) are added at step j of the WSSN model. Specifically,
Jon(1 <1< j—1) generates only one edge (0, ) and j )
generates two edges (0, j). Thus, we can obtain

-1 .
1091 = E o)+ 21 (AD

And according to the construction rule of the WSSN model,

nfosy = 10, )] -m-wi1(0, ). (A2)

According to the above assumption and Case B, we can
derive the formulas of ”fo, p(1<1<j)and ”(o,o)' Furthermore,
we can obtain

no.y =6m” - (14m-8) 71 (14+m+m-8)71. (A3

Therefore, for k = kg + 1 and V1 < j < k, Case C remains
correct.

Using an induction method to prove Case D: when k = 3,
i and j must be 1 and 2, respectively, and n’(‘ilj) = ”?1,2) = 6m’
(i.e., Case D holds for k =3 and V1 < i < j < k).

Assume that Case D holds for k < ko (ko > 3) and V1 <
i<j<k Whenk=ky+1, n](‘l.)j) is determined by the num-
ber of all edges (i, j) in G(k—1) (i.e., ||({,)]|) and the weight
of edge (i,j) in G(k—1) (i.e., we_1(i,j) = (1 +m-8)kI~1
derived by Eq. (2)).

Edge (i, /) is generated if and only if nodes ji;(0 <
I1<i—1), jin(i+1 <1< j—1) are added at step j of the
WSSN model. Specifically, each node j ;) or ji) (0<I<
Jj— 1,1 # i) generates only one edge (i, j). Thus, we can ob-
tain

N
G ) = IZOn{,@ + ) . (A4)

I=i+1
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And according to the construction rule of the WSSN
model, we have

k

nf sy = D) mewiea (i, ). (A5)

According to the above assumption and Case C, we can
derive the formulas of nfl_i)(l <I<i-1), n{i 1)(i+1 <<

j—1)and ”{o,i)' Furthermore, we can obtain
nl&j) =6m®-(14+m-8) 7' (1 +m+m-8§)/~!

X (14+2m+m-8)". (A6)

Therefore, for k =kp+ 1 and V1 <i < j <k, Case D re-
mains correct.

Appendix B: The proof of Theorem 2

First of all, we extract two properties of weighted graph
G(1) as follows.

Property 1 For any node k (i.e., a node added at step k)
with k > 1, if two different nodes i and j are connected with
node k and i < j < k, (i,j) must be the only one edge that
generates node k and edge (i, j) € G(z).

Property 2 For any node k with k > 1, if node i is at-
tached to node k in G(r), we can determine that i # k.

The above two properties can be easily confirmed by
Eq. (14).

Fig. Al. A 4-cycle of pattern 4 with start node k(; ;).
Proof We analyze the 4-cycle as shown in Fig. Al.
Without loss of generality, we assume [ < g.

If g =k, then | = g = k = 0 due to Property 2. Because
G(t) includes only three nodes 0, we can determine p > 1.
Thus, p is a node generated by edge (I,g) due to property 1,
i.e., the 4-cycle belongs to Case 2.

Ifg#kNl=k thenl=k=0<1<gqgand p # q due
to Property 2. If p > ¢, then p > g > [ due to the assumption
1 < g, and edge (I,q) € G(t) generates node p due to Prop-
erty 1. Because (/,q) € G(z), node g is generated by edge
(k(i,j),1) due to Property 1, i.e., the 4-cycle belongs to Case 5.

When g # kAL # k:

1) if I < g <k, then edge (I,q) € G(r) generates node
ki j) due to Property 1. If [ < g < p, then node p is gen-
erated by edge (/,q), i.e., the 4-cycle belongs to Case 2. If
I <gq=p,then! = q = p =0 due to Property 2. Thus, node g
is generated by edge (/, p), i.e., the 4-cycle belongs to Case 1.
Note that Case 2 requires p > 1. If ¢ > p, then ¢ > 1. Be-
cause (/,q) € G(t) and ¢ > [, node ¢ is generated by edge
(min(l, p),max(l, p)), i.e., the 4-cycle belongs to Case 1.

2)ifg>kAp>gq, p>q>I1. Thus, edge (I,q) € G(t)
generates node p due to Property 1. Because (I,q) € G(r)

and ¢ > kAg >1, g > 1 and node ¢q is generated by edge
(min(l,k), max(l,k)), i.e., the 4-cycle belongs to Case 5.

If g > k, then ¢ > 1 and p # ¢ due to Property 2.

3) if ¢ > kA p < g, then edge (min(k,p),max(k,p)) €
G(r) generates node g due to Property 1. If max(k,p,l) =
p, then p > 1 (otherwise [ = k = 0 that is contradic-
tive to the precondition ¢ # kAl # k). Because edge
(min(k, p),max(k,p)) € G(t), p > k due to Property 2
and node p is generated by edge (min(k,!),max(k,/)) due
to Property 1, i.e., the 4-cycle belongs to Case 4. If
max(k,p,l) =1, then [ > 1 and node [ is generated by edge
(min(k, p),max(k, p)) due to Property 1, i.e., the 4-cycle be-
longs to Case 3. If max(k,p,/) =k, then k > 1 and {p,I} N
{i,j} = {i,j} for node k(; ; due to Property 1. Then, the 4-
cycle belongs to Case 6 if I =i A p = j, or belongs to Case 7
ifp=inl=].
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