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Geometrically induced π-band splitting in graphene superlattices∗
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According to band folding analyses, the graphene superlattices can be differed by whether the Dirac points are folded
to Γ point or not. In previous studies, the inversion symmetry preserved defects open bandgap in the former superlattices
while they cannot in the latter ones. In this paper, by using density functional theory with generalized gradient approxi-
mation, we have carefully studied the electronic properties of the latter graphene superlattices, in which the defects would
induce π-band splitting to get the πa1–πa2 and πz1–πz2 band sets. Based on our detailed studies, such splitting could be
attributed to the geometrically induced bond-symmetry breaking. In addition, these band sets could be shifted toward each
other by the methodology of strain engineering. A bandgap would be opened once the band sets start to overlap. Then,
its gap width could be continuously enlarged by enhancing strain until reaching the maximum value determined by the
defect density. These studies contribute to the bandstructure engineering of graphene-based nanomaterials, which would be
interesting to call for further investigations on both theory and experiment.
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1. Introduction
Since its discovery in 2004,[1] graphene has attracted in-

tensive attention owe to its unique properties attributed to the
intersection of the π-type electronic bands occurring at the
corners of its hexagonal Brillouin zone, which forms the so-
called Dirac cones in the proximity around K and K′ points
to make graphene as a semimetal. The linear dispersion re-
lationship around Dirac point makes charge carriers as high
mobility massless Fermions which could be also continuously
tuned between electrons and holes, showing attractive appli-
cation potential in next-generation high-performance photo-
electronics. On the other hand, the band closure properties of
graphene would however hinder its usage in advanced nan-
odevices which usually require a high on/off ratio. Hence,
considerable attempts have been made to open a bandgap in
graphene. The functional group adsorption, interface interac-
tion in heterostructures and the substrate supported graphene,
substitution doping, size effects in nanoribbons, and the struc-
tural defects, etc. have been shown effectively in modifying
electronic properties of two-dimensional nanostructures.[2–20]

Among these studies, the most often discussed bandgap open-
ing mechanisms are the sublattice equivalence breaking, quan-
tum confinement, and chemical perturbation to the sp2 elec-
tronic configuration.

Recently, Bai et al. investigated the nicely patterned
graphene nanomesh fabricated by using the block copolymer
lithography.[12] The techniques of the nanoimprint lithogra-
phy, the block-copolymer self-assembly for high-resolution

nanoimprint template, and the cylinder-forming diblock
copolymer templates have also been proved to be efficient
in patterning graphene nanomeshes.[13,14] Also, a most recent
work shows the possibilities in preparing graphene nanomesh
with the well-controlled patterns and vacancy hole shapes by
combining the e-beam lithography and the oxygen reactive
ion etching.[15] These experimental progresses in fabricating
advanced nanomaterials suggest the possibilities in produc-
ing graphene nanomesh with nice precision. The periodi-
cally arranged antidots impose new Born-von Karman bound-
ary conditions to make the graphene as superlattice.[21] Mo-
tivated by the experimental studies, the bandgap opening in
the inversion symmetry preserved (ISP) graphene superlattices
were investigated in our previous studies.[3,4] In some super-
lattices, the Dirac cones of pristine graphene can be folded
to Γ point forming four-fold degeneracy. The ISP defects
would open bandgap to make graphene semiconducting. For
the other superlattices in which the Dirac points still remain
two-fold degenerate, the ISP defects would however not alter
their semimetal nature. Up to now, the latter superlattices are
still less of studies due to their band closure properties. In
fact, the ISP defects would induce the π-band splitting in all
of the graphene superlattices no matter whether the Dirac cone
would be folded to Γ point or not. So, a question could be
raised: why would the π-band splitting make some graphene
superlattices to be semiconducting while it would not for the
other ones? In order to answer this question, we have studied
the geometrically induced π-band splitting in graphene super-
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lattices in detail in this paper. Based on our studies, we found
that the positions of the split intervals in energy would in fact
determine the bandgap opening or not. A comprehensive dis-
cussion on the origin of the π-band splitting has also been
made as a contribution to the bandgap opening mechanism
studies. Unlike the superlattices with Dirac cone being folded
to Γ point, the other superlattices have the split intervals in
energy to be laid above or below the Fermi level leaving the
semimetal nature unaffected. Interestingly, they could how-
ever be shifted toward each other by applying uniaxial strain
to open a bandgap once they start to overlap at the Fermi level.

2. Computational details
Our spin-polarized first-principles studies were carried

out by using the Vienna ab initio simulation package within
the framework of density functional theory.[22] The plane
wave basis and the projector augmented-wave potential were
adopted.[23] The exchange and correlation energy was calcu-
lated by using the generalized gradient approximation with the
Perdew and Wang (PW91) formalism.[24] The solution of the
Kohn–Sham equation was calculated by an efficient matrix di-
agonalization technique based on a sequential band-by-band
residual minimization method.[22] A cutoff energy of 400 eV
was used for the planewave basis set to expand the wavefunc-
tion. For the electronic property integration, the Monkhorst–
Pack technique[25] was used to sample k points. A super-
cell with 15 Å vacuum along Z direction was used to model
the sheet material with graphene superlattice being placed
in XY plane. For the studies using the primitive unit cell
and the smallest rectangle unit cell, we calculated the elec-
tronic properties with a 15×15×1 k-mesh. The in plane lat-
tices of the hexagonal primitive unit cell were calculated to
be 2.47 Å. For superlattices, the corresponding unit cells of
12.8 Å×12.3 Å×15 Å and 34.2 Å×19.7 Å×15 Å were adopt.
Therefore, the k-meshes of 7×7×1 and 3×5×1 were respec-
tively used in the studies. The electronic properties were con-
verged to 10−5 eV and the Hellmann–Feynman forces on each
atom were optimized to reach 0.01 eV/Å.

3. Results and discussion
In the experimentally fabricated nanomeshes, the defects

are often hexagonally or orthogonally arranged in graphene.
To facilitate discussion of the uniaxial strain effects, we would
like to concentrate on studying the orthogonally patterned su-
perlattices, whose conclusions could shed light on the hexag-
onal ones. As shown in Fig. 1(a), the smallest orthogonal unit
could be defined by 𝐴1 = 𝑎+ 𝑏 and 𝐵1 = −𝑎+ 𝑏, where 𝑎

and 𝑏 are the basis lattices of the primitive unit cell. Its rect-

angular Brillouin zone (r-BZ) is shown in Fig. 1(b) along with
the hexagonal one (h-BZ) for the primitive unit cell. Clearly,
one can see that the K point in the h-BZ is now folded to the
T1 ( 2

3𝛤1𝑌1) point in the r-BZ. This can also be seen in the
calculated band structure as presented in Fig. 1(c). Hereafter,
in comparison with the graphene studied with the primitive
unit cell, we would like to refer the one studied with the or-
thogonal supercell 𝐴×𝐵 with 𝐴 = P𝐴1 and 𝐵 = Q𝐵1 as
(P,Q) pseudo graphene superlattice (PGS). Thus, the small-
est orthogonal lattice shown in Fig. 1(a) corresponds to the
(1,1) PGS. In Fig. 1, the (1,2) and (1,3) PGSes are also pre-
sented. The K point in h-BZ of the primitive unit cell is now
folded to the T ′2 for the (1,2) PGS and the Γ point for the (1,3)
PGS. Based on our careful analysis, the studied (P,Q) PGSes
could be sorted into Q = 3q, 3q+ 1, and 3q+ 2 (q is integer)
groups to facilitate discussion, which have the Dirac point K
of the primitive unit cell being folded to the Γ , 2

3𝛤𝑌 , and
2
3𝛤𝑌 ′ points of the corresponding supercells, respectively. In-
troducing a defect in the supercell would impose new Born-
von Karman boundary conditions to pattern the real graphene
superlattice.[21]

Previous studies have shown that the ISP defect, such as
the D6h antidot, can open bandgap in 3q superlattices at Dirac
point making them semiconducting, while it could not alter the
semimetal nature of the 3q+1 and 3q+2 superlattices.[3,4] In
these papers, the studied D6h antidots correspond to the va-
cancy defects generated by removing the carbon nanoflakes
which have D6h point group symmetry to keep the inversion
symmetry in the defected graphene. In fact, the π-band split-
ting also happens in the semimetal superlattices, whose split
energy intervals are however apart away the Fermi level to
leave the band closure properties unaffected. In Fig. 2, we
have studied the (3,5) PGS. In the band structure figure, the
bands close to the Fermi level are marked by πa and πz at Y
point, whose band decomposed charge densities are studied
in detail. As presented in Fig. 2, the anisotropic distribution
shows that the band characters of πa and πz bands respectively
correspond to the bonds along armchair and zigzag directions.
The band closing Dirac point is located at 2

3𝛤𝑌 point. Now,
with the purpose to examine the band splitting, we have car-
ried out detailed studies on its electronic properties after intro-
ducing a hexagonal defect in the repeated unit. For the pre-
viously studied antidot, the π-electron wavefunction will be
terminated on the edge of the vacancy hole to act as an infinite
high potential wall to block the electron wave from propagat-
ing, which may bear the effects from the wavefunction termi-
nation as well as the periodic perturbation on the π-electron
potential.
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Fig. 1. (color online) The schematic structure (a), Brillouin zone (b), and band structure (c) for the (1,1) PGS; those for the (1,2) PGS
are in panels (d), (e), and (f); and the ones for the (1,3) PGS are in panels (g), (h), and (i).
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Fig. 2. (color online) The calculated band structure of the (3,5) PGS. The band decomposed charge densities for the bands along Γ Y
path as marked by πa and πz are studied at Y point with the iso-value of 0.01 e/Å3. Both top and side views are shown.
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Fig. 3. (color online) (a) The schematic structure for the D6h defect
introduced by contracting the highlighted C6 hexagon. (b) The band
structure for the (3,5) superlattice patterned by such defect. The split
bands along ΓY path are marked with πa1, πa2, πz1, and πz2 at Y point.
(c) The band decomposed charge densities at iso-value of 0.01 e/Å3 for
the split bands.

In order to solely examine the effects of the periodic per-
turbation on the potential, we would like to follow the idea of
introducing a periodic potential to the graphene to rule out the
effects from the wavefunction termination. A defect in the re-
peated unit by contracting a C6 hexagon is introduced to per-
turb the potential which is schematically shown in Fig. 3(a).
Here, it is contracted of ∼ 3% to enhance the correspond-
ing C–C transfer integral according to the methodology of
tight-binding (TB).[21] The atoms of this C6 hexagon are fixed
while the rest atoms are fully relaxed. After structural opti-
mization, the electronic properties are carefully studied. In
Fig. 3(b), the energy band structure is presented. Compared
to the band structure shown in Fig. 2 for the defect free lat-
tice, some changes have happened though the semimetal na-
ture remains unaffected. Especially, there are band splittings
happened to the π-type bands at both Y and Γ points. For the
fact that the split intervals at Y point are closer to the Fermi
level in band energy, we would concentrate on studying the

Y -point band splitting in this paper, whose conclusions could
shed light on the Γ -point band splitting. In Fig. 3(b), the πa

band at Y point would split into the πa1− πa2 band set with
an energy interval Ea. Similar splitting happens also to the πz

band with an energy interval Ez (Ez = Ea). According to the
methodology of TB, the main characteristics of the band struc-
ture of graphene could be got by considering only the nearest
neighboring atoms.[21] For a given atom, the overlap between
its atomic orbitals and the ones of its nearest atoms dominates
the transfer integral between them. The slight change of the
interatomic distances between them could affect the overlap
of the corresponding atomic orbitals, which would in turn al-
ter the corresponding transfer integral accordingly. The C–C
bond contraction of ∼ 3% in the highlighted C6 hexagon (see
Fig. 3(a)) could enhance the corresponding transfer integrals
by ∼ 10% accordingly.[21,26] In our previous studies of the 3q
graphene superlattices, the TB calculations were found to sup-
port our first-principles calculations in bandgap opening at Γ

point.[3] Unfortunately, we ignored the band splitting phenom-
ena in the 3q+1 and 3q+2 superlattices previously.

In Fig. 4, the band structures calculated with the TB
method for the defect-free (3,5) PGS and the defect-patterned
(3,5) superlattice are shown. The defect was mimicked by en-
hancing the transfer integrals by 10% of the C–C bonds in
the C6 hexagon (see the highlighted C6 hexagon in Fig. 3(a)).
Compared to the Fig. 3(b), the TB method agrees very well
with the first-principles method on the π-band splitting phe-
nomena at Y point, etc. By projecting the wavefunctions,
the band decomposed charge densities of the split πa1, πa2,
πz1, and πz2 bands are studied in Fig. 3(c), suggesting the dif-
ferent changes happened to the corresponding bonds, respec-
tively. Hereafter, we would like to refer these bonds as πa1,
πa2, πz1, and πz2 bonds to facilitate discussion. In the defect
free graphene, the C–C bonds are almost the same in length,
which are calculated to be 1.42 Å. After introducing the C6-
defect in the repeated unit, we have performed full structural
optimization. Except for the C6 hexagon, all of the other C
atoms are free to relax. After the optimization, we have again
measured the bond lengths. As compared to the 1.42 Å bond
length of the defect free graphene, all the πa1 and πz2 bonds
now get shorter overall while all the πa2 and πz1 bonds get
longer overall. On average, the bond lengths are shortened by
about 0.48% and 0.72% for the πa1 and πz2 bonds while they
are elongated by about 0.45% and 0.62% for the πa2 and πz1

bonds, respectively. The bond length changes hint the differ-
ent alternations of the corresponding C–C transfer integrals,
which would then alter the corresponding band energies ac-
cordingly to account for the π-band splitting.
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Fig. 4. The electronic band structures calculated with TB method for
the defect-free (3,5) PGS (the left) and the defect-patterned (3,5) super-
lattice (the right). The defect was mimicked by enhancing the transfer
integrals of the C–C bonds in the C6 hexagon as highlighted in Fig. 3(a).

In the 3q type superlattices, the opposite Dirac cones
would be folded onto Γ point. The ISP defects could then
open bandgap by lifting the four-fold degeneracy.[3,4] In the
spirit of the concept of pseudo spin, the bandgap opening in
3q-type graphene superlattices may be understood by the in-
tervalley scattering. The periodically arranged defects could

be approximately treated as introducing a periodic perturba-
tion potential Vd(𝑟) to the pristine graphene. If the wavevec-
tors of the opposite 𝐷 and 𝐷′ valleys (the positions of the
opposite Dirac cones) differ with each other by a reciprocal
lattice 𝐺 or mach with each other at a same point, the interval-
ley scattering would induce band splitting. Unlike the 3q-type
superlattices, in the (3q+ 1)- and (3q+ 2)-type superlattices,
the wavevector between two nearest opposite Dirac points is
2
3𝛤𝑌 failing to satisfy the above mentioned conditions for in-
tervalley scattering. Based on our analysis of the bond length
change in the defected graphene, we would like to refer the 3-
fold homogeneous equivalence of the C–C honeycomb bond-
ing configuration in graphene as bond symmetry. Then, the
band splitting happened in the free standing ISP-defect pat-
terned superlattices could be attributed to the bond symmetry
breaking, which alters the related transfer integrals to change
the corresponding band energies. As in the case of the lattice
studied in Fig. 3(b), the bond symmetry breaking splits the de-
generate πa and πz bands into πa1–πa2 and πz1–πz2 band sets
with split energy intervals Ea and Ez, respectively. Actually,
similar bond symmetry breaking also happens in the 3q-type
superlattices, in which the Ea and Ez are totally overlapped at
Γ point to account for the bandgap opening.
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Fig. 5. (color online) The Dirac point shifts induced by the uniaxial strain in the (1,1) and (1,2) PGSes are presented in the left and
right panels, respectively.

Now, we reach the conclusions: (i) the π-bands at Y point

can be split to gain energy intervals which are however apart

away the Fermi level, and (ii) the band closing Dirac points

remain unaffected at the type points. So, an interesting ques-

tion could be raised: could the Dirac point be moved to Y

point to check the cooperative effects of the Dirac point shift

and the π-band splitting on the band structure engineering of

graphene? Fortunately, this could be realized by applying uni-

axial strain. We have carefully examined the effects of the

uniaxial strain σa applied along the armchair lattice (𝐴 lat-

tice) and the σz applied along the zigzag lattice (𝐵 lattice), re-

spectively. In the process of enhancing strain, the Dirac point

has been found to continuously move along ΓY path in the

corresponding r-BZ. We use the (1,1) (3q+ 1 type) and (1,2)

(3q+2 type) PGSes as prototypes to illustrate the strain effects

in Fig. 5, respectively (The strain is accounted by the change of
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the corresponding lattice). The σa strain would shift the Dirac
point along ΓY path toward Y point for the (1,1) and the Γ

point for the (1,2) PGSes, respectively. The calculated results
under 5% uniaxial strains are shown in Fig. 5. Compared to
the free-standing graphene, the studied uniaxial strain σz (σa)

would elongate the C–C bonds along zigzag (armchair) direc-
tion while it only slightly shortens the corresponding bonds
along armchair (zigzag) direction, resulting in bond symmetry
breaking of the ideal sp2 configuration. The transfer integrals
of elongated bonds would be weakened to increase the cor-
responding band energy, while the slightly contracted bonds
would get enhanced to gain lower band energy accordingly,
accounting for the Dirac point shift along ΓY path. In fact, the
similar results on Dirac point shift owe to the perturbation on
the ideal sp2 configuration were also discussed in the previ-
ous studies of the uniaxial strain engineered graphene and the
(3n,0) (n = 3, 4, 5, 6) single-walled carbon nanotubes.[27,28]
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Fig. 6. (color online) The bandstructure of the uniaxial strain σz engi-
neered (8,8) superlattice. The (a), (b), and (c) are for the defect free
PGS, C12 antidot patterned superlattice, and (BN)6 nanoflake patterned
superlattice, respectively.

With the purpose to shed light on the experimentally in-

vestigated graphene nanomeshes, we have also studied the ISP
vacancy hole patterned graphene superlattices. In Fig. 6, the
σz strain engineered (8,8) graphene superlattice patterned by
regularly arranged D6h C12 antidots has been carefully ana-
lyzed in detail as a prototype. Here, the notation of Cn ac-
counts for the antidot formed by removing a n-atom D6h car-
bon nanoflake from the graphene (the vacancy hole edge is
passivated by hydrogen). As shown in Fig. 6(a) for the (8,8)
PGS, the Dirac point would be continuously moved toward Y
point along with strain enhancing until it arrives at Y point un-
der σz = 4.2%. In Fig. 6(b), we have studied the cooperative
effects of the defect induced π-band splitting and the uniaxial
strain induced Dirac point shift for the C12 antidot patterned
(8,8) superlattice. Besides of the experimental fact of the suc-
cessful fabrication of vacancy hole patterned graphene super-
lattice, we have performed the ab initio molecular dynamics
simulations to evaluate the stability of the C12 patterned su-
perlattice. The simulations have been performed at the tem-
peratures of 1000 K and 1500 K, which last for 6 ps with the
time step of 1 fs. The structure can sustain in our simula-
tions, implying that this superlattice structure is separated by
high-energy barriers from other local minima on the poten-
tial energy surface. After introducing C12 antidot in the unit
cell, the free standing (8,8) superlattice gets the split πa1−πa2

and πz1−πz2 band sets with the energy intervals Ea and Ez of
∼ 0.29 eV. The band splitting intervals are in fact the intrinsic
characters of the defected superlattice, which is determined
by the defect itself and the defect density in the graphene.
The ∼ 0.29 eV gap width of the studied (8,8) superlattice is
found to keep almost constant during the uniaxial strain load-
ing. By applying the σz strain, its Dirac point would be shifted
away 2

3𝛤𝑌 point toward the Y point in the (8,8) PGS. The
Dirac cone in graphene is actually formed by the band cross-
ing between the πa- and πz-type bands. After loading the σz

strain, the C–C bonds along zigzag direction would be over-
all elongated while the bonds in armchair direction would be
overall shortened. The corresponding band energies of the
πz- and πa-type bands would gain different energy changes
to move the band crossing position, accounting for the Dirac
cone shift along the ΓY path. As referring to the Fermi level,
in the process of loading σz strain, the πa1–πa2 band set shown
in Fig. 6(b) for the C12-patterned (8,8) superlattice would be
moved downward while the πz1–πz2 band set would be lifted
upward. Under σz ∼2%, the πa1 and πz1 bands get touch with
each other at Y point. Then, further increasing the σz strain,
the energy interval Ea of πa1–πa2 band set would start to over-
lap with the Ez of πz1–πz2 band set at Y point. Thus, a bandgap
Egap would appear at Fermi level to make the superlattice to
be semiconducting, which would get broader in width by en-
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hancing the strain unit reaching the maximum Emax (equals to
Ea and Ez) under σz ∼4.6%. The evolution of the Egap as a
function of the applied strain has been presented in Fig. 7(a).
Upon the σz = 4.6%, its width starts to decrease again until the
πa2 and πz2 bands start to cross with each other to form new
Dirac cone. With the purpose to evaluate the stability of the
strain engineered graphene superlattice, we have also carried
out ab initio molecular dynamics simulations of the C12 pat-
terned (8,8) superlattice under the conditions of strain loading,
which were previously proved to be useful for evaluating the
stability of 2D materials.[29,30] The strain loading of 2% and
4.6% were selected for illustrations in our studies, which are
the crucial value for starting to open bandgap and the one for
obtaining the maximum gap width. Our simulations lasted for
6 ps with the time step of 1 fs at the temperature of 1500 K.
The geometrical structures of the strain engineered (8,8) su-
perlattices were found to remain in our simulations, suggesting
good structural stabilities. Using the structures obtained at the
end of the simulations, we have also performed full structure
optimizations, which could quickly converge to the ideal 2D
geometrical structures of the 2% and 4.6% strain engineered
(8,8) superlattices, respectively. Besides the (3q+2)-type su-
perlattices as illustrated by the (8,8) antidot patterned superlat-
tice, the same phenomena have also been found in our studies
of the (3q+1)-type superlattices. Furthermore, we have inves-
tigated the tuning of the gap maximum Emax as a function of
the lattice size and presented the results in Fig. 7(b). One can
see that the Emax could be tuned by controlling the defect den-
sity in graphene, showing the possibilities in obtaining proper
on/off ratio toward the application demand.
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Fig. 7. (color online) (a) The evolution of the bandgap versus the ap-
plied strain. (b) The maximum gap width Emax of the (8, Q) superlattice
as a function of the lattice size Q. The bandgaps of the 3q-type super-
lattices are also presented in panel (b) for comparison.

Suggested by the previous studies,[3,4,6–9] the substitution
doping of the BN nanoflakes in graphene would be a promis-
ing method in opening bandgap in graphene for the practical
usage in the field-effect transistors, etc. So, in comparison,
we have also calculated the electronic properties of the (8,8)
superlattice after patching the C12 antidot vacancy holes with

(BN)6 nanoflakes. As shown in Fig. 6(c), a bandgap opens
for the free standing superlattice due to the sublattice equiva-
lence breaking, suggesting the difference in bandgap opening
mechanism as referred to that of the ISP defect patterned su-
perlattice. Though the bandgap could be also shifted along the
ΓY path by applying uniaxial strain, the width of ∼ 0.15 eV
of the (BN)6 nanoflake patched graphene superlattice keeps
almost unchanged.

4. Conclusions
We have carefully investigated the geometrically induced

π-band splitting of graphene superlattices. The 3-fold homo-
geneously distributed C–C bonds surrounding each C atom
could be sorted into two groups, the bonds along armchair
and the ones along zigzag directions, respectively. The band-
decomposed charge density analysis shows that the Dirac cone
is composed by the πa/πz band intersection. The regularly ar-
ranged ISP defects induce the π-band splitting to get the πa1–
πa2 and πz1–πz2 band sets with split energy intervals Ea and Ez

(Ez = Ea), which in fact corresponds to the geometrical sym-
metry breaking of the 3-fold homogeneous equivalence of the
C–C bonds. In the 3q superlattices with Dirac cones being
folded to Γ point, the Ea and Ez are totally overlapped at the
Fermi level to open a bandgap. However, in the other superlat-
tices, they would be respectively above and below the Fermi
level. Each of the πa1–πa2 and πz1–πz2 band sets contribute
a band branch to cross with each other at the Fermi level to
form Dirac cone, keeping the semimetal nature unaffected. In-
terestingly, the band sets of these superlattices could be shifted
toward each other by applying uniaxial strain, which would in-
duce the semimetal-semiconductor transition once the Ea and
Ez start to overlap at the Fermi level. Furthermore, the gap
width would be enlarged by enhancing strain to reach its max-
imum Emax which could also be tuned by controlling the defect
density in graphene.
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