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The dust acoustic (DA) shock wave with dust charge fluctuations, non-Maxwellian ions, and non-isothermal electrons
is studied theoretically. The perturbation technique is employed to derive the lower order three-dimensional (3D) Burgers
equation, and shock wave solution is explored by the tan-hyperbolic method. The effects of flat trapped and trapped electron
distributions in the presence of Maxwellian and non-Maxwellian ions on characteristics shock waves are observed. The
temperature ratio of non-Maxwellian ion temperature and non-isothermal electron temperature is found to play an important

role in forming the shock-like structure.
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1. Introduction

Ever since the modifications of the existing plasma wave
spectra of low frequency dust acoustic waves (DAWSs) in-
volving mobile dust grains, numerous work has been done
in different aspects of dusty plasma waves.!!">?] Basically,
most of the investigations focus on the studies of the plasma
characteristics by probing the evolutions of shock or soli-
tary wave profile governed by the family of Burgers, K-dV
and Sagdeev potential-type equations. On the other hand, it
has been reported that the presence of fast ions and electrons
which exist inevitably in space and laboratory plasma envi-
ronments clearly specify the reason why the charged species
deviate from the classical Maxwellian velocity distributions
due to such particles being trapped. In fact, due to the exis-
tence of such deviations, the fascinating natures of solitons
and shocks come into effect which are not pragmatic with
isothermal species. It has been reported veritably that the
presence of non-isothermal electrons in plasma gives rise to
many interesting characteristics in the nonlinear propagations
of waves, including the excitations of ions-acoustic solitary
waves.!?>23] Thus the exploration of nonlinear behavior of
non-isothermal plasmas having unmagnetized as well as mag-
netized background!?*2%! has received considerable attention
and has been studied by a number of authors in the last few
years.

It has been found that there is a significant decrease (in-
crease) in the amplitude (width) of the solitary wave with
increasing non-Maxwellian ion population species.!?*! Very
recently Adhikary er al.!*®! reported the dependence of soli-
tary wave’s amplitude and width on non-Maxwellian ion con-
centrations and trapping of electrons. Dev et al.*°! reported
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the formations of spiky solitary waves in cold, dusty plasma
in the presence of non-Maxwellian electrons and vortex-like
electrons distributions. El-Shewy et al. studied spatiotempo-
ral fractional KdV-Burgers equation for dust acoustic shock
wave in dusty plasma with non-thermal ions by using the
fractional sub-equations method.*! Shahmansouri studied
suprathermality effect on propagation properties of ion acous-
tic waves and concluded that in the presence of ion and elec-
tron suprathermality, the solitary wave of either polarity is
possible.’!l Rehman studied electrostatic dust acoustic soli-
tons in pair-ion-electron plasmas and came to the conclusions
that electrostatic hump (dip) structures can be found when the

(321 Apart from non-

dust particles are positively (negatively).
magnetized plasmas, little work has also been done on magne-
tized plasmas with non-Maxwellian ions and non-isothermal
electrons. For example, recently Abrishami and Kadijani!33!
reported that such a plasma is found to support two types
of nonlinear solitary structures (fast and slow) which attain a
higher velocity (or amplitude) when the numbers of dust grains
and trapped electrons are increased. On the other hand, apart
from negatively charged dust grains in the presence of mag-
netic field,[3436] few observations on the features of solitary
wave in the presence of positively charged dust grains in mag-
netized plasma has carried out. For example, Haider et al.
observed spiky solitary wave in the presence of positive ions,
positive dust in the presence of external magnetic field in mul-
ticomponent dusty plasma.3”l El-Wakil et al. observed that
temperature, obliqueness of propagations as well as cyclotron
frequencies have an imperative role in controlling the behav-
ior of solitary wave in magnetized plasma with opposite polar-
ity of dust.[3] Zobaer er al. derived K-dV and Burgers equa-
tions to study DA waves in strongly coupled dusty plasma in
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the presence of arbitrary (negative and positive) charged dust
grains and observed that due to the presence of both type of
charges, such a plasma system causes the presence of opposite
potential (positive and negative) DA solitons and shock struc-
tures and significantly modifies its basic features.[?"!

Shock waves in dusty plasma with non-Maxwellian ion
distribution and charge fluctuating negative dust have been
studied in diverse ways and the emphasis is mainly placed
on the modifications of basic properties of shock, such as
amplitude, propagations speed, etc. due to the presence of
such species.[ #0411 Recently Tasnim et al.*?! discussed the
effect of dust kinematic viscosity in non-Maxwellian dusty
plasma with two population ions and found a significant mod-
ification in the basic properties such as amplitudes, width,
and polarities of the DA shock wave (DASHW). They re-
ported the smoothness and the weakness of the shock pro-
file due to dissipative force which arises because of dust
charge fluctuations in non-Maxwellian ion plasma environ-
ment. Their investigations also well indicated that the mag-
nitude of the amplitude of positive (negative) shock wave in-
creases (decreases) with the increase of temperature ratio of
non-Maxwellian ions. Furthermore, they concluded that the
amplitudes (widths) of positive and negative shock waves in-
crease (decrease) with the increase of phase velocity. Asaduz-

zaman and Mamun!#’!

studied the modifications of dispersion
properties of the DAWS due to the presence of nonthermal
ions and polarizations force. It has also been found that the
phase speed of the DAW, increases with the increase of non-
Maxwellian ion. Kannou and Annou *# in their report dis-
cussed the importance of non-Maxwellian ions for the occur-
rence of solitons and indicated that the only rarefactive soli-

ton is possible. However Pakazad![*!

interestingly defined the
range of non-Maxwellian ion concentrations for the existence
of both compressive and rarefactive solitons in warm dusty
plasma in the presence of non-Maxwellian ions. On the other
hand, in many observations it has been reported that transverse
perturbations always exist in a higher-dimensional system; es-
pecially at higher polar altitude or even in laboratory case. So,
a purely one-dimensional model can account for none of all
observed features since the wave structure and many prop-
erties of the solitary waves are modified by these transverse
perturbations. [*#7] Motivated by these observations, Zobaer

49 derived first a modified

et al."® and Mamun and Zobae
Burgers equations in the planar case with adiabatic pressure;
however, very few investigations have been done on the deriva-
tions of a two-dimensional Burgers equations. *°! Furthermore
to the best of our knowledge, no observation has been reported
on three-dimensional (3D) Burgers equations except a few ob-
servations by this author.>!-5?]

In this model, we study the establishment of DA shock

waves in a dusty plasma with two-temperature (high and low

temperature) non-Maxwellian ions and non-isothermal elec-
trons by deriving the lower order modified 3D Burgers equa-
tion through using reductive perturbation techniques. To the
best of our knowledge, no analysis has been reported where
the effects of the populations of high and low non-Maxwellian
and non-isothermal electrons on the shock wave characteris-
tic are studied by using the lower order modified 3D Burgers
equations.

2. Basic equations and formulations of the prob-
lem

The continuity and momentum equations for the dusty
plasma are as follows:

P)
S 4V (nave) =0, (1)
v
<a+vdv> vy = Ay YPd )
ot mq mang

Together with the charge neutrality equations neo +
Zd()ndo = 110 + Niho where Ne0, 1d0, Mih0o (I’lﬂ()) are the unper-
turbed number of electrons density, dust density, and higher
(lower) density ions respectively. Zyg is the equilibrium dust
charge. Then, the following Poisson’s equation is obtained:

Vz(p =4rme (ne +Zgng —nj — nih) R 3)

where @, Z4, mq, and vq are the electrostatic potential, dust
charge numbers, mass of the dust particle, and the dust fluid
speed. Now considering DA wave propagations in collisions-
less unmagnetized dusty plasma with non-isothermal elec-
trons, and low and high temperature non-Maxwellian ions,
their densities are given respectively by

1

e = m{l +(sp19) —b(sp1¢)3/2

o lpo) -}, (4a)

_ di 2

nj = m(1+ﬁs¢+ﬁ(s¢) )

x exp (—s@/kpTy), (4b)
Nih = # (1+ﬁSP¢+ﬁ(SP¢)2)

x exp(—sp@/ksgT), (4c)

where s = Tegr/Ty = (81 +6—1)/(81 +&p+p1), p1 =
T /Te,p2 = Tin/Te, p = Pp1/P2, 61 = nito/Ne0, 62 = Nino/Meo,
B =4a/(14+30a) with o being the population of non-
Maxwellian ions. Let b =4(1—Vv)/3y/x and v = T,/ T be
the non-isothermal temperature ratio. It is clear to see that
v = 0, which means being epitomized as a flat trap. We de-
note the dust charge number Z3 and charge quantity Q4 as
Zg = Zgo +Zg and Qq = Qqo + Qq, respectively, where Zyo
represents the dust charge number at equilibrium and Zg rep-
resenting the fluctuating part of a dust charge number and
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Qg4 = eZ4. The dust-charge equation is directly given by Dev
et al.l'%
dQ4

IZA flih n
—= + 1104 = |Ieo| nd0Zao (1 +— - e) ,  (5a)
dr nlo Mo Meo

where

1 neo  mio Mo\ |
Tefr = [ (-l——i— (5b)
¢ naZao \ Te  Ta T
is the effective electron temperature. In Eq. (5a), T, Ty, Tj,

and T, are the electrons, dust, low and high ion temperatures
respectively. The normalized equations of the above equations

are
WA
3T +V (NgVa) =0, (6a)
( &aT + VdV> Va=2Z4V$ — Ny 'VNI, (6b)
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Meanwhile the time variable ¢ is ormalized by @y, =
(47Z naoe® /mq) 1/2 and denoted by T = t@pq, velocity U is
normalized by Cy = \/Zgo ks Tigr/mq, potential ¢ is normal-
ized by ¢ = e@/kpTefr, and space variable x is normalized by
Ap = (kB Togr/ 47'El’ld0€22d0) 1/2 and denoted by X = x/Ap. The
presser adiabatic term, namely Py = (ng/ngo)” Pao = N;/ with
Pyo = nqokp Ty and adiabatic index being y = 5/3 for 3D sys-
tem.

3. Derivations of lower order modified 3D Burg-
ers equations

To study the lower order modified 3D Burgers equations
with non-isothermal electrons and non-Maxwellian ions, we
consider the stretched coordinates given by Dev er al.!® as
follows:

E=e'P(X—WT), n=e"*Y, ¢=&¥z, t=¢T, (1)

where € is a small dimensionless parameter measuring the
weakness of the dispersions and and V) is the nonlinear wave

velocity. The dynamical variables are expanded as power se-
ries of € as follows:

No=1+eNV +e32NP + 2N 4.
Zo=1+¢ez\") +&327%) 1229 1 ...
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Substituting Egs. (7) and (8) into Egs. (6a)—-(6d), and equating
the coefficients of the lowest order in €, we obtain

1

N ==19®, v = —vomo®, and Z{" = R0V, %)
where y = (Vg 75(7/3)7l and R; = p;/u’ and the dispersive
relations is

Ve =56/3+(ou+Ri)"". (9b)

Considering higher order terms of &, we obtain a series of
equations as
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Solving Egs. (10a)-(10e) with the help of Egs. (9a) and (9b),
we obtain the lower order modified 3D Burgers equation

9 3¢<1) 1/2 a¢ 324,(1)
a&(af (") T e
92 92¢()
+C<anz+a§2 =0, an
where A = —3(0p —|—R2)/47W12a B = Rl/z.ulylz’ Ry

C=5n0+3/6Vom.
Now the stationary solution of lower order modified 3D

= p2/W,

Burgers equation is as follows:

9! = 97 {1 —tanh ( /w)}?, (12)
where  ¢n = 3/4{UI-C(1-1*)}/A> and w =
4BI?/ {U I-C (1 —lz)} are the amplitude and width of the

shock wave respectively, with [ being the direction cosine and
U being the velocity.
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4. Results and discussion

The effects of various dusty plasma parameters on the
propagation of electrostatic shock wave are examined numer-
ically from the lower order modified 3D Burgers equation.
The dust particles in the plasma are considered to be uni-
form in size with fluctuating negative charge while the plasma
ions is assumed to be singly charged two-temperature non-
Maxwellian ions and non-isothermal electrons.

Figure 1 depicts the variations of the nonlinear co-
efficient A with non-isothermal electron temperature v for
different populations of high and low non-Maxwellian ions.
Here the other plasma parameters are considered to be
nep = 3 X 104 m*3, njp = 5 X 10 m*3, ngo = 1010 m*3,
zd0 = 2 x 10%, T, = 0.16 eV, and Ty = 0.06 eV.[*>!l Tt is
seen that with increasing v, i.e., the ratio of effective elec-
tron temperature to non-isothermal electron temperature, the
nonlinear coefficient decreases and approaches to zero as the
ratio becomes one. This is because the system approaches
to thermal equilibrium, the nonlinearity obviously decreases.
In addition, a dominant role of density of high temperature
non thermal ions in the variation of A is also seen. As seen
from the figure, as we move from the lower solid (blue) plot
to the upper solid (orange) plot, the density of high tem-
perature non thermal ions increases significantly. And as it
is evident that the increase in density will always result in
the decrease of phase velocity due to increased rate of colli-
sion. This rate of increase in collision and hence the decrease
in phase velocity will be greater in the case of high tem-
perature non Maxwellian ions, as the high temperature non
Maxwellian ions are more prone to suffering a collision fre-
quently due to their increased number density. Thus the rate
of decrease in phase velocity and hence the rate of increase
in A will be greater for the case involving more high temper-
ature non thermal ion which is the condition for the upper
solid (orange) plot than for the other two plots. Interestingly
if we compare the lower solid (blue) plot with the middle
dash plot, it is clear that though we reduce the number density
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Fig. 1. (color online) Plots of nonlinear coefficient A versus trapped
electron ratio v. Here orange (upper solid) line represents &6, = 3,
&, = 10, dash line refers to 6; = 3/2, &, = 4, and blue (lower solid)
line represents 0} = & = 2.

of low temperature nonthermal ions and increase the density
of high temperature non thermal ions, the value of A increases
and thus we may see a dominant role of high temperature non
thermal ion species in the process.

Figure 2 indicates that the nonlinear coefficient A in-
creases with increasing population of non-Maxwellian ions
and interestingly the range of « for the same enhancement
of A is different for the different population density of non-
Maxwellian ions. For example, the range of ¢ for the most
left solid (orange) curve is between 0 and 0.6 while for the
most right solid (blue) curve the range is between 0 and 0.9.
The reason for this phenomenon is that in the most left curve,
the number of high temperature non-Maxwellian ions is more
than the number of low temperature non-Maxwellian ions, and
this should eventually increase the phase velocity since veloc-
ity is a manifestation of temperature. But on the other hand,
since we are interested in the non-Maxwellian ion populations,
which will definitely reduce the phase velocity because with
increasing the number density, the charged particle will suf-
fer more collisions. This rate of decrease in phase velocity
will be higher in the case of high temperature non-Maxwellian
ions than in the case of low temperature non-Maxwellian ions
as the high temperature non-Maxwellian ions are more prone
to suffering collision frequently than low temperature non-
Maxwellian ions due to their increased thermal velocity. And
since nonlinear coefficient A is an inverse function of phase ve-
locity, so the rate of enhancement in A will be higher for the
case involving more high temperature non-Maxwellian ions
(the most left solid curve of Fig. 2) than less high temperature
non-Maxwellian ions (extreme right solid curve of Fig. 2).

0.15

0.051

02 04 06 08 1.0
[0

Fig. 2. (color online) Plots of nonlinear coefficient A versus population
of nonthermal ion @ for §; and &,. Here orange (themost left) curve
represents 0; = 3, 6, = 10, dash line represents 8; = 3/2, &, = 4, and
blue line (the most right) represents 8; = &, = 2.

Figures 3 and 4 show clearly the physical situations in-
volved in the processes in terms of thermal velocity of the
plasma species. In both the figures, the densities of both the
ions are the same and the temperature of high temperature
non-thermal ions is varying. Now if we compare both the
figures, the dominant physical parameter involved in the pro-
cess is the temperature of high temperature non-thermal ions
(Fig. 4), with other variables kept fixed for both figures. Now
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it is evident that the increase of temperature results in an in-
crease of the thermal velocity of the plasma species, and as a
result the phase velocity increases which results in a reduction
in the value of A in Fig. 4 compared with in Fig. 3 where the
temperature of high temperature non-thermal ions is less than
the value considered for Fig. 4.

Fig. 3. (color online) Profile of nonlinear coefficient A as a functions
of trapped electrons ratio v and population of non-thermal ions ¢ for
p1=025p=1,and § =6 =2.

Fig. 4. (color online) Profile of nonlinear coefficient A as a function
of trapped electrons ratio v and population of non-thermal ions ¢ for
p1=0.1,p=0.25,and 6; = &, =2.

The characteristics of dissipative coefficient B as a func-
tions of « for the different density ratios are plotted in Fig. 5,
and it is clear that the dissipative coefficient increases with
increasing non-Maxwellian ion population density. This may
be because for the present plasma system under consideration,
we have assumed that dust charge fluctuations is the source of
dissipations and that the dissipative coefficient B is an inverse
functions of normalized decay rate, the increase (decrease) of
decay rate will reduce (increase) the value of B. Now, this can
be attributed to the fact that with increasing non-Maxwellian
ion population, there will be an enhancement in the dust charge
quantity which conduces to the increase of dust plasma fre-
quency, thereby reducing the decay rate which results in the
increase of B. On the other hand, looking into the second as-

pect of the figure, we can see that the ranges of « are different

for almost the same rate of increase of B for different high and
low temperature non-Maxwellian ions. Now if we examine
the physical situations of all the three curves, we see that in the
case of the most left solid curve, the value of high temperature
non-Maxwellian ions is significantly higher than that of the
low temperature non-Maxwellian ions, which keeps decreas-
ing further as we move it towards the most right solid curve.
Now, we know that the dust charge increases significantly with
the ion (or electron ) thermal velocity, so corresponding in-
crease in dust charge and hence an increase in the dust plasma
frequency will be observed for the most left solid curve. This
will result in a rapid decrease in the decay rate, which will
conduce to a vast increase in the value of B compared with the
other two curves in the figure, since for the other two curves
the dust charge and hence the dust plasma frequency will keep
decreasing because of the decrease in temperature of the non-
Maxwellian ions.

0.2 0.4 0.6 0.8 1.0

«

Fig. 5. (color online) Plots of dissipative coefficient B as a functions of
population of non-thermal ions o for different density ratios: ; and &,
when p; = 0.1, po = 0.4, and v = 0.2. Here orange (lower solid) curve
represents 8; = 3, & = 10, dash curve represents 6; = 3/2, 6, =4, and
blue (upper solid) curve represents §; = &, = 2.

Figure 6 describes the spatial variations of shock potential
profile for different ranges of low and high temperature ions
with different ranges of temperature in the absence of non-
Maxwellian ions and non-isothermal electrons. Here the other
plasma parameters are kept similar to those in Fig. 1. Now
if we examine the physical situations in the lower solid and
middle dash curves, it is apparent that in the lower solid curve,
the increased density of the high temperature Maxwellian ions
will result in an increased collisions of the plasma species
compared with in the middle dash curve. This increased col-
lisions will result in a decrease in the phase velocity which in
turn increases the value of nonlinear coefficient A. Now this
enhancement in the nonlinear coefficient A further reduces the
shock potential which is the case for the lower solid curve.
Similarly for the upper solid curve, significant reduction in the
temperature of especially high temperature ion species results
in the increase of phase velocity due to fewer collisions than

that in the physical situations of other two curves discussed
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above. This in turn reduces the value of the nonlinear coeffi-
cient A and hence increases the shock potential considerably.

a=0,rv=0
¢(1)/106

x/107°

Fig. 6. (color online) Plots of shock wave of lower order modified 3D
Burgers’ equation versus x for different ion densities and temperature
ratio for Maxwellian ions ¢t = 0 and trapped electron temperature ratio
v =0 (flat trapped). Here blue (upper solid) curve for p; =0.25,p =1,
8; = & =2, dash line for p; = 0.1, p =0.25, §; = 6, = 2, and orange
curve for p; = 0.1, p =0.25, §; =3, & = 10.

On the other hand, figures 7 and 8 show the spatial evolu-
tions of shock potential profile for Maxwellian ions and non-
Maxwellian ions in the presence of non-isothermal electrons
and flat trapped electrons, respectively. The shock wave po-
tentials for all the three curves of both the figures are higher
in the presence of trapped electrons than in the absence of
trapped electrons. This is obvious because in the presence of
trapped electrons, the nonlinearity decreases, which eventu-
ally increases the height of the shock potential profile. So, that
is why the shock potential profile shows significant increase
in the presence of trapped electrons. On the other hand, the
individual variation of the shock potential profile of each of
Figs. 7 and 8 can be understood in the context of the explana-
tions of Fig. 6 as the other physical parameters are invariant
in all the three curves. In Fig. 9 the simultaneous effects of
non-Maxwellian ions and trapped electrons are presented to
have clear comparisons among the shock potential profiles of
the other three figures, i.e., Figs. 6-8. Here also the individ-
ual variations of the shock potential profile can be understood
in a similar way to that discussed above in Figs. 6-8. Now,
the most interesting fact is that if we compare Fig. 7 with
Fig. 8, it can be concluded that for the present plasma model
under consideration, shock wave has maximum amplitude in a
Maxwellian ion plasma in the presence of trapped electrons
(Fig. 7) and minimum amplitude with non-Maxwellian ion
plasma in the presence of flat trapped distribution of electrons
(Fig. 8). On the other hand, as depicted in Fig. 9, it is seen
that due to the possible simultaneous interplay between non-
Maxwellianity and trapping in the plasma, the value of the

shock potential becomes lower significantly than the shock

potential value with Maxwellian-flat trapped distribution of
plasma species (Fig. 6).

a=0,v=0.2
¢(1)/106

x/1075

Fig. 7. (color online) Plots of shock wave of modified 3D Burgers’
equation versus ¥ for different ion densities and temperature ratio for
Maxwellian ions & = 0 and trapped electron temperature ratio v = 0.2.
Here blue (upper solid) curve for p; = 0.25, p =1, §; = & = 2, dash
curve for py = 0.1, p =0.25, §; = &, = 2, and orange (lower solid)
curve for py = 0.1, p =0.25, § =3, 6, = 10.

a=0.2,vr=0
¢M/10°
3.0
2.5
2.0
1.5
1.0

x/107°

Fig. 8. (color online) Plots of shock wave for of lower order modified
3D Burgers’ equation versus ) for different ion densities and tempera-
ture ratio for non-thermal ions o = 0.2 and trapped electron temperature
ratio v = 0 (flat trapped). Here blue (upper solid) curve for p; = 0.25,
p =1, 8 =& =2, dash curve for p; =0.1, p =0.25, §; = &, =2, and
orange (lower solid) curve for p; = 0.1, p =0.25, 6; =3, &, = 10.

a=0.2, v=0.1
¢(1)/105
4|

5

x/107°

Fig. 9. (color online) Plots of shock wave lower order modified 3D
Burgers’ equation versus y for different ion densities and temperature
ratio for non-thermal ions & = 0.2 and trapped electron temperature
ratio v = 0.1. Here blue (upper solid) curve for py = 0.25, p =1,
81 = 6, =2, dash curve for p; = 0.1, p =0.25, §; = 8, =2, and orange
(lower solid) curve for p; = 0.1, p =0.25, §; =3, &, = 10.
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5. Conclusions

A specific theoretical analysis of DA waves in an unmag-
netized dusty plasma system containing non-Maxwellian ions
and non-isothermal electrons is investigated by deriving the
lower order modified 3D Burgers equation with dust charge
fluctuations. It is perceived that the ion temperature ratio, non-
Maxwellian ions and non-isothermal electrons have a momen-
tous effect on forming different forms of positive shock wave
structures. Equation (9b) clearly depicts that the phase ve-
locity V directly depends on the dust for effective temper-
ature ratio. We find that the population of low and heigh
temperperature non-Maxwellian ions & and non-isothermal
electron temperature ratio v give the polarity of the shock-
like structure in our model. Also the shock potential reaches
maximum (minimum) value with Maxwellian-trapped (non
Maxwellian-flat trapped) plasma species. This result might be
useful for different types of space plasmas and astrophysical
plasmas and also for the experimental research of observing
the shock structure in negative dust charge fluctuations in the
presence of non-Maxwellian ions and non-isohermal electrons
distributions. [>3-7]
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