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Ionization in an intense field considering Coulomb correction∗
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We derive a simple ionization rate formula for the ground state of a hydrogen atom in the velocity gauge under the
conditions: ω � 1 a.u. (a.u. is short for atomic unit) and γ � 1 (ω is the laser frequency and γ is the Keldysh parameter).
Comparisons are made among the different versions of the Keldysh–Faisal–Reiss (KFR) theory. The numerical study
shows that with considering the quasi-classical (WKB) Coulomb correction in the final state of the ionized electron, the
photoionization rate is enhanced compared with without considering the Coulomb correction, and the Reiss theory with the
WKB Coulomb correction gives the correct result in the tunneling regime. Our concise formula of the ionization rate may
provide an insight into the ionization mechanism for the ground state of a hydrogen atom.
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1. Introduction

With the advent of powerful laser sources of intensi-
ties well over 1014 W/cm2, nonresonant multiphoton pro-
cesses such as above-threshold detachment (ATD) of ions and
above-threshold ionization of atoms and molecules (ATI) in
an intense laser field have been the subject of many theoret-
ical and experimental investigations.[1–3] In order to under-
stand the photoionization processes of complicated atoms and
molecules, it is necessary to investigate the photoionization
mechanism of a hydrogen atom in more detail.

The strong field ionization processes can be described
with the help of the Keldysh–Faisal–Reiss (KFR)[4–6] theo-
ries. The KFR theories are also called the strong field approx-
imation theories (SFA).[7] The KFR theories start from the S-
matrix element, which is widely considered to be exact in prin-
ciple. Nevertheless, due to the fact that the Schrödinger equa-
tion for a charged particle interacting with both the field of
an attractive Coulomb center and a strong laser field cannot be
solved analytically, analytical approximations are used to eval-
uate the S-matrix element for bound-free transitions. All three
versions of the KFR theory describe the same physical prob-
lem, and the main difference between them lies in the form of
the laser-electron interaction. Under the dipole approximation,
the laser-electron interaction Hamiltonians can be expressed
as 𝑟 ·𝐸 and 𝑝 ·𝐴, respectively. The 𝑟 ·𝐸 form is usually
called the length gauge (LG) SFA, which has been used by
Keldysh. The 𝑝 ·𝐴 form is usually called the velocity gauge
(VG), which has been used by Faisal[5] and Reiss.[6] Tang et

al.[8] have derived a Keldysh-like formula of atom ionization
in an intense laser field by using the velocity gauge. The for-
mula is as simple as Keldysh’s formula. Therefore, various
approximate theories may lead to different expressions for the
ionization rate. Although the expressions are different, the ion-
ization rate should be the same due to gauge invariance. For
example, Bauer[9] has calculated the ionization rate of a 1s hy-
drogen atom in an intense laser field by using both the length
and the velocity gauge formulation of the SFA in the tunnel
regime, and the differences between the results was at least
one order of magnitude. The discrepancy between the two
gauges has caused extensive controversy about which gauge is
more appropriate for the strong field approximation.[10,11]

In the KFR theory, one presumes that the influence of the
Coulomb potential on the final state of the outgoing electron
is neglected. This is quite a good approximation for photode-
tachment of a negative hydrogen ion,[6] because the binding
potential is certainly of finite range, in view of the neutrality
of the residual atom after photodetachment. Photoionization
of the initially neutral hydrogen atom does not really suit the
validity conditions given by Reiss, because of the long range
of the Coulomb interaction between the ionized outgoing elec-
tron and the remaining positively charged ion. The real po-
tential exerts a long-range Coulomb force between the resid-
ual core and the ionizing electron, so the theoretical predic-
tions would not accord with experimental results very well. In
the high-intensity limit of the laser field, the electromagnetic
field effects on the electron become dominant and good agree-
ment can be expected. In practical calculation, the Volkov[8]
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function was used as the final state of the photoionized elec-
tron. This normal Volkov function is an exact solution of
the quantum-mechanical equations of motion for a free elec-
tron in a plane-wave electromagnetic field. However, in the
presence of an atomic potential among particles, the Volkov
function is not an exact description of the motion of the pho-
toionizing electron. Therefore, one has to include somehow
Coulomb corrections in the final state of the ionized electron.
There have been many efforts made to incorporate appropri-
ately the effect of the atomic potential into the Volkov func-
tion so far.[9,12–17] In short, there are mainly two modes. First,
Reiss and Krainov[18] found a simple analytical approxima-
tion for the wave function of an electron simultaneously ex-
posed to a strong circularly polarized laser field and an atomic
Coulomb potential. This wavefunction is the Volkov state with
a first-order Coulomb correction coming from some perturba-
tive expansion of the potential in the Kramers–Henneberger
reference frame. Later, according to the development of Reiss
and Krainov, Mishima et al.[19] improved the Volkov func-
tion by including the second-order term in the perturbative ex-
pansion of the atomic potential in a linearly polarized laser
field. The revised Volkov function mentioned above is usually
called the Coulomb–Volkov function. Whereas, in the tun-
neling regime, Bauer[9] has checked that the ionization rates
with and without the Coulomb–Volkov corrections are nearly
identical. Second, in the tunneling domain, when ω � 1 and
γ � 1, the quasiclassical (WKB) approximation may be ap-
plied. Krainov and Shokri[20] have shown that for the ground
state of a hydrogen atom the Volkov wave should be multi-
plied by the factor 2Z2/Fr. After this work, they generalized
the results to the case of arbitrary atoms or atomic ions by us-
ing the quantum defect method. The Coulomb correction is
also given in the frame of quasi-classical perturbation theory
with respect to the Coulomb potential U =−Z/r by the factor
(2Z2/n2Fr)n in the Volkov wave function,[21] in which n is the
effective quantum number of the initial atomic or ionic state.
Bauer[9,14] pointed out that if the WKB Coulomb correction
in the final state of the ionized electron is included, the KFR
theory gives the correct result in the tunneling domain.

In this paper, we derive a closed-form formula for the tun-
nel ionization rate in the velocity gauge including the WKB
Coulomb correction, which, to the best of our knowledge,
has not been published so far. This formula is as simple as
Keldysh’s formula, and provides an insight into the ioniza-
tion mechanism of atoms subjected to an intense laser field.
In accordance with arguments made by Keldysh, we assume
that for a linearly polarized laser field the contributions to the
ionization rate mainly come from small kinetic momentum 𝑝,
satisfying the condition 𝑝2� 2Eb. Throughout the paper, the
atomic units e=m= h̄= 1 are used, substituting explicitly−1
for the electronic charge.

2. Ionization rate formula
To be specific, we consider a hydrogen atom in the pres-

ence of a strong laser field. The rate of photoionization for
direct transition from the ground bound state to the continuum
state is given by

W = lim
t→∞

V
t

1

(2π)3
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fi
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According to Bauer,[14] the approximate S-matrix element de-
scribing the probability amplitude of ionization in the velocity
gauge is
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Here, HA (t) =𝐴(t) · (−i∇)+ 1
2𝐴

2 (t) is the Hamiltonian in-
teraction between the laser field and the outgoing electron. In
the dipole approximation the linearly polarized laser field may
be described by the vector potential 𝐴(t) = A𝜀cosωt, where
𝜀 represents the unit vector in the direction of polarization, ω

is the frequency of the laser field, and A is the amplitude of
the vector potential. The corresponding electric field is ob-
tained as 𝐹 (t) = −∂t𝐴(t) = F𝜀sinωt, where F = Aω is the
amplitude of the electric field. 2/Fr is the WKB Coulomb
correction factor for a hydrogen atom. ψf is the Volkov state,
and Φi is a stationary bound state. According to Krainov,[21]

we have
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The factor 2/Fr changes the ground state of a hydrogen atom
into the wave function of an electron in a potential of zero ra-
dius. In practical calculation, we include this factor into the
initial-state wave function. Using the method which is similar
to Reiss’s, we obtain
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where ξ = −(1/ω)𝑝 ·𝐴, z = A2/4ω , Eb is the binding en-
ergy, and Up = A2/4 is the ponderomotive potential (the en-
ergy of oscillating motion of a free electron driven by inci-
dent laser field). In addition, the Reiss parameter z1 = 2Up/Eb

and the Keldysh parameter γ are related by the Reiss param-
eter z1 = 1/γ2 for linear polarization. ϕ1

i(𝑝) and ϕ2
i(𝑝) are the

Fourier transform of the initial-state wave function,

ϕ
1
i (𝑝) =

2π√
πa3

1
p2/2+Eb

, (7)

ϕ
2
i (𝑝) =

4π

p
√

πa3
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where a = 2a0/Z, with a0 being the Bohr radius.
Applying generalized Bessel function expansion:
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By using the saddle point integral and the property of the
δ function, substituting the S-matrix (Eq. (5) and Eq. (6) ) into
Eq. (1), and integrating with respect to 𝑝 lead to
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W = W1 +W2, (14)

where
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Φ (ξn) being the Dawson’s integral, defined by
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The minimal number of photons absorbed is n0 =

〈Eb/ω + z+1〉, the symbol 〈· · · 〉 denotes the integer part of
the number inside. We note that the kinetic energy of the ion-
ized outgoing electron is p2/2 = nω− zω−Eb. In this paper
B and C are equal to
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,

respectively. In the tunneling domain, we look for a version
of SFA, which leads to a proper ionization rate. For this
case, the minimal number of photons absorbed n0 � 1 and
the sum over n can be replaced by an integral over the param-
eter β = (n−n0)/n0, and the main contribution to Eq. (15) is
made by large n. Consequently, carrying out the integral over
β , we obtain

S (γ,F,Eb) =

√
π
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√
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. (20)

As a result, the total photoionization rate for 1s hydrogen atom
is described by the formula
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with p0 =
√

2ωn0.
This is the main result of this paper: a formula for the

ionization rate of 1s hydrogen atom which is as simple as
Keldysh’s formula with using the length gauge. Such a simple
formula is first provided for 1s hydrogen atom including the
long-range Coulomb potential effect in the velocity gauge.

3. Numerical results and discussion
In this section, we will obtain numerical results by using

our analytical formula (Eq. (18) )for the atomic system, and
compare them with numerical results from other authors. The
expression for the tunnel ionization of atoms in a linear polar-
ized laser field is[9,22]

W av
stat =

8Z5

πF
K0

(
2Z3

3F

)
, (22)
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where K0 =
∫

∞

0 dyexp(−xcoshy) and Z is the nuclear charge.
According to Bauer,[9] the Keldysh result for the 1s state of
a hydrogen atom in the linearly polarzed laser field with the
WKB Coulomb correction is

W Keldysh,WKB
lin =
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where En = p2/2 = nω− zω−Eb.
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Fig. 1. (color online) Plot of various KFR ionization rates for the linearly
polarized laser field or static-field ionization rate as a function of Reiss in-
tensity parameter z1, with the laser frequency ω fixed at 0.01 a.u.

We look for a version of the KFR theory, which leads
to a proper ionization rate in the low-frequency-high-intensity
limit, i.e., ω � 1 and z1 � 1. Therefore, it is reasonable to
keep one of the parameters fixed and change the other one. In
numerical calculations of different ionization rates, we fix ei-
ther the Reiss parameter at z1 = 100, or the laser frequency at
ω = 0.01 a.u. Thereby our parameters lie well within the range
described by the two conditions ω � 1 a.u. and z1 � 1. In
Fig. 1, we show five different ionization rates calculated by us
and other authors as a function of the Reiss intensity parameter
z1 for ω = 0.01 a.u. The dotted line denotes the Keldysh ion-
ization rate (see Eq. (20) from Ref. [7]). The dash line refers
to the Reiss ionization rate (see Eq. (33) from Ref. [7]). The
Keldysh theory with the WKB Coulomb correction (Eq. (23))
is displayed with a dash dotted line. The solid line represents
the ionization rate of Reiss with the WKB Coulomb correction
(Eq. (21)). Finally, we add one double-dotted line correspond-
ing to the static field ionization rate for the same electric-field
amplitude F . In Fig. 2, these five ionization rates are shown
with the same kind of lines as the above, but for z1 = 100
as a function of the laser frequency ω . The main conclusion
one can draw from the two figures is that the difference be-
tween the length gauge and the velocity gauge formulation in
the SFA is as large as one or two orders of magnitude. How-
ever, it is obvious that the photoionization rate in the presence

of the Coulomb potential is always larger than that in its ab-
sence and the discrepancy between the two theories can also be
reduced. The results of Keldysh with the WKB correction in
Ref. [14] are larger than our results, which may be because in
the course of calculating Bessel functions, we use the simpler
Bessel functions. Our line (Reiss with the WKB correction)
accords with the line( Keldysh with the WKB correction) in
Ref. [14] better. Moreover, in the whole range of the figures,
our result (Eq. (21)) agrees very well with the static field ion-
ization rate. One can convince oneself that the Reiss theory
with the WKB Coulomb correction (solid line) has the correct
behavior in the low-frequency-high-intensity limit.
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Fig. 2. (color online) Plots of various KFR ionization rates for the lin-
early polarized laser field or static-field ionization rate as a function of
the laser frequency ω , with the Reiss intensity parameter z1 fixed at 100.

4. Conclusions
In this work, for 1s hydrogen atom, we derive an ion-

ization rate formula by using the velocity gauge in the tunnel
region, based on the exact treatment of the WKB Coulomb
correction in the continuum wave function of the ionization.
Our formula is more concise than Bauer’s result.[14] To the
best of our knowledge, for the first time such a simple formula
is obtained in the velocity gauge S-matrix theory for 1s hydro-
gen atom where the long-range Coulomb potential exists. An
analysis of the numerical result for the ionization rate calcu-
lated via our formulas Eq. (18), as well as the combined result
Eq. (20) shows that the discrepancy between the length gauge
SFA and velocity gauge SFA can be reduced if one includes
the WKB Coulomb correction in the final state of the ionized
electron. The main conclusion one can draw is that our result
is consistent with the well-known static-field limit in the tun-
nel region. In addition, in the tunneling domain, it should be
noted that the exponential factor of the formula we obtained
in this work is exactly the same as that derived by Keldysh in
which the Coulomb interaction is neglected. This is consistent
with the prediction made by Keldysh that if the Coulomb in-
teraction is considered, as is well known, the power of electric
laser field F in the pre-exponential expression is changed, but
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the exponential itself is unchanged. This demonstrates that the
ionization mechanism is essentially determined by the expo-
nential factors.
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