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Effect of elastic strain energy on grain growth and texture in AZ31
magnesium alloy by phase-field simulation∗
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A phase-field model is modified to investigate the grain growth and texture evolution in AZ31 magnesium alloy during
stressing at elevated temperatures. The order parameters are defined to represent a physical variable of grain orientation in
terms of three angles in spatial coordinates so that the grain volume of different order parameters can be used to indicate the
texture of the alloy. The stiffness tensors for different grains are different because of elastic anisotropy of the magnesium
lattice. The tensor is defined by transforming the standard stiffness tensor according to the angle between the (0001) plane
of a grain and the direction of applied stress. Therefore, different grains contribute to different amounts of work under
applied stress. The simulation results are well-explained by using the limited experimental data available, and the texture
results are in good agreement with the experimental observations. The simulation results reveal that the applied stress
strongly influences AZ31 alloy grain growth and that the grain-growth rate increases with the applied stress increasing,
particularly when the stress is less than 400 MPa. A parameter (∆d) is introduced to characterize the degree of grain-size
variation due to abnormal grain growth; the ∆d increases with applied stress increasing and becomes considerably large
only when the stress is greater than 800 MPa. Moreover, the applied stress also results in an intensive texture of the 〈0001〉
axis parallel to the direction of compressive stress in AZ31 alloy after growing at elevated temperatures, only when the
applied stress is greater than 500 MPa.
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1. Introduction
Magnesium alloys, the lightest metallic structural mate-

rials, have attracted significant attention in automotive and
aerospace industries. However, because of the presence of
limited slip systems stemming from their hexagonal close-
packed structures, magnesium alloys exhibit relatively low
strength and poor plasticity at room temperature; these short-
comings restrict their range of applications as engineering
materials.[1–3] One of the most effective methods to improve
their properties is to modify their microstructures, such as
grain sizes, morphologies, or textures.[4–6]

Crystallographic texture is known as a main source of
polycrystalline material plastic strain anisotropy and influ-
ences most of the mechanical, physical, and chemical prop-
erties of polycrystalline materials.[7–13] In the case of AZ31
magnesium alloy, the hot-rolled AZ31 magnesium alloy ex-
hibits a strong basal texture with the 〈0001〉 axis parallel to the
normal direction,[7,11] whereas the hot-extruded AZ31 magne-
sium alloy exhibits fiber texture with the 〈0001〉 axis parallel
to the radial direction.[9] There are many reports that a random
polycrystalline aggregate will develop a preferred orientation
or texture upon sufficient plastic deformation. However, the
resulting texture may be affected to some extent by the elas-

tic strain energy and the phenomenon has not been recognized
universally, probably because the texture measurement is diffi-
cult to identify which effect to determine a texture to what ex-
tent. Computer simulation has shown a promising significance
to find processing reference parameters in order to control the
texture of real industry alloys.[12,14,15]

The phase-field method is a physical and mathematical
model used to predict microstructure evolution phenomena
and offers unique advantages in studying the effect of ap-
plied stress on the microstructural evolution of alloy.[16] For
instance, Wen et al.[17] used the phase-field method to inves-
tigate the effect of an applied homogeneous strain on the co-
herent α2 to O-phase transformation in Ti–Al–Nb alloys. Guo
et al.[18] used the phase-field model to study the effect of a
superimposed stress on the coarsening of interacting Ni4Ti3
particles. Recently, several researchers have studied the effect
of strain on texture evolution by using the phase-field method.
Kim et al.[19] established a phase-field model combined with
a micro-elasticity effect including elastic anisotropy and in-
homogeneity to investigate the effects of micro-elasticity on
grain growth and texture evolution in polycrystalline thin film
with columnar grain structure. Darvishi Kamachali et al.[20]

proposed a phase-field model that used the contribution of
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stored mechanical energy to investigate texture evolution in
deformed AZ31 magnesium alloy sheets. Bahattacharyya et
al.[21] developed the phase-field method integrated with a
crystal plasticity effect to investigate the stress-driven grain-
boundary migration in elastically inhomogeneous polycrys-
talline materials. Lu et al.[22] used the phase field method to
study the effect of the second phase particle on texture evo-
lution of polycrystalline material based on Bahattacharyya’s
work. However, the studies of influences of elastic strain en-
ergy on texture evolution and grain growth by the phase-field
method are not found in the literature probably because it is
generally believed that texture and grain growth at high tem-
perature are determined by anisotropic plastic strain in terms
of stored energy only, and features of elastic strain energy have
no effect.[12] The aim of this simulation is to prove the possi-
bility that anisotropic elastic strain energy plays an important
role in texture formation as well during grain growth under
applied stress. This model works on the assumption that the
stored energy is immediately released in the case that AZ31
alloy is deformed slowly with temperature increasing. Our
previous work already established a phase-field model which
takes the contribution of stored energy into consideration to
simulate the grain growth process of AZ31 alloy in real time
and space by introducing a novel concept of the grain bound-
ary range.[23–26]

In this study, we develop a phase-field model to investi-
gate the influences of elastic strain energy on grain growth and
texture by setting no plastic strains in AZ31 Mg alloy. The or-
der parameters are defined to represent a physical variable of
grain orientation so that elastic energy and texture can be ex-
pressed by analytical formulas. The anisotropic elastic energy
in grain as an extra grain growth driving force is calculated in
the present work under applied stress and is different among
grains due to different angles of grain orientation with respect
to the applied stress direction. The simulation results are ex-
plained by using the experimental data. This work will provide
a new general theoretical guideline for developing the indus-
trial magnesium alloys.

2. Model description
Phase-field methods are based on classical thermodynam-

ics and kinetics theory. The phase-field model uses a set of
field variables (e.g., concentration field variable and order pa-
rameters) to simulate complex microstructures. The tempo-
ral evolution of the microstructure can be determined by solv-
ing the time-dependent Ginzburg–Landau equation[27] and the
Cahn–Hilliard diffusion equation[28] as follows:

∂ηp(r, t)
∂ t

=−L
δF

δηp(r, t)
, p = 1,2,3, . . . ,n, (1)

∂c(r, t)
∂ t

= M∇
2 δF

δc(r, t)
, (2)

where L is the interface mobility, F is the free energy of the
system, M is the chemical diffusion mobility, η p(r, t) repre-
sents the long-range order parameters, and c(r, t) is a concen-
tration field variable. The long-range order parameters repre-
sent the different crystallographic orientations of grains.

The free energy of the system F is expressed as a function
of the chemical free energy Fch and the elastic free energy Eel

as follows:

F = Fch +Eel. (3)

The concentration field variable is dependent on the order
parameter at any position; i.e., the gradient form of concen-
tration is a function of the gradient form of the order param-
eter. It is equivalent to choose any of the gradient forms as
zero and we choose the concentration to be zero as in previous
work.[29] Therefore, the single-phase system chemical free en-
ergy is typically expressed as

Fch =
∫ [1

2
K2

n

∑
p=1

(∇ηp)
2 + f0(c(r, t),η1,η2.ηn)

]
d3r, (4)

where f0 is the local free energy density function and K2 is the
gradient energy coefficient.

In the present study, based on the work of Wu et al.[25]

and He et al.,[26] the following expression is introduced to de-
scribe the free energy density function:
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where c(r, t) is the concentration of all elements in the α-Mg
matrix. However, the concentration of Zn elements is very low
compared with that of Al and its variation contributes very lit-
tle to the total free energy; therefore, for simplicity, we only
calculate the Al concentration, so that c(r, t) is the Al concen-
tration, i.e., the AZ31 is simplified into Mg–3Al alloy, cl is the
Al concentration at the lowest point of the free energy curve as
a function of temperature, and K1 is the coefficient of coupling
between η p and ηq.

On the basis of the linear elasticity theory introduced
by Khachaturyan,[30] the elastic energy of a homogeneous
anisotropic system can be expressed as a function of η p(r, t)
as follows:

Eel =
V
2

Ci jkl ε̄i j ε̄kl−VCi jkl ε̄i j ∑
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2
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where V is the total volume of the system, Ci jkl is the elastic
constant tensor, (. . .) represents the volume average of (· · ·),
ε0

i j(p) is the eigenstrain for the p-th orientation, and εi j is the
elastic strain. Parameter Bpq(n) is a two-body elastic interac-
tion potential and is given by

Bpq(𝑛) = niσ
0
i j(p)Ω jk(𝑛)σ

0
kl(q)nl , (7)

Ω
−1
i j (𝑛) =Ci jklnknl , (8)

where n = 𝑔/g is a unit vector in reciprocal space and np is
its p-th grain orientation,

{
η2

q (𝑟)
}

gis the Fourier transform of

η2
q (𝑟), and

{
η2

p(𝑟)
}∗

g is the complex conjugate of
{

η2
q (𝑟)

}
g.

In this model, the same stress is applied to all grains, but
the strain is different according to the different orientation of
grains. The elastic inhomogeneity could result in different
eigenstrains for different grains according to the linear elastic-
ity theory proposed by Khachaturyan.[30] Therefore, the eigen-
strain is coupled to generate elastic energy by the 3rd term as

well as a relaxation that affects each other in the 4th term. Ac-
tually, it can be traced back to Eshelby’s classical work on
transformation-induced elasticity,[31] this strain comes from
the mismatch strain. The eigenstrain tensor of each orientation
is obtained by transforming the constant tensor with respect to
the crystal coordinate system of x = [101̄0], y = [1̄21̄0], and
z = [0001], and given by

ε
0
i j(p) = ∑

p
ap

ipap
jqap

kra
p
lsε
∗
i j, (9)

where ε∗i j is a constant tensor, which is determined by the co-
ordinate system of applied stress, and is expressed as follows:

ε
∗
i j =

 −1/2
√

3/2 0√
3/2 1/2 0
0 0 0

 , (10)

and a is the transformation matrix representing the rotation of
the coordinate system defined on a given grain p with respect
to the fixed reference coordinate, which is expressed in terms
of three Euler angles ϕ1, Φ , and ϕ2 as follows:

ap
i j =

 cosϕ1 cosϕ2− sinϕ1 sinϕ2 cosΦ cosϕ1 cosϕ2 + sinϕ1 sinϕ2 cosΦ sinϕ2 sinΦ

−cosϕ1 sinϕ2− sinϕ1 cosϕ2 cosΦ −sinϕ1 sinϕ2 + cosϕ1 cosϕ2 cosΦ cosϕ2 sinΦ

sinϕ1 sinΦ −cosϕ1 sinΦ cosΦ

 , (11)

with 0≤ ϕ1 ≤ 2π , 0≤Φ ≤ π , and 0≤ ϕ2 ≤ 2π .
Each orientation is represented by the three Euler angles

ϕ1, Φ , and ϕ2, and each order parameter η p(r, t) is defined
to represent a physical variable of the grain orientation as
shown in Table 1. The elastic constants of the AZ31 alloy
used in this simulation are C11 = 65.6 GPa, C12 = 25.9 GPa,
C13 = 19.3 GPa, C33 = 69.0 GPa, C44 = 13.6 GPa, and C66 =

19.85 GPa.[32]

Table 1. Corresponding relationship between order Parameters and Eu-
ler angles.

Order parameter (η p) ϕ1/(
◦) Φ/(◦) ϕ2/(

◦)

η1 0 0 0

η2 10 5 10

η3 20 10 20
...

...
...

...

η35 340 170 340

η36 350 175 350

This simulation investigates the elastic strain energy ef-
fect via a mock situation where the AZ31 alloy is deformed
slowly at an elevated temperature that was sufficiently high to
immediately relieve the stored energy in dislocation annihila-
tion by means of dislocation climbing. Therefore, it is believed
that plastic strain has a minor effect in this particular case.[33]

The parameters related to the chemical free energy in Eqs. (4)

and (5) are determined by physical analysis or experimental
data from real AZ31 alloy, and we use the method described
in our recent studies to obtain the parameters values.[24–26] The
results of the present simulation indicate that the grain bound-
ary range should properly take a value of 1.2 µm for consis-
tency with the experimental results; therefore, K2 must take a
value of 3.0×10−12 J·m2·mol−1 according to our simulations.
Both K1 and K2 substantially affect grain boundary energy de-
termined by simulation. The random grain boundary energy is
measured to be between 0.5 J·m−2 and 0.6 J·m−2 for most pre-
viously investigated polycrystalline metal systems; thus, here,
0.55 J·m−2 is set to be the target value. By our simulation,
we determine that K1 = 4.0× 10−2 J·mol−1 if the calculated
boundary energy satisfies a target value. The diffusion mobil-
ity M in Eq. (2) is approximately 3.87×10−20 m2·mol·J−1·s−1

according to Ref. [34] because the process of grain growth in-
volves no long-range transport of atoms and is an interface
controlled transformation where the M value does not play an
important role. The cl is taken as 0.2 at temperature in a range
from 573K to 673 K according to the experimental energy con-
centration curve.[24] The values of all the necessary parameters
for the present model are summarized in Table 2. Further-
more, all grain boundaries are assumed to be random high-
angle boundaries, and it is considered as a good approximation
for general metals in elevated-temperature grain growth.
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Table 2. Values of model parameters at different temperatures.

Temperature/K A/kJ·mol−1 A1/kJ·mol−1 A2/kJ·mol−1 B1/J·mol−1 B2/J·mol−1 K1×10−2/J·mol−1 K2×10−12/J·m2·mol−1 L×10−7/m2·mol·J−1s−1

573 −19.5 22.1 5.2 106.12 3414 4.0 3.0 0.61
623 −22.1 22.5 13.0 106.12 3414 4.0 3.0 1.12
673 −25.0 22.0 18.3 106.12 3414 4.0 3.0 1.72

The simulations are performed in a two-dimensional (2D)
grid size of 10242 cells. A three-dimensional (3D) simulation
is also carried out for comparison with the 2D simulation; the
3D size is 5123 grid cells. Each grid cell is 0.1 µm in size and
the time step value is selected as 0.2 s in this model to maintain
a balance between convergence and efficiency. The periodic
boundary condition is imposed. The initial microstructure is
defined as an average grain size of 11 µm with grains being
in randomly different crystallographic orientations. The initial
Al concentration is set to be a different value according to the
local initial η value. If η = 1, the local initial concentration
is set to be 0.03, and at other positions it is set to be 0.031
for simulating the element boundary segregation. This simu-
lation uses the semi-implicit Fourier-spectral method to solve
the model Eqs. (1) and (2), and we have used the same tech-
nique in our previous work,[35] which is described in detail in
Ref. [36].

3. Results and discussion

The simulation is performed in both 2D and 3D cases to
investigate the effects of an applied stress of 400-MPa on the
grain growth in polycrystalline AZ31 Mg alloy. In the case of
the 2D simulation, the microstructure after the alloy has been
annealed at 673 K for 60 min is shown in Fig. 1(a), and the av-
erage grain sizes versus annealing time with and without stress
are shown as curve 1 and curve 2 in Fig. 2, respectively. In the
case of the 3D simulation, the alloy microstructure is shown in
Fig. 1(b) and the cross-sectional 3D view is shown in Fig. 1(c).
The grain sizes versus annealing time in 3D simulations with
and without stress are statistically obtained by averaging the
sphere diameters of grains, as determined from their volumes;
the results are shown in Fig. 2 as curve 3 and curve 4, respec-
tively.

(a) (b) (c)

15 mm
15 mm

15 mm

Fig. 1. (color online) Comparison between simulated grain growths using (a) two- and (b) three-dimensional models for AZ31 alloy
annealed under an applied stress of 400 MPa for 60 min at 673 K, and (c) cross-sectional view at the red dotted line shown in panel (b)
(i.e., a three-dimensional model expressed in two dimensions).
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Fig. 2. (color online) Grain growths in AZ31 magnesium alloy as a
function of annealing time, predicted by the two- and three-dimensional
simulations of AZ31 magnesium alloy annealed with and without ap-
plied stress at 673 K.

A comparison between the 2D and 3D simulation results
in Fig. 1 reveals that the 2D and cross-sectional 3D morpholo-
gies are similar. Figure 2 shows that for both simulations un-
der the condition without and with stress, the trends of grain-
growth rate increasing with the increase of applied stress are
in the same manner. The 3D simulations differ substantially
from 2D simulations and cannot be substituted by 2D simula-
tions in systems of anisotropic interface energy and mobility.
However, our model shows the effect of elastic strain energy
on the grain growth rate in a general isotropic system, and this
study intends to find a new general theoretical reference for de-
veloping the industrial magnesium alloys rather than specific
datum finding. We find that our 2D simulation provides satis-
factory results. To improve the calculation efficiency, we use
2D simulations in the rest of this work; thus, all simulations
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hereafter are 2D.
In this study, we investigate the effects of different applied

stress values on the grain growth in polycrystalline AZ31 al-
loy. The direction of stress is crucial, indeed if local behavior
and morphology are chiefly concerned. However, the direction
of stress is isotropic in an enormous system of randomly ori-
ented grains. We arbitrarily choose a stress direction parallel
to the z axis for convenience. The evolutions of the microstruc-
tures during grain growth under different applied compressive
stresses are plotted in Fig. 3. It is found that the grains are fine
and uniform in the stress-free condition, whereas grain coars-
ening occurs under applied stress; extra-large grains appear
when the stress is 1000 MPa.

In order to quantitatively investigate the variation of aver-

age grain size, we simulate the variations of grain size with an-

nealing time under different applied stresses. Figure 4 shows

a plot of the changes of average grain size with increasing an-

nealing time under different applied stresses at 673 K. The re-

sults show that the grain-growth rate in AZ31 alloy increases

with applied stress increasing. Compared with the sample pre-

pared without applied stress, the sample annealed for 100 min

under an applied stress of 200 MPa increases the average grain

size by 22.6%. In addition, when the stress is greater than

400 MPa, any further increase of stress negligibly affects the

average grain size.

(a) (b) (c)

(f)(e)(d)

(g) (h) (i)
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Fig. 3. Grain growths in AZ31 alloy under different applied stresses: (a)–(c) without applied stress, (d)–(e) under an applied stress
of 200 MPa, and (g)–(i) under an applied stress of 1000 MPa, respectively. Each column represents different annealing times from
10 min to 100 min.
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Fig. 4. (color online) Plots of average grain size of AZ31 magnesium
alloy as a function of annealing time under different applied stresses at
673 K, determined by simulation.

The distributions of grain size in AZ31 alloy annealed for

100 min under several different applied stresses are shown in
Fig. 5. The changes in the distributions show that the number
of small grains (grain size ≤ 20 µm) decreases and the num-
ber of large grains (grain size ≥ 50 µm) increases with ap-
plied stress increasing as revealed by a comparison between
Figs. 5(a) and 5(b). However, the number of small grains
remains almost unchanged when the applied stress increases
from 600 MPa to 1200 MPa. We observe that extra-large
grains appear under an applied stress of 1200 MPa, possibly
because stress produces different levels of elastic energy in
grains as a result of different grain orientations, and a grain
with high elastic energy may shrink quickly resulting in ab-
normal grain growth at its neighbor. This demonstrates that
the applied stress enhances the grain growth kinetic property
and may lead to the abnormal growth of grain.
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Fig. 5. (color online) Grain size distributions of AZ31 magnesium alloy grown for 100 min at 673 K under different applied stresses:
(a) stress-free, (b) 200-MPa applied stress, (c) 600-MPa applied stress, and (d) 1200-MPa applied stress.
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Fig. 6. (color online) Plots of simulated grain size variation (∆d) as
a function of the annealing time for growth at 673 K under different
applied stresses.

To obtain an accurate expression for grain-size variation,
we introduce a parameter ∆d to describe it: ∆d = dmax−dmin,
where dmax represents the maximal characteristic grain size,
which is the average size of the 10% of the largest grains in
a system, and dmin is the minimal characteristic grain size,
which is the average size of the 10% of the smallest grains.
The simulated grain-size variations with processing time are
plotted in Fig. 6 for various applied stresses. Notably, the
grain-size variations shown here are not the deviations of the
grain size from the corresponding value in the common nor-
mal distribution of the grain size. The variation here is used
to represent the degree of grain size fluctuation due to abnor-
mal grain growth. Figure 6 shows that grain-size fluctuation
increases with processing time and applied stress increasing.

However, grain-size fluctuation becomes severe when the ap-
plied stress is greater than 800 MPa; it suggests that abnor-
mal grain growth depends on the applied stress field to some
extent. This phenomenon has rarely been reported in similar
modeling studies.

0 20 40 60 80 100
5

15

25

35

45

55

A
v
er

a
g
e 

g
ra

in
 s
iz
e/
m
m

Processing time/min.

1 stress free, N=0.010, N=0.064

2 400 MPa, N=0.010, N=0.120

3 600MPa, N=0.010, N=0.141

4 400 MPa, N=0.034, N=0.120

5 600 MPa, N=0.137, N=0.141

stress free[37]

400 MPa (medium extrusion)[38] 

600 MPa (high extrusion)[38]

1

2

3

4

5

Fig. 7. (color online) Simulated grain growth in AZ31 alloy with and with-
out applied stress for comparison with experiments at 623 K:[37,38] curves 1,
2, and 3 are simulations at a nucleation rate of 0.010, obtained by our model
setup, and the growth rates are different obtained by fitting the simulation
data to Eq. (12); curves 2 and 3 become curves 4 and 5 respectively if the
nucleation rate is varied accordingly.

In this work, we simulate grain growth under applied
stress on an industrial application scale. It is necessary to
explore the significance of applied stress in industrial appli-
cations. Figure 7 shows a comparison between the simu-
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lated grain growths of AZ31 magnesium alloy with and with-
out applied stress with experimental data at 623 K.[37,38] The
medium extrusion in experiment corresponds to 400 MPa and
high extrusion corresponds to 600 MPa approximately.[38] The
grain size by experiment as a function of plastic strain at ele-
vated temperature is believed to be equivalent to one as a func-
tion of time and the applied stress level given by the experi-
ment, so that it is suggested that there is a 10-min difference
between medium extrusion and high extrusion.

Figure 7 shows that better agreement is achieved between
the simulation and experiment under the stress-free condi-
tion but simulations contradict the experiment under applied
stress and the stress reduces the average grain size, which phe-
nomenon is in contrast to the experimental fact. We try to
use the Johnson–Mehl equation to explain that discrepancy.
The Johnson–Mehl equation[39] gives a correlation between
the grain size (d), nucleation rate (Ṅ), and grain-growth rate
(G) as

d = k
(

G
Ṅ

)1/4

, (12)

where k is a constant that depends on the grain-growth time.
It is assumed that the grain-growth kinetics of AZ31 alloy fol-

lows the conventional kinetic Johnson–Mehl equation. The Ṅ
is a small constant value of approximately 0.010/µm2·min in
our model setup, and we cannot set a larger Ṅ value so far due
to our model capability. Therefore, different values of G are
obtained when the simulation data are applied in Eq. (12) as
shown in the legend of Fig. 7. According to the conventional
Johnson–Mehl kinetics described in Eq. (12), if the values of
Ṅ take 0.034 and 0.137/µm2·min and the growth rates are the
values predicted by our simulation, then the simulation results
can be revised, i.e., curve 2 becomes curve 4, and curve 3 be-
comes curve 5. The values of k in Eq. (12) at any time can
be calculated by using the data of any curve in Fig. 7 and the
obtained values are listed in Table 3. This work on the nucle-
ation is only a numerical fit based on Eq. (12), so that nucle-
ation plays an important role but nucleation is not necessarily
caused by elastic energy rather by plastic straining in the ex-
periment.

Table 3. Values of k at different growth times in Eq. (12), determined
by fitting the data corresponding to curve 1 in Fig. 7.

Time/min. 10 20 30 40 50 60 70 80 90 100

k/µm1/4 9.58 10.40 11.23 11.49 12.29 12.54 13.28 13.82 13.91 14.45

(a) (b)
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Fig. 8. (color online) Simulated texture of AZ31 alloy after being annealed at 673 K for 40 min and 100 min with and without applied stress: (a)
and (b) stress-free, (c)–(d) under 600 MPa applied stress, and (e) EBSD experimental texture corresponding to AZ31 samples dynamically loaded
at 523 K in compression along the normal direction to a strain of 0.17.[40]

The AZ31 specimen of our simulation is compressed at
673 K. The direction of compressive stress is along the z
axis in space coordinate. In the simulation, texture evolution
starts with the same initial random texture microstructure. Fig-
ure 8 shows the texture of AZ31 alloy after being annealed at
673 K for 40 min and 100 min with and without applied stress.
The texture is expressed as an orientation color map in which
red, blue, and green represent the hexagonal 〈0001〉, 〈101̄0〉,

and 〈21̄1̄0〉 direction parallel to the z axis, respectively. Fig-
ures 8(a) and 8(b) show that the polycrystalline AZ31 alloy
remains randomly orientated but grain size increases during
annealing with stress-free, because the normal grain growth
is determined by curvature-driven grain boundary migration.
Figures 8(c) and 8(d) show that applied stress enhances the
growths of grains with special orientations. The initial ran-
dom texture changes into a strong 〈0001〉 texture, whereas un-
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favorable textures of 〈101̄0〉 and 〈21̄1̄0〉 decrease dramatically
under applied stress. Dudamell et al. reported a similar result
for an AZ31 alloy sample deformed under compression along
the normal direction, where the basal texture of the 〈0001〉
axis parallel to the normal direction appears with increasing
deformation as shown in Fig. 8(e).[40] Darvishi Kamachali et
al.[20] also proposed a phase field model to study the texture
evolution in AZ31 alloy, they found that during annealing of
deformed AZ31 sheets, the inhomogeneous stored mechanical
energy leads to the preferential formation of a {21̄1̄0} texture.
Our simulation indicates that a 〈0001〉 dynamic recrystalliza-
tion texture is formed by grain growth under stress without
stored energy due to elastic inhomogeneity. This suggests that
the anisotropies of elastic strain energy and stored mechanical
energy affect the formation of texture but the extent and type
of the texture are different.
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Fig. 9. (color online) Texture evolutions upon grain growth in AZ31
alloy with and without applied stress: (a) without applied stress and (b)
600 MPa applied stress.

In order to better understand texture evolution, we quan-
titatively study the variation of the texture area. Figure 9(a)
shows the evolutions of three types of textures (〈0001〉,
〈101̄0〉, and 〈21̄1̄0〉) during 100-min annealing under the
stress-free condition. The total sample observation area of the
three textures is 46.6× 103 µm2. The results show that dur-
ing grain growth, the texture area exhibits almost no change
with stress-free. It is found in Fig. 9(b) that the texture area
changes under an applied stress of 600 MPa and the evo-
lution of texture is significantly affected, in which the tex-

ture of 〈0001〉 grows preferentially from 12.3× 103 µm2 to
41.7×103 µm2, whereas the textures of 〈101̄0〉 and 〈21̄1̄0〉 de-
crease significantly, which is probably because elastic-energy
driven is more dominant than boundary curvature-driven in
grain boundary migration at this stage. In addition, the sim-
ulation examines the effects of different applied stresses on
texture evolution; we observe that the applied stress results in
an intensive recrystallization texture only when it is greater
than 500 MPa.

The topological structure is a particularly important char-
acteristic in polycrystalline alloy, it will play a key role in
grain-growth dynamics. Therefore, it is necessary to investi-
gate the topological evolution of each individual grain during
growth and shrinkage.

Note that von Neumann and Mullins gave a correlation
between the growth rate of n-sided grain in two dimensions
and the topological class of each individual grain under the
stress-free condition:[41]

dA
dt

=
πMσ

3
(n−6) , (13)

where A is the grain area, M is the mobility, and σ is the
grain-boundary energy. According to Eq. (13), a grain with
n > 6 will grow, whereas a grain with n < 6 will shrink. Fig-
ures 10(a)–10(c) show an example of in situ observation of
four types of topological transformations during simulating
grain evolution under the stress-free condition. Grain A with
n = 7 and grain D with n = 9 are observed to grow, whereas
grain B with n = 4 and grain C with n = 5 are observed
to shrink and later disappear; this is consistent with the von
Neumann–Mullins grain-growth law. In addition, we observe
that grain C with five sides transforms into a four-sided grain
and then disappears, and that n of grain A remains unchanged
during the grain growth under the stress-free condition.

Figures 10(d)–10(f) show topological changes of grains
with the same initial microstructure under an applied stress of
600 MPa; it can be seen that grain A with n = 7 and grain
B with n = 4 are shrinking, whereas grain C with n = 5 and
grain D with n= 9 are growing. These results illustrate that the
grain growth under applied stress is not consistent with the von
Neumann–Mullins grain-growth law. Moreover, we observe
that the 5-sided grain C is transformed into a 6-sided grain dur-
ing grain growth and that the 7-sided grain A is transformed
into a 3-sided grain under an applied stress of 600 MPa. Inter-
estingly, under applied stress, we observe that some of the pre-
ferred orientation grains, such as grain C, are growing and that
the grain boundaries have developed a negative curvature even
if they are small and their neighbors are larger. This behavior
is likely to be attributable to the grains favorably oriented with
respect to the direction of applied stress.
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Fig. 10. Topological evolutions of microstructure under (a)–(c) no stress and (d)–(f) 600 MPa applied stress to demonstrate some
topological transformation features at 673K during annealing time.

This phase-field model is established to simulate the ef-
fects of applied stress on grain growth and texture in poly-
crystalline AZ31 alloy. Moreover, this model is sufficiently
flexible to be adapted to simulating other alloy systems under
applied stress by changing the value of the dynamic parame-
ters and the expression of f0.

4. Conclusions
(i) A phase-field model is modified to simulate grain

growth and texture evolution in AZ31 magnesium alloy at el-
evated temperatures under an applied stress field by determin-
ing different stiffness tensors for each grain orientation with
respect to the direction of applied stress. The texture results
exhibit good agreement with the experimental observation.

(ii) Applied stress strongly influences grain growth in
AZ31 alloy at elevated temperature, and the grain-growth rate
increases with applied stress increasing, particularly when the
applied stress is less than 400 MPa.

(iii) A parameter (∆d) is introduced to show the degree
of grain size variation due to abnormal grain growth and the
∆d increases with increasing applied stress. The ∆d becomes
severely large only when the stress is greater than 800 MPa.

(iv) Applied stress would result in an intensive texture of
〈0001〉 along the compressive stress direction in AZ31 alloy
grown at elevated temperature only when the applied stress is
greater than 500 MPa.
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