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A hybrid functional first-principles study on the band structure of
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Using hybrid-functional first-principles calculation combined with the supercell method and band unfolding technique
we investigate the band structure of non-strained Ge1−xSnx alloys with various Sn concentrations. The calculations show
that at the Sn concentration of ∼ 3.1 mol% the GeSn alloy presents a direct band gap. The variation of the band structure
are ascribed to the weaker electro-negativity of Sn atoms and a slight charge transfer from Sn atoms to Ge atoms.

Keywords: GeSn alloy, direct band gap, first-principles calculation

PACS: 74.20.Pq, 71.20.Mq, 71.20.Nr DOI: 10.1088/1674-1056/26/12/127402

1. Introduction
Silicon (Si) and germanium (Ge) are most widely used

semiconductors in the industry of integrated circuit. In recent
years, the demands for photonics application and optoelec-
tronic integration based on the two semiconductors have been
increasing. However, the applications have been hindered by
their indirect band gap. As shown in Fig. 1(a), the conduction
band (CB) minimum of Si or Ge locates at the X or L point,
respectively, while the valence band (VB) maximum locates
at the center of the Brillouin zone, the Γ point. Among the
two materials, Ge has a smaller separation between the direct
gap and indirect gap, the direct CB valley at the Γ point is
only ∼ 140 meV above the indirect CB valley.[1,2] This small
separation could be further reduced by means of heavy n-type
doping,[3] tensile strain,[1,4–7] or alloys, and even an indirect–
direct band gap transition could occur. Recent research efforts
to achieve this aim focused on Ge1−xSnx (GeSn) alloys.[2,8–11]

Sn-doping could effectively reduce the separation between the
direct and indirect CB valleys, and the separation gradually
reduces with increasing the fraction of Sn.[12–18] According
to this tendency, at some critical concentration of Sn the di-
rect and indirect CB valleys will reverse, i.e., GeSn alloy be-
comes a direct band gap semiconductor. However, the main
challenge for the fabrication of GeSn alloys is the upper limit
equilibrium solubility (< 1 mol%) of Sn in Ge,[9,19] which
may result in Sn segregation in GeSn alloys with a high con-
centration of Sn. This problem was overcome by means of
the epitaxial growth, and thick GeSn alloy films with a high
concentration of Sn (> 10 mol%) were fabricated on diver-

sified substrates.[13–18,20–23] Moreover, the mid-infrared LED
and laser based on GeSn alloys were produced.[2,24] In most
experiments the films of GeSn alloy were grown on Ge or
Si substrate, suffering an in-plane compressive strain. This
compressive strain increases the separation between the direct
and indirect CB valleys, partially compensating the effect of
Sn doping.[18] This implies that a higher Sn concentration is
needed to realize a direct-gap band structure in GeSn alloys.
Up to now, the direct band gap of GeSn alloy has been reported
in several experiments, in which the lowest critical concentra-
tion of Sn for the indirect-to-direct band gap transition is about
8 mol%.[13,16]

Meanwhile, the band structure of GeSn alloys have also
attracted much attention from theoretical research.[25–30] A
first-principles calculation combined with the band-gap model
of alloy predicted a critical Sn concentration of 6.3 mol%.[25]

Most other calculations, which employed the empirical pseu-
dopotential method combined with the virtual-crystal approx-
imation (VCA), predicted the critical Sn concentrations vary-
ing from 6.5 mol% to 10 mol%. Noticeably, in the VCA the
potential of Sn atoms is averagely distributed in the potential
of Ge atoms, implying that the effect of the non-periodic po-
tential arising from Sn atoms on the band structure is omitted.
Up to now, the first-principles calculation based on real GeSn
alloy atomic configurations has not been reported.

In this paper, to achieve a lower critical Sn concentration
for the indirect–direct band gap transition, we study the band
structure of non-strained GeSn alloys using hybrid-functional
first-principles calculation. Instead of VCA method, we ap-
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ply the supercell method and band unfolding technique to per-
form the calculations of band structure, in which the effect of
the non-periodic potential arising from Sn atoms on the band
structure is properly considered. The results present a lower
critical Sn concentration than the values reported so far.

2. Computational method
Our first-principles calculations were carried out using

the Vienna ab initio Simulation Package (VASP) based on
projector augmented wave approach within the framework of
density functional theory.[31–33] The cut-off energy of plane
wave basis set was 410 eV. Atomic structure optimizations
were performed with the local-density-approximation (LDA)
exchange–correlation functional.[34,35] To correctly evaluate
the band gap, the electronic structure calculations were per-
formed with the HSE06 hybrid functional[36–38] including
20% of the exact exchange energy and 80% of LDA exchange
energy. The HSE06 hybrid functional has been applied ex-
tensively in first-principles calculation to correct the band gap
of various semiconductor materials.[39–42] The valence elec-
trons include Ge 3d104s24p2 and Sn 4d105s25p2. The Bril-
louin zone of Ge primitive cell was sampled by a Γ -centered
8×8×8 𝑘-point mesh. The validity of the above calculation
approach is confirmed by the good agreement between the cal-
culated and experimental band structures of Ge. In the calcu-
lated band structure, as shown in Fig. 1(a), the indirect band
gap Eg (L point) is 0.7 eV, the direct band gap EΓ (Γ point) is
0.84 eV, and their difference EΓ −Eg is 0.14 eV. These values
are in good agreement with the experimental values at 0 K,
Eg = 0.74 eV, EΓ = 0.89 eV, and EΓ −Eg = 0.14 eV.[43] GeSn
alloys with three Sn concentrations, 1/64, 1/32, and 1/16, were
simulated with the supercells consisting of 64, 64, and 16
atoms, in which 1, 2, and 1 Sn atoms replace Ge atoms re-

spectively. Γ -centered 3× 3× 3, 3× 3× 3, and 4× 4× 4 𝑘-
point meshs were used to sample the Brillouin zones. Both the
stresses on the supercells and forces on all atoms were fully
relaxed until the errors of total binding energy were less than
0.1 meV and the forces were less than 0.01 eV/Å. The super-
cell method leads to the band folding from the primitive-cell
Brillouin zone into the smaller supercell Brillouin zone, bring-
ing in an inconvenience when comparing the calculated band
structure with the experimental one. Using the band unfolding
technique the band levels of the supercell could be unfolded
into the primitive-cell Brillouin zone, recovering an effective
primitive-cell band structure.[44–48] In this paper, the band un-
folding processes were performed using the Band-Up code.[48]

3. Results and discussion
Figure 1(a) displays the calculated band structure of Ge

bulk, which presents an indirect band gap. Figures 1(b) and
1(c) display calculated effective band structures of two GeSn
alloys with Sn concentrations of 1/64 and 1/16, respectively.
Unlike the line-shape energy levels in Fig. 1(a), the energy
levels in Figs. 1(b) and 1(c) present some broadening due to
the non-periodic potential of Sn atoms, especially around the
Γ point. The size of the filled circles represents the weight
that an electron occupies the corresponding energy. Compar-
ing with Ge bulk, the lowest CB level of GeSn alloys change
remarkably. At the concentration of 1/64 [Fig. 1(b)] the direct
CB valley at the Γ point lowers, nearly as high as the indi-
rect CB valley at the L point. As Sn concentration increases
to 1/16 [Fig. 1(b)], the direct CB valley at the Γ point is lower
than the indirect CB valley at the L point, i.e., the GeSn al-
loy becomes a direct band-gap semiconductor. Our calcula-
tion shows that at Sn concentration of 1/32 the GeSn alloy also
presents a direct-gap band structure with an Eg of 0.58 eV.
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Fig. 1. (a) Calculated band structure of Ge bulk. (b) and (c) Calculated effective band structures of GeSn alloys with Sn concentrations of 1/64 and 1/16,
respectively. The size of the filled circles in panels (b) and (c) represents the spectra weight that an electron occupies the corresponding energy.

Table 1 lists the values of the direct band gap of the three

GeSn alloys. As Sn concentration increases from 1/64 to 1/32

and 1/16, the direct band gap reduces accordingly from 0.6 eV

to 0.58 eV and 0.3 eV. The band structures in Figs. 1(b) and

1(c) show that with Sn concentration increasing the direct CB

valley at the Γ point lowers more rapidly than the indirect CB
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valley at the L point. Noticeably, our calculated critical con-
centration is about 1/32, i.e., ∼ 3.1 mol%, which is about a half
of the value 6.3 mol%–6.5 mol% reported in previous calcu-
lations with VCA.[25,28] In addition, in GeSn alloys the lowest
CB level at the Γ point broadens apparently. In Fig. 1(b) the
spectra weight of the lowest CB level at the Γ is 0.5 and the
broadening is 0.05 eV, and in Fig. 1(c) the spectra weight is 0.7
and the broadening is 1.2 eV. The spectra weight and broad-
ening imply a lower intensity and larger broadening of light
emission between the CBM and VBM. Table 1 also lists the
lattice constants of the three GeSn alloys. With Sn concentra-
tion increasing the lattice constant increases gradually and the
direct band gap decreases. This tendency is consistent with the
results of compressive strained GeSn alloy films.[16]

Table 1. Calculated band gap Eg, and lattice constant ratio
a/a0 for GeSn alloys with various Sn concentrations nd. Pa-
rameter a is the lattice constant of GeSn alloy and a0 is the
lattice constant of the pure Ge.

nd 1/64 1/32 1/16
Eg/eV 0.60 0.58 0.30
a/a0 1.0091 1.0094 1.0149

Figures 2(a) and 2(b) display the charge density of the CB
valley at the Γ point for Sn concentration of 1/64 in Fig. 1(b).
The charge distributes in the whole bulk rather than localizes
near the Sn atom, implying a good electric conductivity. This
property is also reflected by the large band dispersion of the
CB valley at the Γ point shown in Figs. 1(b) and 1(c). The ef-
fective masses along [100] direction are 0.16 me and 0.28 me

for Sn concentrations of 1/64 and 1/16, respectively. These
values are close to the effective mass at the Γ point in Ge bulk,
0.09 me, and far less than the effective mass at the L point in
Ge bulk, 1.59 me.

(a) (b)

Fig. 2. (color online) Charge distribution of the conduction band valley at
the Γ point in Fig. 1(b). (a) Isosurfaces, (b) contour on the (110) face. Cof-
fee balls are Ge atoms, blue balls are Sn atoms.

To clarify how Sn doping changes the CB structure, we
analyze the orbital constitution of the lowest CB level. Fig-
ure 3 displays partial densities of states (DOSs) of Ge and the
GeSn alloy with Sn concentration of 1/64. The states near the
CBM consist of Ge s and p orbitals. In Ge bulk the states of
CBM consist of both Ge s and p orbitals, while in the GeSn
alloy the states of CBM mainly consist of Ge s orbital. Fig-
ure 1(a) displays the orbital constitution of the lowest CB level

along Γ –L 𝑘-path, in which the size of filled circles represents
the weight of Ge s orbital and the rest weight is contributed
by Ge p orbitals. At the Γ point the weight of the s orbital is
1, i.e., the state of the CB valley at the Γ point only consists
of Ge s orbital, while near the L point a part of Ge p orbitals
mix into the level, i.e., s–p hybridization. In the tight-binding
model the energy of the lowest CB level can be expressed ap-
proximately by

E = εs − Js(cosakx + cosaky + cosakz)

−Jp(cosakx + cosaky + cosakz),

in which Js and Jp are overlap integrals of the periodic poten-
tial for nearest neighboring Ge s and Ge p orbitals, respec-
tively. Js is positive and Jp is negative because the s orbital has
an even parity and the p orbitals have an odd parity. Along the
𝑘-path from the Γ to L (π/a, π/a, π/a) the overlap integral
of the s orbitals rises up the level, while that of the p orbitals
lowers the level much more so that the energy at the L point is
lower than that at the Γ point. In contrast, in the GeSn alloy
[Fig. 1(c)] the situation inverses, i.e., the energy of the level at
the Γ point is lower than that of the L point. This implies that
the Sn-doping weakens the overlap integral of Ge p orbitals
relatively.
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Fig. 3. (color online) Partial densities of states of (a) Ge atom in Ge bulk,
(b) the Ge atom at the center of Ge63Sn1 supercell shown in Fig. 2(a), and
(c) Sn atom of Ge63Sn1.

Figure 4 displays that the difference of electrostatic po-
tential energy between GeSn alloy with Sn concentration of
1/64 and Ge bulk. The potential near Ge atom in the GeSn
alloy is slightly higher than that of the Ge atom in Ge bulk.
This is caused by a slight charge transfer from Sn atom to Ge
atom in GeSn alloy because the electro-negativity of Sn atom
is weaker than Ge atom. The extra charge occupying Ge p or-
bitals weakens the valence bond between Ge atoms and lower
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the weight of p orbitals in the lowest CB level as well. This
reduces the overlap integral of Ge p orbitals, i.e., Jp, there-
fore relatively raising the energy of the CB valley at the L
point. Moreover, the positive-charged Sn atom and neighbor-
ing negative-charged Ge atoms slightly break the periodicity
of the lattice potential and therefore lead to scattering of the
electron in the CB valley at the Γ point. The former lowers
the energy of a part of states of the CB valley at the Γ point,
while the latter lifts the energy of some states, therefore lead-
ing to a broadening of the level at the Γ point as shown in
Figs. 1(b) and 1(c). In addition, the Sn-doping also increases
the lattice constant. The expansion of lattice weaken the bond
of Ge s orbital as well as p orbitals, lowering overall the con-
duction band, i.e., the band gap reduces with Sn concentration
increasing.
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Fig. 4. (color online) Difference of electrostatic potential energy Epot be-
tween Ge63Sn1 and Ge64 on (110) face. Coffee balls are Ge atom and blue
balls are Sn atom.

4. Summary
We have investigated the band structure of non-strained

GeSn alloys with various Sn concentrations using the hybrid-
functional first-principles calculation combined with the su-
percell method and band unfolding technique. The calculation
results show that at the Sn concentration of ∼ 3.1 mol% the
GeSn alloy becomes a direct-gap semiconductor and the en-
ergy level of the conduction band minimum at the Γ point
presents a large broadening. The change of the conduction
band originate from the weaker electro-negativity of Sn atom
and induced charge transfer from Sn atom to Ge atom, which
weakens the bonds between Ge p orbitals more than Ge s or-
bitals and therefore change the dispersion of the lowest con-
duction band level.
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Mantl S and Buca D 2013 Appl. Phys. Lett. 103 192110

[15] Gencarelli F, Vincent B, Demeulemeester J, Vantomme A, Moussa A,
Franquet A, Kumar A, Bender H, Meersschaut J, Vandervorst W, Loo
R, Caymax M, Temst K and Heyns M 2013 ECS J. Solid State Sci.
Technol. 2 134

[16] Senaratne C L, Gallagher J D, Aoki T and Kouvetakis J 2014 Chem.
Mater. 26 6033

[17] Oehme M, Kostecki K, Schmid M, Oliveira F, Kasper E and Schulze J
2014 Thin Solid Films 557 169

[18] von den Driesch N, Stange D, Wirths S, Mussler G, Hollan̈der B, Ikonic
Z, Hartmann J M, Stoica T, Mantl S, Grützmacher D and Buca D 2015
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