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Macro-performance of multilayered thermoelectric medium∗
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The effective properties of thermoelectric composites are well known to depend on boundary conditions, which causes
the macro performance of thermoelectric composite to be difficult to assess. The overall macro-performance of multilayered
thermoelectric medium is discussed in this paper. The analytical solutions are obtained, including the heat flux, temperature,
electric potential, and the overall energy conversion efficiency. The results show that there are unique relationships between
the temperature/electric potential and the electric current/energy flux in the material, and whether the material is independent
of or embedded in thermoelectric composites. Besides, the Peltier effect at the interface can significantly improve the overall
energy conversion efficiency of thermoelectric composites. These results provide a powerful tool to analyze the effective
behaviors of thermoelectric composites.
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1. Introduction
Owing to the fact that its specific performance in con-

verting heat into electricity, thermoelectric material has been
widely used in many areas, such as aerospace,[1–4] vehicle,[5,6]

ship,[7,8] smart robots,[9–11] and waste heat recovery.[12–17]

However, conversion efficiency is one of the important fac-
tors which hiders the application of thermoelectric materials
extending. It is well known that the conversion efficiency in
thermoelectric material is governed by the figure of merit ZT
by[18]

ZT =
σε2T

κ
, (1)

where σ and κ are electric and thermal conductivity, respec-
tively, and ε is the Seebeck coefficient, a specific parame-
ter which relates the electron flux to heat flux. Obviously,
a high conversion efficiency needs high electric conductiv-
ity and low thermal conductivity at a given temperature T .
However, it is hard to raise the value of ZT in a single ther-
moelectric material since there is an internal relation among
these parameters.[19] Hence, composite thermoelectric materi-
als have attracted more and more attention.

There have been carried out a number of experiments
about nanostructured composite thermoelectric materials. For
example, in 2008, Poudel et al. showed that a peak ZT of
1.4 at 100 ◦C can be achieved in a p-type nanocrystalline
BiSbTe bulk alloy.[20] Soon after that, a significantly reduced
thermal conductivity led to the figure of merit ZT = 1.56 at
300 K in p-type Bi0.52Sb1.48Te3 bulk material embedded in

amorphous matrix and 5 nm–15 nm nanocrystals with coher-
ent grain boundary;[21] and a maximum ZT of 1.60 at 750 K
was achieved at the composition K1−xPbm+δ Sb1+γ Tem+2 ma-
terials system.[22] Furthermore, Heremans et al. observed a
very large enhancement of the thermoelectric power of com-
posites containing bismuth nanowires with diameters of 9 nm
and 15 nm, embedded in porous alumina and porous silica.[23]

A series of Bi2Te3 nanocomposite samples has been ex-
perimented by incorporating nanoparticle concentrations of
5 mol%–50 mol% into a bulk matrix via a mixing process
and subsequently hot pressing into highly densified pellets.[24]

Many other researchers have also made outstanding contri-
butions to high performance thermoelectric materials.[25–27]

These studies highlight the importance of thermoelectric com-
posites and nanostructures, and quite a few atomistic mod-
els have been developed for their understanding. For exam-
ple, David and Levy pointed out that the effective figure of
merit of the composite can never exceed the largest value of
ZT in any component.[28] More rigorous continuum analy-
sis has been carried out for layered thermoelectrics, which
demonstrated that the energy conversion efficiency of layered
medium can be higher than those of both constituents, and the
effective properties of thermoelectric composites are depen-
dent on boundary conditions.[29] Because of this, there is no
stable ZT for thermoelectric composite, and the macro perfor-
mance of thermoelectric composite is still difficult to assess. It
is thus highly desirable to be able to accurately evaluate overall
macro-performance of multilayered thermoelectric medium.

The method used in the literature is dealing with the inter-
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face conditions one by one.[29,30] In each interface there are 4
interface conditions (the temperature, electric potential, elec-
tric current density, and heat flux are continuous across the
interface), so it is needed to solve 4n equations (including 4
boundary conditions) simultaneously for an n-layered thermo-
electric medium by traditional methods. It is difficult to obtain
analytic solutions for multilayered thermoelectric medium. A
new evaluation method is proposed based on the internal rela-
tions among the distributions of temperature/electric potential
and electric current/energy flux in this paper. The new method
simplifies the solving system into only 2 equations for mul-
tilayered thermoelectric medium, which reduces the solving
processes dramatically. Besides, the Peltier effect at the inter-
face, which is ignored by many researchers, is taken into con-
sideration, and it has a noteworthy influence on overall energy
conversion efficiency. These results provide a powerful tool to
analyze the effective behaviors of thermoelectric composites.

2. Governing equations
We consider that the heat flux 𝐽Q and electron flux 𝐽N in

thermoelectric material are related by the transport equations
as follows:[18]

−𝐽N =

(
T σ

e2

)
1
T

∇µ−
(

T 2σε

e

)
∇

1
T
, (2)

𝐽Q =−
(

T 2σε

e

)
1
T

∇µ−
(
T 3

σε
2 +T 2

κ
)

∇
1
T
, (3)

where e and µ are the charge and electrochemical potential of
the electron, respectively. Noticing that

µ = eφ , (4)

where φ is the electric potential, and the electric current den-
sity 𝐽 can be derived from electron flux,

𝐽 = e𝐽N . (5)

The transport equations governing electric current density and
heat flux can be expressed as

−𝐽 = σ∇φ +σε∇T, (6)

𝐽Q = T ε𝐽 −κ∇T. (7)

Since the energy are transported by both heat and electrons,
the energy flux 𝐽E can be derived from the current density and
heat flux as

𝐽E = 𝐽Q +𝐽 ′E , (8)

where 𝐽 ′E is the electric energy, which can be expressed as

𝐽 ′E = φ𝐽 . (9)

Substituting Eq. (7) into Eq. (8) and using Eq. (9), we have

𝐽E = (φ + εT )𝐽 −κ∇T. (10)

We assume that both the charges and energy are con-
served in thermoelectric materials, and then both current den-
sity and energy flux are divergence-free,

∇ ·𝐽 = 0, (11)

∇ ·𝐽E = 0. (12)

Therefore, the heat flux is not divergence-free, which is differ-
ent from the scenario of uncoupled problem.

3. One-dimensional problems
Now we consider a multilayered thermoelectric medium.

All the variables in this medium are dependent on coordinate
x, while independent of coordinates y and z. It is clear that
both the current density and energy flux are constants due to
Eqs. (11) and (12).

3.1. Relationship between temperature/electric potential
and electric/energy flux

Considering a homogeneous thermoelectric medium with
the length of L. The temperature and electric potential at two
ends of the medium are Tl , φl , and Th, φh, respectively as
shown in Fig. 1.

L
x

Tl Th

φhφl

Fig. 1. Homogeneous thermoelectric medium.

Assuming that the material parameters are independent of
temperature, and substituting Eq. (10) into Eq. (12), we have

∂ 2T
∂x2 =− J2

σκ
. (13)

The solution of Eq. (13) is

T =− J2

2σκ
x2 + c1x+ c2. (14)

Substituting Eq. (14) into Eq. (6), yields

∂φ

∂x
= ε

(
J2

σκ
x− c1

)
− J

σ
. (15)

So we have

φ =
εJ2

2σκ
x2−

(
εc1 +

J
σ

)
x+ c3. (16)

Noticing Eq. (10), the undetermined coefficient c1 can be de-
rived as

c1 =
bJ− JE

κ
, (17)

where b = φ |x=0 + ε T |x=0 = φl + εTl .
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Then the temperature field and electric current field can
be expressed as

T =− J2

2σκ
x2 +

bJ− JE

κ
x+ c2, (18)

φ =
εJ2

2σκ
x2−

[
ε (bJ− JE)

κ
+

J
σ

]
x+ c3. (19)

Equations (18) and (19) reveal a physical image that the
distributions of temperature and electric potential are deter-
mined by electric current density J and energy flux JE , if we
ignore the constants c2 and c3 that represent uniform temper-
ature and electric potential field, which means that the diver-
sification of temperature/electric potential is only dependent
on the electric current/energy flux for a certain thermoelec-
tric material. More importantly, equations (18) and (19) still
hold even the component is embedded in thermoelectric com-
posites, as they are obtained directly from governing equa-
tions (6)–(12).

On the other hand, electric current and energy flux can be
determined by boundary conditions as

J = −σ

L
[(φh−φl)+ ε (Th−Tl)] , (20)

JE = − σ

2L

[
ε

2 (T 2
h −T 2

l
)
+2ε (Thφh−Tlφl)+

(
φ

2
h −φ

2
l
)]

− κ

L
(Th−Tl) . (21)

3.2. Multilayered thermoelectric medium with traditional
interface conditions

Now consider a multilayered thermoelectric medium
with material parameters σi, εi, and κi, and length Li (i =
1,2, . . . ,n). The temperature and electric potential are contin-
uous at the interface, and represented as Ti and φi at the right
end of each layer, as shown in Fig. 2.



Tl

T, φ T, φ Tn↩, φn↩

φl

x

Th

φh

Ll L2 Ln

Fig. 2. (color online) Multilayered thermoelectric medium.

Obviously, the total temperature and electric potential
differences at two ends of the multilayered thermoelectric
medium consist of temperature and electric potential differ-
ences between layers, thus

n
∑

i=1
(Ti−Ti−1) = Th−Tl ,

n
∑

i=1
(φi−φi−1) = φh−φl .

(22)

As shown in the above section, the temperature and elec-
tric potential differences between layers are only dependent
on the electric current and energy flux. Noting that electric

current and energy flux are uniform in one-dimensional multi-
layered thermoelectric medium, the differences in temperature
and electric potential at two ends of phase-i can be expressed
from Eqs. (18) and (19) as

Ti−Ti−1 =−
J2

2σiκi
L2

i +
biJ− JE

κi
Li, (23)

φi−φi−1 =
εiJ2

2σiκi
L2

i −
[

εi (biJ− JE)

κi
+

J
σi

]
Li, (24)

where the parameters bi can be calculated from

b1 = φl + ε1Tl ,

b2 = (ε1− ε2)

[
J2

2σ1κ1
L2

1−
b1J− JE

κ1
L1

]
− J

σ1
L1 +φl + ε2Tl ,

bi+1 = bi−
JLi

σi

+(εi+1− εi)

[
(biJ− JE)Li

κi
− J2L2

i
2σiκi

+
σi−1 (bi−bi−1)+ JLi−1

σi−1 (εi− εi−1)

]
, (i≥ 2) .

(25)

It is seen that bi also depends on J and JE as well as the bound-
ary conditions Tl and φl .

Finally, substituting Eqs. (23)–(24) into Eq. (22), yields
n
∑

i=1

(
− J2

2σiκi
L2

i +
biJ− JE

κi
Li

)
= Th−Tl ,

n
∑

i=1

(
εiJ2

2σiκi
L2

i −
[

εi (biJ− JE)

κi
+

J
σi

]
Li

)
= φh−φl .

(26)

The only two unknown quantities J and JE can be obtained
from Eq. (26), then temperature and electric potential in each
layer can be derived from Eqs. (18) and (19). This set of equa-
tions solves the problems completely, leading to the full deter-
mination of the field distributions in each layer.

For bilayered medium, equation (26) can be reduced to
2
∑

i=1

(
− J2

2σiκi
L2

i +
biJ− JE

κi
Li

)
= Th−Tl ,

2
∑

i=1

(
εiJ2

2σiκi
L2

i −
[

εi (biJ− JE)

κi
+

J
σi

]
Li

)
= φh−φl .

(27)

Solving Eq. (27), the electric current density J and energy flux
JE can be deduced as

J =−
ψ1 +ψ3−

√
ψ4

(ε2− ε1)L1L2 (L1σ2 +L2σ1)
, (28)

JE =−

L1Ψ2

σ1
J3 +Ψ5J2−Ψ6J+2σ1σ2κ1κ2 (Th−Tl)

2σ1σ2 [L1L2 (ε2− ε1)J+L1κ2 +L2κ1]
, (29)

where

Ψ1 = (L1σ2 +L2σ1)(L1κ2 +L2κ1) ,

Ψ2 = L1L2σ1σ2 (ε2− ε1) ,

Ψ3 = Ψ2 (φh−φl + ε2Th− ε1Tl) ,
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Ψ4 = −2Ψ2
[
Ψ1 (φh−φl)+(L1σ2 +L2σ1)

× (L1ε1κ2 +L2ε2κ1)(Th−Tl)
]
+(Ψ1 +Ψ3)

2 ,

Ψ5 = L1σ2 (L1κ2 +L2κ1)+L2κ1 (L1σ2 +L2σ1)

−2(φl + ε1Tl)Ψ2,

Ψ6 = 2σ1σ2 [(L1κ2 +L2κ1)φl +(L1ε1κ2 +L2ε2κ1)Tl ] .

The results are consistent with the Yang Y et al.’s results.[29]

3.3. Multilayered thermoelectric medium with Peltier ef-
fect at the interface

The Peltier effect implies the heating or cooling existing
at the junction of two different thermoelectric materials, which
can be considered as the back-action counterpart to the See-
beck effect. When electric current flows through a junction
between two thermoelectric materials, heat may be absorbed
or released at the junction as shown in Fig. 3. The heat flux
changed by Peltier effect is equal to[31]

J∗Qi = (Πi−Πi+1)J, (30)

where Πi is the Peltier coefficient of phase-i, and the relation-
ship between Peltier and Seebeck coefficients is

Π = εT. (31)

Ll L2 Ln
x

Th

φh



Tl

φl

TQ, φ TQ, φ TQn↩, φn↩⇀ ⇀ ⇀ ⇀ ⇀ ⇀

Fig. 3. (color online) Two-layered thermoelectric medium.

As both the charges and energy are conserved in a current
system, the change of heat flux J∗Qi at the junction should be
provided by electric energy 𝐽 ′E . Substituting Eqs. (30) and
(31) into Eqs. (8) and (9) yields

(εi− εi+1)TiJ+φ
∗
i J=0, (32)

where φ ∗i is the electric potential difference at the junction.
Therefore the electric potential difference caused by Peltier
effect at interface can be expressed as

φ
∗
i =−(εi− εi+1)Ti. (33)

Noticing this, the inherent relation of multilayered thermo-
electric medium in Eq. (22) can be rewritten as

n
∑

i=1
(Ti−Ti−1) = Th−Tl ,

n
∑

i=1
(φi−φi−1) = φh−φl +

n−1
∑
j=1

φ ∗j .
(34)

From Eq. (33), the total electric potential jump generated by
Peltier effect at junction can be expressed as

n−1

∑
j=1

φ
∗
j =

n−1

∑
j=1

(
ε j+1− ε j

)
Tj = εnTn− ε1T0

−
n

∑
j=1

(
−

ε jJ2

2σ jκ j
L2

j +
b jJ− JE

κ j
L j

)
. (35)

Like Eq. (25), the parameter bi while considering Peltier
effect can be calculated by

b1 = φl + ε1Tl ,

bi+1 = bi−
JLi

σi
, (i≥ 1) .

(36)

Substituting Eqs. (23), (24), and (35) into Eq. (34), and notic-
ing the boundary condition, we have

n
∑

i=1

(
− J2

2σiκi
L2

i +
biJ− JE

κi
Li

)
= Th−Tl ,

n
∑

i=1

(
− J

σi
Li

)
= φh−φl + εnTh− ε1Tl .

(37)

Similarly, the only two unknown quantities J and JE can be
obtained from Eq. (37), then temperature and electric poten-
tial in each layer can be derived from Eqs. (18) and (19)
and interface conditions. Thus temperature is continuous at
the interface while electric potential difference at interface is
φ ∗i = −(εi− εi+1)Ti. This set of equations solves the prob-
lems completely, leading to the full determination of the field
distribution in each layer.

The conversion efficiency η in a thermoelectric medium
is[32]

η =
∆φ · J
JQ0

, (38)

where JQ0 is the initial heat flux. The η can be optimized with
respect to current density for a given temperature,[32] and the
maximum conversion efficiency in homogeneous thermoelec-
tric material can be expressed as

ηopt =
Tl−Th

Tl

√
1+Z

Tl +Th

2
−1√

1+Z
Tl +Th

2
+

Th

Tl

. (39)

The maximum energy conversion efficiency for an arbi-
trary multilayered thermoelectric medium is too complicated
to be expressed analytically. However, for the case of attach-
ing a thin thermoelectric film to the right end of the homo-
geneous material, if the interface Peltier effect is taken into
consideration, the maximum energy conversion efficiency can
be obtained as

ηopt =
Tl−

ε ′

ε
Th

Tl

√√√√√
1+Z

T 2
l +

(
ε ′

ε

)2

T 2
h

2(Th−Tl)
−1√√√√√

1+Z
T 2

l +

(
ε ′

ε

)2

T 2
h

2(Tl−Th)
+

ε ′

ε

Th

Tl

, (40)

where ε ′ is the Seebeck coefficient of the attached film.
The optimal electric current density of this medium can

also be obtained as
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Jopt =

√
4κ2 (Tl−Th)

2 +2κσ (Tl−Th)
(
ε2T 2

l − ε ′2T 2
h

)
−2κ (Tl−Th)

(εTl + ε ′Th)L
, (41)

where L is the length of the medium
By comparing Eq, (39) with Eqs. (40) and (41), we can

find out that the Peltier effect has a remarkable influence on
both the maximum conversion efficiency and the optimal elec-
tric current density.

3.4. Numerical results and discussion

A three-layered thermoelectric medium is used to demon-
strate the analysis by using the material parameters shown in
Table 1. The temperature loads at two ends of the medium are
taken to be Tl = 600 K and Th = 300 K.

Table 1. Material parameters of thermoelectric samples.[33–35]

Sample σ/S ·m−1 ε/µV ·K−1 κ/W ·m−1 ·K−1

BiSbTe 27700 213 0.7
Bi2Te3 110000 200 1.6

Bi0.5Sb1.5Te3 38000 250 0.85

The energy conversion efficiency of three-layered ther-
moelectric medium is dependent on the electric flux density
while the temperatures at two ends are fixed. The φl is taken
to be zero without loss of generality, then the energy conver-
sion efficiency in Eq. (38) can be rewrite as

η =
φh · J

JE
. (42)

The maximum conversion efficiency of a three-layered
thermoelectric medium and its constituents are analyzed in
Fig. 4. As we can see, when considering the interface Peltier
effect, the maximum conversion efficiency of the composite is
significantly higher than those of all the constituents under the
same temperature difference.
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Fig. 4. (color online) Maximum conversion efficiencies of a thermoelectric
composite and its constituents.

The plots of energy conversion efficiency versus elec-
tric current density under two different interface conditions

are shown in Fig. 5. It can be seen that the energy con-
version efficiency is significantly improved when considering
Peltier effect at the interface, and the relevant maximum ef-
ficiency increases from 0.11 to 0.17. Besides, the optimal
electric current density increases from J = 0.38 (A/cm2) to
J = 0.48 (A/cm2).

0 0.2 0.4 0.6 0.8

0
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without peltier effect
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n
 e
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 η

Electric current density J/AScm-2

Fig. 5. (color online) Energy conversion efficiencies versus electric cur-
rent density.

To evaluate such observations, we also show the field dis-
tributions under two different interface conditions, including
the electric potential, temperature, electric energy and heat
flux in Fig. 6. Numerical simulations is also made to ver-
ify the correctness of our results, since interface conditions
in software cannot be modified, we only give the simulation
results under traditional interface conditions. From Fig. 6(a),
it is seen that the consideration of Peltier effect at the interface
results in much bigger electric potential difference at the same
electric current density, which leads to much higher electric
energy and energy conversion efficiency. On the other hand,
there is little difference in temperature distribution when con-
sidering Peltier effect at the interface as shown in Fig. 6(b).
From Figs. 6(c) and 6(d) we can see that both the electric en-
ergy and thermal flux jump at the interface when considering
the interface Peltier effect. The electric energy jumps up at the
interface, leading to higher energy conversion efficiency, while
the thermal flux jumps down due to energy conservation. Be-
sides, numerical simulations under traditional interface condi-
tions fit well to our analytical solutions.

Finally we point out that a thermoelectric material with
temperature dependent properties can be approximated as a
multilayered thermoelectric composite, and each layer has
constant property. Therefore the solutions obtained above also
offer a path to the analysis of temperature dependent proper-
ties, especially when the materials are subjected to large tem-
perature gradient so that the material properties cannot be con-
sidered as being unchanged.
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Fig. 6. (color online) Comparisons among fields under two different interface conditions and numerical simulations. (a) optimum
electric current density, (b)temperature, (c) electric energy, (d) thermal flux.

4. Conclusions
The overall macro-performances of multilayered thermo-

electric medium are discussed in this paper. The analytical so-
lutions are obtained, including the heat flux, temperature, elec-
tric potential, and the total energy conversion efficiency. The
results show that there are unique relationships between the
temperature/electric potential and the electric current/energy
flux in the material, and whether the material is independent
of or embedded in thermoelectric composites, which can sim-
plify the process of solving J and JE effectively. Besides, the
Peltier effect at the interface has a noteworthy influence on
overall energy conversion efficiency. These results provide a
powerful tool to analyze the effective behavior of thermoelec-
tric composites.
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