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Fano interference of metallic nanostructure is an effective way to reduce the irradiation loss and improve the spectral
resolution. A Π-shaped gold nano-trimer, which is composed of a gold nanorod and two gold nanorices, is presented
to investigate the properties of Fano resonances in the visible spectrum by using the finite element method (FEM). The
theoretical analysis demonstrates that the Fano resonance of the Π-shaped gold nano-trimer is attributed to the near-field
interaction between the bright mode of the nanorice pair and the dark quadrupole mode of the nanorod. Furthermore, by
breaking the geometric symmetry of the nanostructure the line-shape spectrum with double Fano resonances of Π-shaped
gold nano-trimer is obtained and exhibits structure-dependent and medium-dependent characteristics. It is a helpful strategy
to design a plasmonic nanostructure for implementing multiple Fano resonances in practical applications.
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1. Introduction
As is well known, Fano resonance is due to the inter-

action between a continuum of states (background scattering
process) and a discrete state (resonant scattering process) pro-
ducing an asymmetric line-shape spectrum,[1] which can be
found in many physics and engineering fields.[2–4] Especially,
Fano resonance in metallic nanostructures has attracted more
attention due to its numerous benefits for designing photonic
devices, such as greatly enhancing the electromagnetic fields
localized on the surface of metallic nanostructures,[5] effec-
tively reducing the radiation damping of metal geometry,[6]

and vastly inducing the nonlinear effect of materials con-
taining metal nanoparticles.[7] In recent decades, a variety
of metallic nanostructures have been proposed to investigate
Fano resonances, such as core-shell nanostructures,[8–10] ring-
disk cavities,[11–18] nanoparticle dimers,[19–21] nanoparticle
trimers,[22,23] and the multimeric nanoclusters.[24–26] Metal-
lic nanostructures have exhibited significant potential appli-
cations in photonic devices, such as SERS-based optical
sensors,[17,23] spaserbased laser,[27] optical switchers,[28] slow
light devices,[29] and resonators with an electromagnetically
inducing transparency(EIT)like property.[13,30] Novel metallic
nanostructures are expected to be designed and fabricated to
demonstrate the excellent functional characteristics of Fano
resonance.

In general, a complex noble metal nanostructure can
exhibit unique and colorful localized surface plasmon res-
onance(LSPR) properties under the irradiation of an inci-
dent lightwave.[31] According to the plasmon hybridization
theory,[32] the extinction spectrum of the noble metal nanos-
tructure can be destructed into the overlap of two or more
LSPR bands through the near-field interactions. Further, when
the plasmon hybridization between a board bright plasmon
mode and a relatively narrow dark plasmon mode happens,
a board LSPR band and a relative narrow LSPR band overlap
an extinction spectrum with an asymmetric line shape that can
be obtained to display the characteristics of Fano resonance,
which is dependent on the morphology configurations of the
metallic nanostructure.

In terms of the fabrication technique, although some
nanostructures composed of nanoparticles can be easily syn-
thesized by the chemical method, the gap distances between
nanoparticles and the sizes of nanoparticles are very diffi-
cult to control the Focusing ion beam (FIB) method[33] or
the electron beam lithography (EBL) method[34] can be used
to fabricate more complex nanostructures by controlling the
desired pattern, such as the ring-disk nanostructure[12] and
nanoclusters,[35] which provides more possibilities and conve-
niences to study a variety of complex nanostructures theoreti-
cally and experimentally. In recent years more delicate metal
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nanostructures, such as multimer have been proposed to obtain
multiple Fano resonances.[36] Compared with single Fano res-
onance, multiple Fano resonances have several resonant dips
which can easily achieve the controllable spectra by adjusting
the structure configuration, and the electromagnetic field can
be tremendously enhanced at different wavelengths. As a prac-
tice example, with the help of the multiple Fano resonances,
the Raman spectra of molecules adsorbed on the surface of
plasmonic nanostructure can be enhanced efficiently to detect
different molecules by matching the different molecules.[37,38]

In our research, a gold nanoparticle system with a Π-
shaped trimer composed of a nanorod and two nanorice is
proposed to demonstrate the LSPR spectra with Fano reso-
nances. For the symmetric Π-shaped trimer, the extinction
spectrum exhibits a single Fano line shape, which originates
from the near field coupling between the “bright” dipole mode
of the double nanorices and the “dark” quadrupole mode of
the nanorod. When the symmetry of the trimer is broken by
adjusting the geometry parameters of the nanostructure, dou-
ble Fano resonances can be formed due to the multiform plas-
monic couplings between the modes supported by the asym-
metric Π-shaped nanoparticles. The dependence of the double
Fano resonance line shape on the refractive index of the sur-
rounding medium is also investigated.

2. Model and calculation method
Figure 1 shows the structure of the Π-shaped trimer.

The cylindrical nanorod has length L and radius R. The two
nanorices are ellipsoids with polar radii a1, a2, equatorial radii
b1, b2, and c1, c2, respectively. The distance between two
nanorice is g, and the gaps between the nanorices and the
nanorod are d1 and d2. A plane-wave with a polarization in the
y direction irradiates on the gold-nanoparticles system along
the z direction. Moreover, in all simulations, the experimen-
tally determined dielectric function of gold is used.[39]
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Fig. 1. (color online) Schematic diagram of the as-proposed gold
nanorod-rice trimer.

As an effective and high accuracy formulation tool, the fi-
nite element method (FEM) is usually used to analyze the op-
tical properties of metallic nanostructures by solving the scat-
tering fields in the frequency domain. Here, we use FEM to

calculate the distribution of near-field intensity and the spectra
of extinction cross sections of the gold-nanoparticles system
shown in Fig. 1. All the numerical simulations are carried out
by solving the time-harmonic three-dimensional Maxwell’s
equations with the aid of the commercial FEM software pack-
age incorporating a radio frequency module (COMSOL Mul-
tiphysics 4.1). Adopting adaptive mesh, the absorption cross
section Cabs and the scattering cross section Cscat of the as-
proposed nanorod-rice trimer are calculated respectively by
the following formulas:[40]

Cabs =
2

ε0cE2
inc

∫
Uav dV , (1)

Cscat =
1

E2
inc

∫
|Efar|2 dS. (2)

Furthermore, the extinction cross section Cext is the sum of the
absorption and scattering cross section, it can be calculated as
follows:

Cext =Cabs +Cscat, (3)

where ε0 is the permittivity of a vacuum, c is the speed of
light in a vacuum, Einc is the incident electric field amplitude,
Uav is the time average resistive heating, Uav = Re(σ𝐸·𝐸∗−
jω𝐸 ·𝐷∗), in which σ is the conductivity of the metal mate-
rial, 𝐸, 𝐷, and ω respectively represent electric field vector,
electric displacement vector, and angular frequency of the in-
cident light. Efar is the far-field electric component of the scat-
tering field calculated by the COMSOL implementation of the
Stratton–Chu formula.[41]

In our simulation, the computation domain includes the
rod-rice nano-trimer, a region of free space filled with medium
surrounding the nano-system, a far-field transform boundary
enclosing the whole system for calculating Cscat, and a per-
fectly matched layer for eliminating the reflections at the do-
main boundaries. We can obtain Cabs by integrating the time
average resistive heating of the nano-trimer.

3. Numerical results and analyses
3.1. Fano resonances of the symmetric Π-shaped trimer

As is well known, Fano resonances in the range of the
visible spectrum will be significant for the practical applica-
tions of biophotonics.[42] For the proposed Π-shaped trimer,
the suitable structure parameters are designed to adjust the
line shape of Fano resonances to be landed in the range of
the visible spectrum. The geometric parameters of the Π-
shaped trimer are set to be as follows: L= 300 nm, R= 20 nm,
a1 = a2 = 75 nm, b2 = c2 = b3 = c3 = 20 nm, d1 = d2 = 10 nm,
and g = 80 nm, respectively. For the nanorice pair, figure 2(a)
shows the dipole LSPR resonant spectrum (red curve) and its
corresponding Ey, and the charge distributions at dipole reso-
nant peak 678 nm in the right upper inset, where the incident
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wave is polarized along the polar radius axis. It displays that
the nanorice pair has two identical dipole resonance modes
and the red curve in Fig. 2(a) represents their coupling mode.
When the incident wave is obliquely irradiated on the nanorod
as shown by the black curve in Fig. 2(a), a narrow quadrupole
resonance at 692 nm is induced and the corresponding electric
field component Ey at the center cut plane and charge distribu-
tions are also shown in the right bottom inset.

For the Π-shaped trimer, the nanorice pair induces a
broad coupling mode (“bright” mode) and excites the narrow
quadrupole resonance peak (“dark” mode) of the nanorod by
near-field coupling. The excitation process of the trimer mode
can be visually expressed as two pathways: direct and indi-
rect excitations, i.e., |I〉 → |B〉 and |I〉 → |B〉 → |D〉 → |B〉,
where |I〉 represents the continuum incident light, |B〉 denotes
the “bright” mode, and |D〉 the “dark” mode.[43] According to
the hybridization theory[32] the overlap between the “bright”
mode of the nanorice pair and the “dark” mode of the nanorod
creates the strong Fano resonance as shown in Fig. 2(b), where
the low energy peak P1 is located at 749 nm, the high en-
ergy peak P2 at 653 nm, and a Fano dip D at 694 nm. The
Ey and the charge distributions at P1, D, and P2 are shown in
the right upper inset, mid inset, and bottom inset of Fig. 2(b)
respectively. It is obviously shown that the dark quadrupole
mode of the nanorod is excited by the bright dipole mode
of the nanorice pair. We regard P1 as the bonding dipole–
quadrupole (BDQ) mode, and P2 as the antibonding dipole-
quadrupole (ADQ) mode. Furthermore, from the insets of the
charge distributions in Fig. 2(b), we can infer that for the BDQ
mode, the quadrupole mode of the nanorod drives the dipolar
charge oscillation in the nanorice pair in phase, thereby re-
ducing the resonant energy compared with the dipole mode of
only the nanorice pair. On the contrary, for the ADQ mode,
the quadrupole mode of the nanorod drives the dipolar charge
oscillation in the nanorice pair out of phase, thereby increas-
ing the resonant energy. At the Fano dip, the dipole mode of
the nanorice pair is almost canceled by the quadrupole mode
of the nanorod, which means that the two pathways to exciting
the “bright” mode have the phase difference, which leads to a
destructive interference and a deep resonance dip is formed in
the extinction spectrum.

In order to quantify the line widths of the BDQ and ADQ
resonances an analytical Fano interference model is used to fit
the extinction spectrum[44]

I (ω) = |e(ω)|2 (4)

and

e(ω) = ar +∑
j

b jΓj e iφ j

ω−ω j + i(γ j +Γj)
, (5)

where ar is the constant background amplitude, and b j, Γj, φ j,
ω j are the amplitude, radiative damping, phase, and resonant

energy of the j different oscillators. The nonradiative damp-
ing γ j is negligible for the particles with size approaching the
incident wavelength λ due to absorption in the metal. For
the trimer structure, converting the abscissa from wavelength
into energy and normalizing the extinction cross section, the
normalized extinction spectrum (black curve) and the theo-
retical fitting (red dot line) are shown in Fig. 2(c), where two
oscillators ( j = 1, 2) are used with the fitting parameters:
ar = 0.06009, b1 = 0.9009, b2 = 0.7525, Γ1 = 0.07357 eV,
Γ2 = 0.07942 eV, φ1 = −0.1487 rad, φ2 = 0.08796 rad, ω1 =

1.738 eV, ω2 = 2.014 eV. From Fig. 2(c), the fitted curve is
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Fig. 2. (color online) (a) Extinction spectra of the nanorod (black line) and
the nanorice pair (red line) under the corresponding excitation conditions
(left), and the distributions of electric-fields Ey and charges (right insets,
top: nanorice pair, bottom: nanorod); (b) extinction spectrum of the sym-
metric Π-shaped nano-trimer (left) and the distributions of electric-fields Ey
and charges under irradiating wavelengths at the Fano peak and the Fano
dip (right insets); (c) normalized extinction spectrum of the symmetric Π-
shaped nano-trimer (black line) and the fitted extinction spectrum of the
Fano interference model (red dot line).
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well consistent with the normalized extinction spectrum and
the extinction spectrum can be construed by the Fano interfer-
ence model to construct a strong Fano resonance line shape.

3.2. Double Fano Resonances of the asymmetry Π-shaped
Nanostructure

In order to further study the optical properties of the pro-
posed Π-shaped nanostructure, we change the polar radius a2

of one nanorice from 75 nm to 50 nm to obtain an asymmetric
Π-shaped trimer nanostructure by breaking the symmetry of
the nanorice pair. Figure 3(a) shows the normalized extinction
spectrum of the asymmetric Π-shaped trimer in the unit of en-
ergy, where the black curve presents the results obtained by
FEM and the red dot curve represents the data fitted by the an-
alytical Fano interference model with parameters ar = 0.1156,
b1 = 0.917, b2 = 0.4238, b3 = 0.5667, Γ1 = 0.07204 eV, Γ2 =

0.05067 eV, Γ3 = 0.1091 eV, φ1 = 0.001 rad, φ2 = 0.04935 rad,
φ3 = −0.04301 rad, ω1 = 1.752 eV, ω2 = 1.921 eV, and
ω3 = 2.148 eV. The extinction spectra clearly show double
Fano resonances.

For a better insight into the formation of the double Fano
resonances, the interaction between the “bright” mode and
“dark” mode originating from asymmetry Π-shaped trimer
nanostructure is explored. Figure 3(b) shows the extinction
spectrum with a Fano resonance line-shape of the asymmetric
nanorice pair, obtained by excitation of a plane wave polarized
along the polar radius axis. From the charge distribution pat-
terns in the right insets in Fig. 3(b), the two plasmonic peaks

located at 580 nm and 690 nm are attributed to the antibond-
ing mode and the bonding mode, respectively. In Fig. 3(c), the
extinction spectrum of the nanorod has a quadrupole mode lo-
cated at 692 nm and a hexapole mode located at 577 nm, and
the right insets show the Ey and the charge distributions of the
quadrupole mode and the hexapole mode of the nanorod. The
extinction spectrum of the nanorod is obtained by the near-
field exciting of plasmonic modes of the nanorice pair. In the
simulation, to imitate the responses of the nanorod to the anti-
bonding mode and the bonding mode of the nanorice pair, two
electric point dipoles are placed at the center of each nanorice
with the same polarization of the incident light. The double
Fano resonances of the asymmetric Π-shaped trimer are pro-
duced by the interferences between the “dark” mode and the
“bright” mode of the nanorice pair and the high “dark” mode
of the nanorod.

Moreover, figure 3(d) gives the Ey and the charge dis-
tributions corresponding to three peaks and two dips of the
double Fano resonances. The plasmon mode corresponding
to Fano peak P1 at 748 nm is the coupling mode between the
bonding mode of the nanorice pair and the quadrupole mode
of the nanorod (BCQ mode), and the plasmon mode corre-
sponding to P2 at 677 nm origins from the antibonding mode
of the nanorice pair coupled with the quadrupole mode of the
nanorod (ACQ), and the plasmon mode corresponding to P3 at
595 nm is caused by coupling beween the antibonding mode
of the nanorice pair and the hexapole mode of the nanorod
(ACH).
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Fig. 3. (color online) (a) Normalized extinction spectra (black line) of the Π-shaped nano-trimer and the Fano interference model fitted (red dot line), (b)
extinction spectra and the Ey and charge distributions of two nanorice, (c) extinction spectra and the Ey and charge distributions of the nanorod, which is
excited by point dipoles (marked with blue point in the inset), and (d) Ey and charge distributions of the Π-shaped nano-trimer at Fano peaks and dips.

For the BCQ peak, the quadrupole mode of the nanorod

drives the dipolar charge oscillation in the bonding mode of

the nanorice pair in phase, thereby reducing the restoring force

and lowering the resonant energy compared with those of the

single bonding mode of the nanorice pair and the quadrupole

mode of the nanorod. That is why the resonant wavelength of

the BCQ peak is greater than those of the bonding mode of the

nanorice pair and the quadrupole mode of the nanorod; it is the
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same reason why the resonant wavelength of the ACH peak is
greater than those of the antibonding mode of the nanorice pair
and the hexapole mode of the nanorod. For the ACQ peak, the
interaction between the antibonding mode of the nanorice pair
and the quadrupole mode of the nanorod is weak, and there
is a relatively small shift of the ACQ peak with respect to the
quadrupole peak of the nanorod.

3.3. Structure-dependent characteristics of the double
Fano resonance

In order to investigate the dependence of the double Fano
resonances on the geometry parameters of the asymmetric
Π-shaped trimer, by adjusting the sizes of nanoparticles, the
extinction spectra of asymmetric structure are obtained and
shown in Fig. 4. All the BCQ, ACQ and ACH modes are red
shifted with the increasing of L or a1. When increasing L from
290 nm to 330 nm, the intensity of the BCQ mode decreases,
while the intensity of the ACQ peak increases as shown in
Fig. 4(a).
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Fig. 4. (color online) (a) Extinction spectra of the asymmetric Π-shape
trimer with different lengths of nanorod L, (b) extinction spectra of the
Π-shape trimer with different polar radii of two nanorice a1 and a2 at a
fixed ratio of a1 : a2 = 3 : 2.

Both ACQ mode and BCH mode increase their intensities
with the increasing of polar radii of two nanorice as shown in
Fig. 4(b). The effect mainly lies in the interaction between the
“bright” mode of the nanorice pair and the higher “dark” mode
of the nanorod. The changes of the geometry parameters of
the asymmetric Π-shaped trimer shift the resonance frequen-
cies of the plasmonic modes supported by the nanorice pair

and the nanorod, which results in the changes of the double
Fano lineshaped extinction spectrum.

On the other hand, the double Fano resonances are also
dependent on the distances among the nanoparticles. Fig-
ure 5(a) displays the extinction spectra of the asymmetric Π-
shaped trimer versus the gap size d between the nanorice pair
and the nanorod. With the increasing of the gap size d ACQ
mode red-shifts and BCQ mode blue-shifts, and they approach
to the bonding mode of the nanorice pair and the quadrupole
mode of the nanorod, respectively. At the same time, the
BCH mode is gradually close to the antibonding mode of the
nanorice pair. The Fano dip D1 turns shallower because the
“bright” mode of the nanorice pair is weakly coupled to the
higher “dark” mode of the nanorod by reducing the coupling
strength.
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Fig. 5. (color online) (a) Extinction spectra for different values of
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extinction spectra for different distances between two nanorice g, the
right upper inset shows the Ey at the resonance peak with g = 180 nm,
and the right bottom inset displays the Ey at the resonance peak with
g = 300 nm.

The distance between two nanorice grains also affects the
double Fano resonances of the asymmetric Π-shaped trimer.
As shown in Fig. 5(b) as g increases from 80 nm to 180 nm,
the ACQ mode is red-shifted and the BCQ mode is blue-
shifted, and also the Fano dip becomes shallow. It could be
attributed to the mechanism of Fano resonance based on the
near-field distributions of the “bright” mode and the “dark”
mode. The coupling between the higher “dark” mode of the
nanorod and the “bright” mode of the nanorice pair becomes
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weak when their near-field overlapping decreases with the in-
creasing of g as shown in the right upper inset of Fig. 5(b).
However, when the distance between two nanorice grains in-
creases from 180 nm to 300 nm, the BCQ and ACQ modes
move oppositely and bring out the Fano resonance again due
to the “bright” mode of the nanorice pair effectively interact-
ing with the “dark” mode of the nanorod as shown in the right
bottom inset of Fig. 5(b). The shifts of the BCH modes are
small for the change of g because this effect is determined by
the narrow hexapole mode of the nanorod, and the change of
the separation between two nanorice grains has less influence
on the near-field coupling between the hexapole mode of the
nanorod and the antibonding mode of the nanorice pair.

3.4. Medium-dependent characteristics of the double Fano
resonance

In general, the Fano resonance of the metal nanostruc-
ture is intensely sensitive to the surrounding medium because
the plasmonic resonance of the metal nanostructure depends
on the permittivity of the surrounding medium. The extinc-
tion spectra of the proposed asymmetric Π-shaped trimer sur-
rounded by media with different refractive indices are shown
in Fig. 6(a). When the refractive indices of the surround-
ing media increase from 1.1 to 1.5, all three plasmon modes
(ACH, ACQ, and BCQ modes) and two Fano resonant dips
(D1 and D2) are red-shifted. We normally use the resonance
wavelength shift per refractive index unit (RIU) to define the
sensitivity of the nanosystem[45]. Figure 6(b) shows that the
wavelengths corresponding to the plasmon modes and Fano
dips linearly increase with the increasing of the refractive in-
dex of the surrounding medium with different slopes of wave-
length changes per refractive index unit. Additionally, the fig-
ure of merit (FOM) is usually used to evaluate the overall per-
formance of the metal nanostructure as a refractive index sen-
sor, which can be defined as[46]

FOM =
S

FWHM
, (6)

where the FWHM stands for full width at half maximum at
the wavelength λ corresponding to the plasmon mode of metal
nanostructure, and can be obtained from the Fano interference
model S = δλ/δn which is the refractive index sensitivity.[44]

For the asymmetric Π-shaped trimer, FOMs of the ACH mode,
the ACQ mode and the BCQ mode are approximately 9.1,
19.0, and 13.2, respectively, which are higher than the ex-
perimental values in Ref. [47]. The proposed asymmetric Π-
shaped trimer nanostructure has attractive applications for de-
signing the refractive index sensor due to its high refractive
index sensitivity and good FOM.
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Fig. 6. (color online) (a) Extinction spectra of the asymmetric Π-shaped
trimer surrounded by media with different refractive indices, (b) reso-
nance wavelengths of the ACH, the ACQ, the BCQ modes, Fano dip D1
and D2 with different surrounding refractive indices, and the refractive
index sensitivities of plasmon modes and Fano dips are calculated and
shown in the left upper corner.

4. Conclusions
In this work a Π-shaped nano-trimer is proposed to pro-

duce strong Fano resonance. The single Fano resonances
of the symmetric Π-shaped trimer and the double Fano res-
onance of the asymmetric Π-shaped trimer are respectively
investigated by analyzing the interferences among the dark
quadrupole mode of the nanorod, the bright dipole plasmonic
modes of the nanorice pair, and higher “dark” modes of the
nanorod generated from the different hybridized modes of
the nanorice pair. The simulation results demonstrate the
structure-dependent and the medium-dependent characteris-
tics of the double Fano resonance. Following this design idea,
multiple Fano resonances are obtained for the multiple wave-
length active plasmonic switching, SERS, and bio-sensing ap-
plications.
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