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Rayleigh-Taylor instability of three fluid layers with two interfaces in cylindrical geometry is investigated analytically.
The growth rates and the amplitudes of perturbation on the two interfaces are obtained. The feedback factor from outer to
inner interface is larger than that from inner to outer interface under the same conditions. The growth rate on the initially
unstable interface is larger than the corresponding result in planar geometry for low mode perturbation. The two interfaces
are decoupled for a larger mode number perturbation. The dependencies of the amplitudes of perturbation on different
initial conditions are analyzed. The negative feedback effect from initially stable interface to another unstable interface is
observed. In the limit of infinity inner radius and finite shell thickness, the results in planar geometry are recovered.
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1. Introduction
When a heavier fluid is accelerated by a lighter one, the

perturbed interface between two fluids is Rayleigh-Taylor in-
stability (RTI).[1,2] The RTI plays a significant role in many
areas, such as astrophysics[3] and inertial confinement fusion
(ICF).[4,5] In a typical ICF explosion experiment, the ignition
capsule consisting of an ablator-fuel shell filled with a low
density deuterium–tritium gas is directly irradiated by laser or
indirectly irradiated by x-rays. The major issue plaguing the
achievement of high-symmetry compression is the so called
RTI.[5] It is necessary to maintain the integrity of the implo-
sion shell during the entire implosion process. In the acceler-
ation stage, the RTI can break up the implosion shell, causing
the mixing of ablator material into the fuel material. In the
deceleration stage, the RTI can cause seriously distortion of
the hot-spot, even quenching the hot-spot, resulting in perfor-
mance degradation of ICF implosions. Thus, the RTI growth
must be controlled to an acceptable level and RTI remains a
critical issue in the successful ICF implosions.

The classical RTI refers to a semi-infinite fluid of den-
sity ρ1 supporting another semi-infinite fluid of density ρ2

(ρ2 > ρ1) in a gravitational field. Small amplitude of perturba-
tion on the interface will grow exponentially, η(t) ∼ η0 eγt ,
where γ =

√
Akg is the linear growth rate of RTI growth,

η0 is the initial perturbation, A = (ρ2− ρ1)/(ρ2 + ρ1) is the

Atwood number, k is wave number, and g is the acceler-
ation. Based on this classical configuration of two semi-
infinite fluids model, the RTI has been extensively studied
analytically,[6–8] numerically,[9] and experimentally.[4,10] A
single fluid layer accelerated by uniform pressure is first inves-
tigated by Taylor.[2] Mikaelian[11–13] extends the single fluid
layer to the multi-layers model to study the density gradient
stabilization effect where the continuous profile of density is
approached by multi-finite-thickness fluids. In ICF implo-
sion experiment, a relatively thin fuel shell is imploded in-
ward. The finite-thickness effect and the coupling effect be-
tween the interfaces are very important during the implosion.
The physics of “interface coupling” that means the evolution
of small perturbation at one interface depends not only on its
initial disturbance but also on the perturbations at the adja-
cent interfaces.[13–15] The thin shell will lead to much more
severe RTI growth which can be seen in Ref.15 where the
RTI in two finite-thickness fluids is discussed analytically. Re-
cently, in a magnetized liner inertial fusion (MagLIF) exper-
iment, Awe[16] found an embedded axial magnetic field may
strengthen the integrity of the inner interface against magneto-
Rayleigh–Taylor instability (MRTI). The MRTI properties of a
finite slab are investigated by Weis,[17] the feedthrough may be
reduced if there are magnetic fields on the two sides of the slab.
The analytical work mentioned above is restricted to planar ge-
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ometry. However, in many cases like ICF implosions, RTI al-
ways occurs in non-Cartesian systems. The RTI growth in con-
vergent geometry was first derived by Bell[18] and Plesset,[19]

their results were collectively called as Bell–Plesset (BP) ef-
fects. It is found that the geometrical convergence can lead to
the instability growth even without acceleration by consider-
ing BP effects.[20] Recently, a weakly nonlinear (WN) model
for RTI growth in cylindrical[21] and spherical[22] geometry
are established for incompressible fluids, respectively. All of
these models are described by two fluids that separated by
a single curved interface. In this paper, we discuss the RTI
growth of multi-layers in cylindrical geometry. The growth
rate and the evolution of perturbation are discussed in some
detail.

This paper is organized as follows. In Section 2, the the-
oretical model is presented. Section 3 displays the result and
discussion. Section 4 summarizes the major results.

2. Theoretical model
The theoretical model of the present work is introduced in

this section. The cylindrical coordinate system is established
where r and θ are, respectively, normal and along to the unper-
turbed interface between the fluids. Considering three cylin-
drical layers of two interfaces with R1 to be inner radius and
R2 to be outer radius (R2 = R1 +∆R), ∆R is the thickness of
the middle shell. The density of inner, middle and outer fluids
are, respectively, ρa (0 < r < R1), ρb (R1 < r < R2), and ρc

(R2 < r < ∞). The two perturbed interfaces of the three fluids
are parameterized as r = R1 +ηi(θ , t) and r = R2 +ηo(θ , t)
where ηi(θ , t) and ηo(θ , t) are the perturbation displacements
at the inner and outer interface, respectively. Assuming the
fluid layers in a gravitational field 𝑔 = −g𝑒̂r (e.g., the hot-
spot/fuel interface during the deceleration stage of ICF im-
plosion) to be inviscid, irrotational, and incompressible, the
governing equations can be expressed as

∂ηi
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1
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where φa, φb, and φc are the velocity potentials that are re-
lated to the inner, middle and outer fluids, respectively. f1 and
f2 are the arbitrary functions of time. Equations (1) and (2)
represent the normal velocity is continuous across the inner
interface. The pressure continuity condition (i.e., Bernoulli
equation) across the inner interface is described by Eq. (3).
The normal velocity and pressure are also continuous across
the outer interface which are expressed by Eqs. (4)–(6). For a
single-mode cosinusoidal perturbation, the small perturbation
displacements ηi(θ , t) and ηo(θ , t) are written as

ηi(θ , t) = η1(t)cos(mθ), (7)

ηo(θ , t) = η2(t)cos(mθ), (8)

where m is the mode number. η1(t) and η2(t) are, respectively,
the amplitudes of perturbation at inner and outer interfaces that
we want to obtain. The velocity potentials describing the in-
compressible fluids are

φn(r,θ , t) = φ
(0)(t)+ϕn(r,θ , t), (9)

where the subscript n = a,b,c represent the velocity potentials
of three fluid layers. φ (0)(t) is the unperturbed velocity poten-
tial and ϕn(r,θ , t) are the perturbed velocity potentials which
can be expressed as

ϕa(r,θ , t) = d1(t)rm cos(mθ), (10)

ϕb(r,θ , t) = [d2(t)rm +d3(t)r−m]cos(mθ), (11)
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ϕc(r,θ , t) = d4(t)r−m cos(mθ), (12)

as can be seen in Eqs. (10)-(12), ϕn(r,θ , t) related to the in-
compressible fluids satisfy the Laplace equation ∇2ϕn = 0
and the conditions ∇ϕa|r→0 = 0 (m ≥ 2) and ∇ϕc|r→∞ = 0.

Substituting Eqs. (7)–(12) into the governing equations (1)–
(6), we can obtain six time-dependent equations. Eliminat-
ing the parameters d1(t), d2(t), d3(t), and d4(t), the coupled
second-order ordinary differential equations (ODEs) for η1(t)
and η2(t) are derived as

d2η1

dt2 −
(1+A1)ζ−m+1

1+A1ζ−2m
d2η2

dt2 −A1
m
R1

g
1−ζ−2m

1+A1ζ−2m η1 = 0, (13)
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dt2 −A2
m
R2

g
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1−A2ζ−2m η2 = 0, (14)

where ζ = R2/R1 is the ratio of the outer radius to the inner radius. A1 = (ρb− ρa)/(ρb + ρa) and A2 = (ρc− ρb)/(ρc + ρb)

are the Atwood numbers at inner and outer interface, respectively. Using the most common initial conditions, η1(t = 0) = ε1,
dη1(t = 0)/dt = ε̇1, η2(t = 0) = ε2, and dη2(t = 0)/dt = ε̇2, the temporal evolution of the perturbations η1 and η2 can be
obtained by solving the coupled ODEs. The results are
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1
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as can be seen in Eqs. (15) and (16), the perturbations at two
interfaces are coupled each other, especially for a thin shell.
The physics of coupling effect between two interfaces are rep-
resented by the coefficients C12 and C21. The feedback coef-
ficient of perturbation from inner surface to the outer surface
is represented by C12, that from outer surface to inner surface
is described by C21. It is well known that the RTI growth of
a thin shell is much more severe than a thick shell.[14] The
growth rate γ1 and γ2 are expressed as

γ̄
2
1 =

γ2
1

gm
/

R1
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−b+

√
b2−4ac

2a
, (17)
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2
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γ2
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=
−b−

√
b2−4ac

2a
, (18)

where the coefficients a, b, and c depend only on the ratio of
radius ζ , Atwood number A1, A2, and the mode number m:

a = 1+A1A2ζ
−2m, (19)

b = A1A2ζ
−2m (1−ζ

−1)−A2ζ
−1−A1, (20)

c = A1A2ζ
−1 (1−ζ

−2m) , (21)

As observed by Mikaelian[12] in planar geometry, the growth
rates are invariant under the condition ρb → ρaρc/ρb (inter-
changing the Atwood numbers at two interfaces). This inter-
esting symmetry can be easily understood with a simple ex-
ample, the two growth rates for the density profile (ρa, ρb,

ρc) = (1,10,20) are identical to that of (1,2,20) for all pertur-
bation wavelengths. However, this symmetrical property is not
exist in cylindrical geometry which can be seen in Eqs. (17)–
(21). If we interchange the values of A1 and A2, the values of
two growth rates are all changed. When the middle shell be-
comes thicker enough (∆R→∞), the two interfaces are decou-
pled. Then, the growth rates of perturbations on two interfaces
are, respectively

γ1(∆R→ ∞) =

√
A1

m
R1

g,

γ2(∆R→ ∞) =

√
A2

m
R2

g, (22)

which is consistent with the result of a single perturbed in-
terface in cylindrical geometry.[21] For a much thinner shell
(∆R→ 0), the growth rate is reduced to γ =

√
Amg/R which

is identical to result in cylindrical RTI[21] with R1 = R2 ≡ R
and A = (ρc−ρa)/(ρc +ρa). The coefficients C12 and C21 are
expressed as

C12 =
γ̄2

1 (1−A2)ζ−m−1

γ̄2
1 (1−A2ζ−2m)−A2ζ−1 (1−ζ−2m)

, (23)

C21 =
γ̄2

2 (1+A1)ζ−m+1

γ̄2
2 (1+A1ζ−2m)−A1 (1−ζ−2m)

, (24)

where the explicit A2 and m dependencies of C12 and explicit
A1 and m dependencies of C21 are displayed clearly. The cou-
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pling factor of two interfaces of finite-thickness slab[14] is rep-
resented by e−kd which is quite different from the result in
cylindrical case, where k is the wave number and d is the thick-
ness of the fluid. It is interesting to note that the amplitude of
perturbation in cylindrical geometry should reduce to that in
planar geometry for quite short-wavelength perturbation com-
pared to the inner radius R1, namely, for the equivalent wave-
length λ̃ = 2πR1/m� R1. The equivalent wave number is de-
fined as k̃ = m/R1 in cylindrical geometry.[21] That is to say,
the RTI growth in cylindrical geometry is similar to that in pla-
nar geometry for larger mode number perturbation. Then, in
the limit of infinite inner radius R1→ ∞ and finite shell thick-
ness ∆R� R1, we have

ζ
−m =

(
R2

R1

)−m

=

(
1+

∆R
R1

)−k̃R1

∼ e−k̃∆R, (25)

where the formula limx→∞(1+ 1/x)x ∼ e is used for the ap-
proximation. Using Eq. (25), the growth rate of the RTI and
the amplitude of perturbation [Eqs. (15)–(18)] in cylindrical
case is reduced to that in planar geometry.[13]

As observed in Eqs. (15) and (16), the amplitudes of the
perturbation contain one growing mode with growth rate γ1

and another growing mode with growth rate γ2 which rep-
resent the intrinsic growth of the perturbations at the corre-
sponding interfaces, where the two interfaces are initiated by
the single-mode interface and the velocity perturbations. If
we set ε1 = C21ε2 and ε̇1 = C21ε̇2, the growing modes of the
growth rate γ1 on both interfaces will be absent. Likewise, if
ε2 = C12ε1 and ε̇2 = C12ε̇1, the growing modes of the growth
rate γ2 on two interfaces are completely suppressed. More-
over, it is found that suppressing any one of the growing mode
on the one interface will automatically cancel the same mode
on the other interface.

3. Results and discussion
In this section, we will study the growth rates of RTI and

amplitudes of perturbations of multi-fluids in cylindrical ge-
ometry. The physical understanding of coupling effects be-
tween two curved interfaces is also discussed.

During the deceleration stage of ICF implosions, the outer
surface of an implosion shell is stable, while the inner sur-
face is RTI instable. The dependencies of coefficients C21 and
C12 on Atwood number A1 and A2 for arbitrary R2/R1 are dis-
played in Fig. 1. The feedback coefficients decrease with in-
creasing R2/R1, as the perturbation among the interfaces de-
cays quickly when the shell becomes thick. As illustrated in
Fig. 1(a), the feedback factor C21 from outer interface to in-
ner interface is greatly affected by the A2 on the outer inter-
face. For fixed A1 = 0.9, the value of C21 for A2 = −0.9 is

larger than that for A2 = −0.1. However, the value of C21 for
A1 = 0.9 on the inner interface is a little larger than that for
A1 = 0.1 for fixed A2. When A2 on the outer interface tends to
−1.0, the approximation C21 ∼ (R2/R1)

−m+1 can be obtained
for arbitrary mode number m. The C12 represents the feedback
factor from inner interface to outer interface is influenced by
A1 on the inner interface which can be seen in Fig. 1(b). The
larger A1 is, the larger C12 will be for fixed R2/R1. The C12 has
little dependence on A2. When A1 tends to 1.0, the approxi-
mation formula C12 ∼ (R2/R1)

−m−1 is also obtained. Under
the same conditions, the C21 (from outer interface to inner in-
terface) is larger than C12 (from inner interface to outer inter-
face) which is different from that in a planar slab,[14] where
the feedback factor between two interfaces is e−kd .
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Fig. 1. (color online) The feedback coefficients C21 (a) and C12 (b) versus
the ratio of the radius R2/R1 for different Atwood numbers A1 and A2 on
two interfaces. The mode number m = 6. The line (R2/R1)

−m+1 is also
plotted for comparison.

The mode number m dependence of the feedback coeffi-
cients C21 and C12 for Atwood numbers A1 = 0.9 and A2 =

−0.9 are displayed in Fig. 2. With the increasing mode num-
ber m, the feedback coefficients C21 and C12 decrease quickly
for the fixed R2/R1 which is shown in Fig. 2. This is because
the coupling effect is severe for the large wave-length (low
mode m) perturbation. For the lower mode perturbation, the
coefficient C21 is larger than C12. However, the C21 is approxi-
mated to the C12 for higher mode perturbation that is consistent
with result in the planar case.[14,15]
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Fig. 2. (color online) The feedback coefficients C21 (a) and C12 (b) versus
the ratio of radius R2/R1 for different mode number m. The Atwood num-
bers on the two interfaces are A1 = 0.9 and A2 =−0.9.
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Fig. 3. (color online) The normalized growth rates of the perturbation γ2
1/k̃g

(a) and γ2
2/k̃g (b) plotted against the normalized shell thickness k̃∆R for

α = 2,5,70. The k̃ = m/R1 is the equivalent wave number in cylindrical
geometry. The Atwood numbers A1 = 0.9 and A2 =−0.9. The Mikaelian’s
planar results[12] is also plotted for comparison.

In the implosion process, the in-flight aspect ratio (IFAR)
is defined as the ratio of the imploded shell radius R1 to its
thickness ∆R, namely, α = R1/∆R. The RTI growth imposes
an upper limit on the IFAR.[4] The normalized growth rates
γ2

1/k̃g and γ2
2/k̃g of the RTI perturbation against the normal-

ized thickness k̃∆R are plotted in Fig. 3 for different α . The
normalized γ2

1/k̃g decreases to the minimum (∼ 0.9) with the
increasing normalized shell thickness k̃∆R for small α . For
larger α , the behavior of the γ2

1/k̃g is a little different that
grows to the maximum with k̃∆R. As shown in Fig. 3(a), the
Mikaelian’s results in the planar geometry[12] are recovered
for α = 70. During the deceleration stage, the outer interface
of the shell is stable. As can be seen in Fig. 3(b), the γ2

2/k̃g is
negative which represents the frequency of perturbation. With
the increasing k̃∆R, the absolute value of γ2

2/k̃g increases to a
maximum value. The absolute value of γ2

2/k̃g increases with
increasing α . When α = 70, Mikaelian’s result for the fre-
quency of perturbation in planar case is also recovered.[12]

Figure 4 displays the temporal evolution of the normal-
ized amplitudes of perturbations k̃η1 (perturbation at the in-
ner interface) and k̃η2 (perturbation at the outer interface) ini-
tiated by only interface perturbation in cylindrical geometry.
The Atwood numbers at the two interfaces are A1 = 0.9 and
A2 =−0.9. In Fig. 4(a), the normalized amplitudes of pertur-
bations on the two interfaces are perturbed by only the inner
interface perturbation with initial conditions ε1 = 0.001λ̃ and
ε2 = 0 for mode number m= 3,10. The λ̃ = 2π/k̃ is the equiv-
alent wavelength. The amplitude of perturbation η1 on the in-
ner interface is larger than η2 on the outer interface for fixed
normalized time (k̃g)1/2t and mode number m. The ampli-
tude of perturbation η1 for m = 3 is a little larger than that for
m= 10 on the inner interface. For a small mode number m, the
two interfaces are coupled. The perturbation on the inner inter-
face feedback to the outer interface and the η2 grows quickly
for m = 3. However, the η2 becomes negligibly small com-
paring to η1 for m = 10, as the feedback effect become weak
for large mode number. In Figure 4(b), a small perturbation
is initially imposed only on the outer interface and the inner
interface is kept undisturbed, namely, ε1 = 0 and ε2 = 0.001λ̃ .
The phase of perturbations are shifted by π in comparison to
the initially cosinusoidal perturbation on the outer interface.
The perturbation on the outer interface couples to the inner
interface. Then, the amplitude of perturbation on the inner in-
terface grows quickly as the inner interface is RTI unstable.
For m = 10, the coupling effect becomes weak. The perturba-
tion on the outer interface oscillates with time. With the time
proceeding, the amplitude of perturbation on the inner face is
larger than that on the outer interface, as the inner interface is
subject to RTI. As shown in Fig. 4(c), both the inner and the
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outer interface are initially perturbed with ε1 = ε2 = 0.001λ̃ .
The perturbations on the inner interfaces grow gradually with
time. But the perturbations on the outer interface oscillate with
time at the first, then grow quickly with time. As illustrated in
Fig. 4(b), the perturbation from outer interface to the inner in-
terface will cause the phase of the perturbations changing by
π . That means the negative feedback effect from outer stable
interface to inner unstable interface. The smaller mode num-
ber m is, the larger coefficient C21 will be. Thus, the amplitude
of η1 with m = 3 is smaller than that with m = 10.

                                                      

                                                     

                                                     



.
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
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η
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,m/

η
2
,m/

η
2
,m/
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∼

↼kg↽/t
∼

↼kg↽/t
∼

k
η

∼

k
η

∼
k
η

∼

(a)

(b)

(c)

Fig. 4. (color online) Temporal evolution of the normalized amplitudes of
perturbation k̃η1 and k̃η2 initialed by only the inner interface perturbation
(a), only the outer interface perturbation (b), and both the inner and outer
interface perturbations, respectively, for mode number m = 3 and 10 at
ζ = 1.4.

4. Conclusion
In this paper, the RTI growth on the two interfaces of

three fluids in cylindrical geometry is studied analytically. The
growth rate and the evolution of perturbations on the two inter-
faces are obtained. The feedback factor C21 (from outer to in-

ner interface) is larger than C12 (from inner to outer interface)
under the same condition. The larger mode number m leads
to the smaller C12 (C21). That means the two interfaces are
decoupled for large mode number perturbation. The growth
rate on the two interfaces are compared with Mikaelian’s pla-
nar case.[12] Under the conditions of ∆R� R1 and R1 → ∞,
Mikaelian’s result for RTI growth of multi-layers is recovered.
The dependencies of RTI on the different initial conditions are
discussed. It is found the amplitudes of the perturbation on
the two interfaces are shift by π when the outer interface is
initially perturbed. The present result is respected to bring fur-
ther understanding of RTI growth of multi-fluids in cylindrical
geometry and to be probably significant for the assessment of
the RTI in ICF implosions.
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