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Geometrical representation of coherent tunneling process
in two-waveguide and three-waveguide coupler∗
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We propose an identical geometrical representation scheme for both Landau–Zener (LZ) tunneling process in two-
waveguide coupler with a cubically bent structure and stimulated Raman adiabatic passage (STIRAP) in three-waveguide
coupler, similar to the geometrical representation of sum frequency process. The results show that although the two-
waveguide coupler with a cubically bent axis has not aperiodic structure, it acts as a chirped quasi-phase-matching (QPM)
grating and corrects the relative phase between the two supermodes in the curved coupler system. We present a scheme
about how to choose the parameters to design the curved beam splitter.
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1. Introduction
Landau–Zener (LZ) non-adiabatic tunneling process and

stimulated Raman adiabatic passage (STIRAP) have differ-
ent physical mechanisms and have aroused wide interest dur-
ing the past two decades. For instance, the former has been
widely used in waveguide arrays,[1,2] electron transfer on insu-
lating surface,[3] Bose–Einstein condensate,[4,5] Bose–Fermi
mixture,[6] optical lattices,[7] radio frequency superconduct-
ing quantum interference,[8] preparation of quantum state,[9]

coherent destruction of tunneling,[10] to name a few, while
the latter has been used in waveguide optics,[11–13] popula-
tion transfer in atomic and molecular physics,[14–18] Bose–
Einstein condensate,[19,20] generation of terahertz pulses,[21]

optical storage,[22] and so forth. Shore et al. have discussed
the differences between the STIRAP in three-level atom sys-
tem and LZ tunneling process in four-state model.[23]

Longhi proposed a simple two-waveguide device with cu-
bically bent structure which can successfully mimic LZ tun-
neling process of a two-level atom system, and the results in-
dicated that LZ tunneling efficiency is only about 55%.[24]

Exploiting this dual-waveguide coupler, Dreisow et al. re-
alized nearly 100% LZ tunneling efficiency and designed a
beam splitter based on LZ dynamics in experiment,[25] but
they did not indicate how to select the relevant parameters
to design beam splitter. Using quasi-phase-matching (QPM)
scheme,[26,27] Suchowski et al. successfully achieved nearly
full conversion efficiency in sum frequency process under
the undepleted pump condition, and they used Bloch vector

to describe the process of optical sum frequency conversion

intuitively.[28,29] In this paper, we discuss the similarities be-

tween coherent tunneling STIRAP-like equations of light in

three-waveguide coupler, sum frequency adiabatic conversion

equations, and LZ tunneling equations of light in curved two-

waveguide coupler.

On one hand, by using the similarities between sum fre-

quency equations and coupled equations of a three-waveguide

coupler and the method proposed by Bloch[30] and Feynman

et al.,[31] we construct Bloch geometric representation model

of the three-waveguide system. From this geometrical view-

point, we reanalyze the complicated behavior of light tunnel-

ing process in three-waveguide coupler. On the other hand, we

analyze the similarity between sum frequency equations and

LZ tunneling equations of a curved two-waveguide system,

and this similarity allows a better understanding of the influ-

ences of spatial waveguide structure and phase mismatch. We

find that this curved two-waveguide coupler can constantly ad-

just the phase difference between two supermodes in coupler

system, like a chirped QPM grating, and finally it achieves

arbitrary light intensity splitting ratio in left and right chan-

nels, providing that the appropriate spatial chirp coefficient is

chosen. Furthermore, we give a parameter selection scheme

about how to design a curved beam splitter. According to a

more complex STIRAP three-waveguide system, we analyze

another simpler two-waveguide system.
∗Project supported by the National Natural Science Foundation of China (Grant Nos. 11304247 and 61505161) and the Shaanxi Provincial Research Plan for
Young Scientific and Technological New Stars, China (Grant No. 2015KJXX-40).

†Corresponding author. E-mail: shijian@xupt.edu.cn
© 2017 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb　　　http://cpb.iphy.ac.cn

124214-1

http://dx.doi.org/10.1088/1674-1056/26/12/124214
mailto:shijian@xupt.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B Vol. 26, No. 12 (2017) 124214

2. Sum frequency coupled equations and three-
waveguide coupled differential equations

2.1. Sum frequency coupled equations

Under the undepleted pump condition, the sum fre-
quency coupled equations can be simplified into[29] idÃ1/dz=
κÃ3e−i∆kz and idÃ3/dz = κÃ1e+i∆kz, where κ is the coupling
coefficient, ∆k is the constant of phase mismatch, Ã1 and Ã3

are the complex amplitudes of signal and idler wave. Sub-
stituting Ã1(z) = A1(z)e−(i∆k/2)z and Ã3(z) = A3(z)e+(i∆k/2)z

into the coupled equations, we can obtain

i
d
dz

(
A1(z)
A3(z)

)
=

−∆k
2

κ

κ
∆k
2

( A1(z)
A3(z)

)
. (1)

Equation (1) is similar to the coherent excitation equation
of a two-level atom system in the rotating-wave approxima-
tion. Using Feynman et al.’s expression,[31] we can convert
Eq. (1) into

d
dz

 U
V
W

=

 0 ∆k 0
−∆k 0 2κ

0 −2κ 0

 U
V
W

 , (2)

where in Eq. (2), U = A1A∗3 + A∗1A3, V = i(A1A∗3 − A∗1A3),
W = A3A∗3−A1A∗1, U , V , W are the three components of Bloch
vector, which moves on a unit sphere surface if the two-state
system is a pure state.

2.2. Three-waveguide coupled differential equations

In a three-waveguide coupler system shown in Fig. 1(a),
the central waveguide is straight, the right and left waveguides
are both parabolic. If incident light is coupled into the left
channel, the right channel is coupled with the center chan-
nel before the left one, we call such a waveguide structure
the counterintuitive tunneling scheme. The ΩR and ΩL in
Fig. 1(b) are the tunneling rate distributions between two ad-
jacent channels.

The coupled differential equations for a three-waveguide
system take the following form:[13]

i
d
dz

CL(z)
CC(z)
CR(z)

 =

 0 −ΩL(z) 0
−ΩL(z) 0 −ΩR(z)

0 −ΩR(z) 0


×

CL(z)
CC(z)
CR(z)

 , (3)

where CL(z), CC(z), and CR(z) are the complex amplitudes of
light field in left (|L〉), central (|C〉) and right (|R〉) waveg-
uides, |Cn(z)|2 indicates the variation of the light intensity
along the propagation direction as seen in Eq. (3). The tun-
neling rate Ωi(z) (i = L,R) quantify the coherent tunneling
passage between the adjacent waveguides. Equation (3) can be

visualized on Bloch sphere, and if we redefine the following
variables: U =−CR(z), V =−iCC(z), W =CL(z), the coupled
differential equations Eq. (3) can be recast as

d
dz

 U
V
W

=

 0 ΩR(z) 0
−ΩR(z) 0 ΩL(z)

0 −ΩL(z) 0

 U
V
W

 . (4)
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Fig. 1. (color online) Schematic diagrams of (a) three-waveguide cou-
pler and (b) the distribution functions of the tunneling rate versus prop-
agation distance.

Bloch vector 𝐵(z) = (U,V,W )T represents the energy
relation in three-waveguide coupler. Equations (4) and (2)
indicate that the coupled differential equations for a three-
waveguide system are completely equivalent to sum frequency
Bloch equations, the phase mismatch ∆k and the two times of
coupling coefficient 2κ are replaced by tunneling rate ΩR(z)
and ΩL(z), respectively, the superposition of idler (A3) and
signal(A1) fields are replaced by the complex amplitude of
light field in waveguide, the final tunneling efficiency η be-
tween left and right channels can be set up by x and z compo-
nents of Bloch vector 𝐵(z),

η(+∞) =
1+ |CR(+∞)|2−|CL(+∞)|2

2
=

1+ |U |2−|W |2

2
,

the north pole vector 𝐵(z)= (0,0,1)T means zero conversion
(CR = 0), while the equatorial vector 𝐵(z) = (1,0,0)T corre-
sponds to the full tunneling conversion (CR = 1). The mech-
anism of the coherent tunneling process in three-waveguide
directional coupler can be easily understood if we derive the
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instantaneous eigenvectors |Φ+(z)〉, |Φ0(z)〉, |Φ−(z)〉 of the
tunneling rate matrix of Eq. (3):

|Φ+(z)〉=
1√
2
(sinθ |L〉+ |C〉+ cosθ |R〉), (5a)

|Φ0(z)〉= cosθ |L〉− sinθ |R〉 , (5b)

|Φ−(z)〉=
1√
2
(sinθ |L〉− |C〉+ cosθ |R〉). (5c)

Defining the space-dependent mixing angle θ(z) as

tanθ(z) =
ΩL(z)
ΩR(z)

, (6)

and introducing new variable Ω̃0(z) =
√

Ω 2
L(z)+Ω 2

R(z), we
can obtain the adiabatic condition∣∣∣∣ θ̇(z)

Ω̃0(z)

∣∣∣∣=
∣∣∣∣∣ Ω̇L(z)ΩR(z)− Ω̇R(z)ΩL(z)(

Ω 2
L +Ω 2

R

)3/2

∣∣∣∣∣� 1. (7)

The dot represents the derivative with respect toz. During
the STIRAP in three-waveguide system, the initial adiabatic
state points along the state |Φ0(−∞)〉= |L〉, in order to main-
tain a continuous alignment of this adiabatic state with the
trapped state |Φ0(z)〉, the adiabatic tunneling condition shall
be fulfilled, and the tunneling rate ΩR between the right and
central waveguides must precede ΩL which is the tunneling
rate between the left and central ones. Choosing proper tun-
neling rate distribution functions can adjust the mixing angle
θ(z), and further control the proportion of light intensity in left
and right waveguides.

3. Geometrical representation of STIRAP in
three-waveguide coupler
In the counterintuitive three-waveguide tunneling

scheme, ΩR precedes ΩL. The initial mixing angle θ(−∞) ≈
0, the initial dark state Φ0(−∞) = |L〉, then, as the propagation
distance z approaches to infinity, θ(+∞)≈ π/2, the final dark
state Φ0(+∞) = |R〉. Figure 2 shows the movement tracks of
Bloch vector for three kinds of adiabatic tunneling processes
in counterintuitive coupled system with different tunneling
rate distributions and one non-adiabatic passage in intuitive
system.

In full efficiency STIRAP scheme, figure 2(a) shows that
Bloch vector which is composed of U , V , and W moves
on the Bloch unit sphere from the north pole to the equa-
tor slightly deviated from longitude. From the dark state
expression |Φ0(z)〉 = cosθ |L〉 − sinθ |R〉, the initial mix-
ing angle θ(−∞) = 0, the initial z component W (−∞) =

1, IL = CL(−∞)C∗L(−∞) = WW ∗ = |W |2 = 1, in the out-
put plane, θ(+∞) = π/2, W (+∞) = 0, U(+∞) = 1, IR =

CR(+∞)C∗R(+∞) = UU∗ = |U |2 = 1, light power transfers to
the right waveguide, and these finial states correspond to max-
imum coherence states in a two-state atom system. During

adiabatic tunneling evolution, it is not easy to calculate the
tunneling efficiency η at any position along the propagation
direction, because V component of Bloch vector is not zero,
but at the output end of the system, the tunneling efficiency can
be easily seen from the Bloch sphere η(+∞) = |U(+∞)|2 = 1.
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Fig. 2. (color online) Geometrical visualizations of STIRAP in three-
waveguide directional couplers: (a) full efficiency STIRAP, (b) frac-
tional efficiency STIRAP, (c) zero efficiency STIRAP, and (d) non-
adiabatic passage. In all of these schemes, the light is coupled into
the left waveguide, and the selected adiabatic tunneling rate param-
eters are the same as those in Ref. [13]. While in non-adiabatic
scheme, the parameters are zR = 30.5 mm, zL = 22 mm, ζR =

ζL = 9 mm, Ω = 1 mm−1, ΩR(z) = Ω exp[−(z− zR)
2/ζ 2

R],ΩL(z) =
Ω exp[−(z− zL)

2/ζ 2
L ].

In fractional efficiency STIRAP scheme, ΩR still pre-
cedes ΩL. Unlike the STIRAP, with the propagation dis-
tance tending to infinity, ΩR = ΩL, these two tunneling rate
distributions vanish together in the same proportion, and
the Bloch vector 𝐵(z) rotates around one longitude in the
WU plane as shown in Fig. 2(b). The initial mixing an-
gle, I = CL(−∞)C∗L(−∞) = WW ∗ = |W |2 = 1, on the output
plane, θ(+∞) = π/4, W (+∞) = cosθ(+∞)≈ 0.7, U(+∞) =

sinθ(+∞) ≈ 0.7, V (+∞) = 0, IL = CL(+∞)C∗L(+∞) =

WW ∗ = |W |2 ≈ 0.5, IR = CR(+∞)C∗R(+∞) = UU∗ = |U |2 ≈
0.5, light power is divided equally between the right and left
waveguides. During this adiabatic evolution, V (z) is so small
that the light power in central waveguide almost approaches
to zero IC = CC(z)C∗C(z) = VV ∗ = |V |2 ≈ 0. Throughout the
fractional STIRAP, we can visually see the tunneling effi-
ciency η from the U component of Bloch vector 𝐵(z) because
η(z) = (1+ |U(z)|2−|W (z)|2)/2 = |U(z)|2.

In a zero efficiency STIRAP scheme, ΩR precedes ΩL

at very early distance, but vanishes more slowly than ΩL

at very later distance, Bloch vector 𝐵(z) deviates from the
longitude which is parallel to the WU plane, and finally it
goes back to the starting point as shown in Fig. 2(c). Al-
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though this process is also adiabatic evolution, the value of
the deviation V (z) is large, V (z)max = 0.2, the maximum light
power in central waveguide ICmax = CCmaxC∗Cmax = |V |2max =

0.04, which indicates that the energy in central waveguide
is nearly zero. At the output of the coupler, θ(+∞) = 0,
W = 1, U = 0, IL = CL(+∞)C∗L(+∞) = WW ∗ = |W |2 = 1,
IR = CR(+∞)C∗R(+∞) = UU∗ = |U |2 = 0, light power trans-
fers back to the left waveguide again. The deviation value V (z)
is bigger, so we cannot directly see the conversion efficiency
of the entire adiabatic process from Bloch vector, except at the
terminal point of the tunneling passage.

In the non-adiabatic scheme, the tunneling rate ΩL pre-
cedes ΩR, θ(−∞) ≈ π/2, the initial state vector is composed
of two instantaneous eigenvectors |Φ+(z)〉 and |Φ−(z)〉, i.e.,
|Φ(−∞)〉 = [|Φ+(−∞)〉+ |Φ−(−∞)〉]/

√
2 = |L〉, thereby it

does not align with the trapped state |Φ0(−∞)〉= |L〉 any more
as seen in Eqs. (5a) and (5c). Since this is a non-adiabatic
evolution process, coherent superposition occurs between the
adiabatic states with the increasing of the propagation dis-
tance, and the light energy tunnels between the two adjacent
waveguides and transfers as Rabi-like oscillations. Bloch vec-
tor 𝐵(z), which experiences several big circles, rotates on
Bloch sphere from the north pole to the equator as shown in
Fig. 2(d). This trajectory describes the multiple exchange of
light power among all three channels. Later, when the prop-
agation distance approaches to infinity, i.e., z → +∞, then
IL(+∞) = 0, IC(+∞) = sin2

ζ , and IR(+∞) = cos2 ζ , where
ζ =

∫ +∞

−∞
Ω̃0(z)dz.

With angular velocity vector defined as 𝛺(z) =

[−ΩL(z),0,−ΩR(z)]T, using the symmetrical characteristic of
Eq. (4), we can convert Eq. (4) into a torque equation:

d
dz

𝐵(z) =𝛺(z)×𝐵(z). (8)

As in classical dynamics, a force 𝛺(z)×𝐵(z) which is
perpendicular to Bloch vector 𝐵(z) can change the move-
ment of Bloch vector. Taking into account both the defini-
tion of the space-dependent mixing angle θ(z) and assump-
tions U = −CR(z), W = CL(z), the dark state Eq. (5b) can be
rewritten in terms of the components of the angular velocity
vector 𝛺(z) and Bloch vector 𝐵(z) as follows:

Ω0(z) =
UΩL(z)+WΩR(z)

Ω̃0(z)
, (9)

where we have set Ω̃0(z) =
√

Ω 2
L(z)+Ω 2

R(z), according to
the torque equation (8), the ideal STIRAP in three-waveguide
coupler can be understand from this new standpoint as shown
in Fig. 3. Initially the angular velocity vector 𝛺(z) and Bloch
vector 𝐵(z) are both parallel to the W axis (z axis), so Bloch
vector 𝐵(z) stays still. With the introduction of the counterin-
tuitive tunneling rate distribution, the angular velocity vector

𝛺(z) begins to rotate, and the rotation direction of the angular
velocity vector depends on counterintuitive tunneling scheme.
Since this is adiabatic evolution process, Bloch vector 𝐵(z)
follows the angular velocity vector 𝛺(z). Finally, the angular
velocity vector 𝛺(z) and Bloch vector 𝐵(z) are still parallel
to each other along a certain direction in the WU plane.

U

a

b

c

B

W

θ

V

Fig. 3. (color online) Geometrical representation of ideal STIRAP in
three-waveguide directional coupler, the central waveguide is not ex-
cited.

According to the resemblance between the three-
waveguide coupled differential equations and the sum fre-
quency coupled equations under the undepleted pump con-
dition, we construct the three real-valued Bloch variables by
using the three components of the light field complex ampli-
tude. Expressions (5b) and (7) show that in order to achieve
the STIRAP in three-waveguide coupler, we should select suit-
able tunneling rate distributions ΩL and ΩR to control Bloch

vector moving along the arc
⌢
abc and simultaneously mini-

mize V component as sketched in Fig. 3. For this reason,
we must consider two aspects to choose ΩL and ΩR. On the
one hand, the parameter θ which is defined by Eq. (6) can de-
scribe the angle between Bloch vector 𝐵 and one component
W , and by selecting the proper tunneling rate parameters we
can control this angle distribution function, |W |2 = cos2(θ)

and |U |2 = sin2(θ), which can indicate the light powers in the
left and right channels, respectively, on the other hand, the
component V , namely the deviation between Bloch trajectory

and the arc
⌢
abc , can indirectly represent whether the adia-

batic condition is met as can be seen from both Fig. 2 and
Fig. 4. A smaller absolute value of V indicates that the adi-
abatic condition is satisfied, and a bigger absolute value of
V indicates that the adiabatic condition is destroyed. In full
efficiency STIRAP scheme, we want to control Bloch vector
to move from point a to point c. Figures 2(a) and 4 indicate
that the biggest component V corresponds to

∣∣θ̇/Ω̃0
∣∣ ≈ 0.13

and the adiabatic condition is no longer much less than one,
so the light power tunnels into the middle waveguide. By
choosing the best distance between the peck values of the
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tunneling rate ΩL and ΩR, we can reduce the value V , and
the distance used here is already the best choice. In frac-
tional efficiency STIRAP scheme, using the tunneling rate dis-
tributions ΩL(z) = Ω sinθ0 exp[−(z− zL)

2/ζ 2
L ] and ΩR(z) =

Ω exp[−(z− zR)
2/ζ 2

R] +Ω cosθ0 exp[−(z− zL)
2/ζ 2

L ], we can
control Bloch vector to move from point a to an arbitrary point

on the arc
⌢

abc. The parameters are defined in Ref. [13]. In
these two expressions, the parameter θ0 corresponds to the an-
gle θ between Bloch vector 𝐵 and the component W . During
STIRAP, the adiabatic condition is always satisfied as shown
in Fig. 4. If we control the parameter θ0, we can achieve an ar-
bitrary light intensity splitting ratio in left and right channels.
When θ0 = π/4, the light energy is split equally into left and
right waveguides. Figure 4 shows that there are two diabatic
points in zero efficiency STIRAP, this leads to big discrepancy

between Bloch trajectory and the arc
⌢

abc, namely big V value,
as indicated in Fig. 2(c). We can choose the better tunneling
rate distributions to achieve STIRAP, for example, ΩL(z) =
Ω exp[−(z− zL)

2/ζ 2
L ], ΩR(z) = Ω exp[−(z− zR)

2/ζ 2
R], zR =

zL = 30 mm, ζR = 80 mm, ζL = 10 mm, Ω = 1 mm−1. Under
such conditions, Bloch vector gets back to the starting point,
the big discrepancy can be reduced, which means that the light
power tunnels little into the middle waveguide.
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Fig. 4. (color online) Adiabatic condition evolutions along the three-
waveguide coupler in different stimulated Raman adiabatic schemes.

4. Geometrical representation of LZ tunneling
process in bent two-waveguide coupler
Longhi[24] proposed a cubically bent two-waveguide de-

vice to mimic LZ tunneling process of a two-level atom system
as shown in Fig. 5. The length of the optical coupler system
is L, two adjacent identical channels are separated by a dis-
tance a, and the transverse maximum distance between input
and output port is 2A. The following two-waveguide coupled
differential equations are derived:

dÃ1

dz
=−iκzÃ1− i

∆β

2
Ã2, (10a)

dÃ2

dz
= iκzÃ2− i

∆β

2
Ã1, (10b)

where ∆β = β1−β2 is the shift of propagation constant, β1 and
β2 are the eigenvalues of stationary supermodes wave func-
tions, and Ã1 and Ã2 are the complex amplitudes of the su-
permode superposition of the coupled waveguides, which can
refer to the amplitudes of the light in the left and right waveg-
uides. So

∣∣Ã1
∣∣2 and

∣∣Ã2
∣∣2 can describe the beam power evolu-

tions along thezdirection in two channels. Multiply both sides
of Eqs. (10a) and (10b) with exp(iκz2/2) and exp(−iκz2/2),
respectively, then we will obtain

d
dz

(
Ã1 exp

(
i
κ

2
z2
))

=−i
∆β

2
Ã2 exp

(
i
κ

2
z2
)
,

d
dz

(
Ã2 exp

(
−i

κ

2
z2
))

=−i
∆β

2
Ã1 exp

(
−i

κ

2
z2
)
.


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Fig. 5. (color online) Schematic diagram of a two-waveguide coupler
with cubically bent structure.

If we make the following substitutions: Ã1exp(i κ

2 z2) =

A1, Ã2exp(−i κ

2 z2) = A2, ∆k = κz, these two equations can be
converted into

dA1

dz
=−i

∆β

2
A2ei∆kz, (11a)

dA2

dz
=−i

∆β

2
A1e−i∆kz. (11b)

As indicated by Longhi, the coupling constant κ =

48πaAns/(λL3), where λ is the optical wavelength in chan-
nel and ns is the substrate refractive index. It is easy to see that
κ is a positive constant proportional to A when other physi-
cal quantities are all fixed constants. However, as we borrow
the chirped quasi-phase-matching (QPM) grating theory and
further analyze the analogy between Eqs. (11a), (11b), and
sum frequency coupled equations, we can consider the cou-
pling constant κ as the grating chirp coefficient.

There are two supermodes in the two-waveguide system,
one is even supermode with the propagation constant β1 and
the other is odd supermode with the propagation constant β2,
and β1 > β2. When two channels are straight, at the input of
the coupler z = 0 the initial phase difference ∆Φ =ΦR−ΦL =

124214-5



Chin. Phys. B Vol. 26, No. 12 (2017) 124214

0, so we have a constructive superposition in left waveguide
and a destructive superposition in right waveguide. The beam
power is confined in the left channel, because the two modes
have different speeds. The phase difference ∆Φ between the
right waveguide ΦR and the left waveguide ΦLvaries with the
propagation distance z, especially, at a certain distance, the
phase difference ∆Φ = ΦR−ΦL = π , which means that we
have a constructive superposition in the right waveguide and
a destructive superposition in the left waveguide, the beam
power tunnels into the right channel. The values of ∆Φ can
take 2π , 3π , 4π , 5π , . . . with the spreading distance increas-
ing. When ∆Φ takes an even number of π , the beam power
stays in the left channel, when ∆Φ takes an odd number of π ,
the beam power stays in the right channel. The beam power
hops between the left and right waveguides, like Rabi oscilla-
tion in a two-level atomic system. But when the two waveg-
uides have a cubically bent structure, in three different cases:
z < 0, z = 0, z > 0, the values of the new variable ∆k = κz
are negative, zero and positive, respectively. Different value
distributions of ∆k have a striking similarity to a chirped QPM
grating. Although this particular structure has not an aperiodic
structure, it can correct the relative phase between the two su-
permodes as a chirped QPM grating. Changing the parameters
A, a and L, we can achieve 100% LZ tunneling efficiency or
achieve an arbitrary light intensity splitting ratio in the left and
right channels.
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Fig. 6. (color online) Beam intensity evolution in the left channel ver-
sus propagation distancez and its corresponding Bloch vector trajectory.
The parameters are [(a) and (b)] A = 16 mm, κ = 1 mm−2, and [(c) and
(d)] A = 4 mm, κ = 0.25 mm−2.

We choose ∆β = 1.013 mm−1, ns = 2.138, λ = 1.55 µm,
a = 8 µm, and L = 30 mm to stimulate Eqs. (11a) and (11b).
In a two-waveguide optical coupler with a cubically bent
structure, Landau–Zener dynamic tunneling efficiency is about
55%. The geometrical representation of LZ coupled equations

(11a) and (11b) are shown in Fig. 6(b). Note that in an adi-
abatic sum frequency conversion process, the up-conversion
efficiency can reach 99% due to the existence of the suitable
phase mismatch value ∆k. In order to improve the LZ tunnel-
ing efficiency of the two-waveguide optical coupler system,
we can reduce the grating chirp coefficient κ . Surely full en-
ergy transfer can be achieved in the cubic bent two-waveguide
coupler as shown in Figs. 6(c) and 6(d).
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Fig. 7. (color online) Normalized light intensity at the output port of
left channel versus grating chirp coefficient.

As shown in Figs. 6(a) and 6(c), the value of beam inten-
sity near the coupler output port possesses an oscillation char-
acteristic, so the normalized light intensity at the output port of
the left channel is not monotonically decreasing function with
the increasing of grating chirp coefficient κ , it has also an os-
cillation characteristic as indicated in Fig. 7. In order to design
a beam splitter we can use the results of Fig. 7. Enlarging the
circular region in Fig. 7, we find that there are thirteen points
of intersection between horizontal dash line (LZ tunneling effi-
ciency is 50%) and the curve of the normalized beam intensity
at the output port of the left channel, and each horizontal co-
ordinate of the intersection point can be used to design a beam
splitter. When designing the desired beam splitters in vari-
ous sizes, we must first consider the distance between the two
adjacent waveguides a, because if a gets bigger, the tunnel-
ing rate between channels gets smaller. When a = 13 µm, the
tunneling rate comes down almost to zero,[12] and we cannot
infinitely increase a. Substituting these horizontal coordinates
of intersection point κ into the grating chirp coefficient expres-
sion κ = 48πaAns/(λL3), for fixed distance between the two
adjacent waveguides a and longitudinal length of the coupler
L, we can design a series of beam splitters with different values
of transverse size 2A, and for fixed a and A, we can design a se-
ries of beam splitters with different values of longitudinal size
L. It can be seen from the grating chirp coefficient expression
that A is proportional to the cubed L, with grating chirp coef-
ficient κ and a fixed. Therefore the length of the beam splitter
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has a greater influence on transverse size of beam splitter than
other physical quantities.

5. Further discussion about dual-waveguide
coupler based on three-waveguide coupler
When the two waveguides are both straight, A = 0, κ = 0,

the light intensity evolution along two-waveguide coupler is
similar to Rabi oscillation in a two-level atomic system. To
avoid this situation, we calculate the light intensity at the out-
put port of left channel under the condition κ ≥ 0.1 as shown
in Fig. 7.

In the three-waveguide coupler system as shown in
Fig. 1(a), the tunneling rate distributions ΩR(z) and ΩL(z)
of the right and left channels from the central one are both
Gaussian profiles, so this system can easily achieve STIRAP.
If the left waveguide is removed, the rest of this system is
a two-waveguide coupler as shown in Fig. 8. For such a
two-waveguide coupler, three-waveguide coupled equations
(Eq. (3)) are reduced to two-waveguide coupled equations

i
d
dz

CL(z) =−Ω(z)CR(z), (12a)

i
d
dz

CR(z) =−Ω(z)CL(z), (12b)

which are different from Eqs. (10a) and (10b) due to the dif-
ference in dual-waveguide coupler structure. In Eqs. (12a) and
(12b), CL and CR are the complex amplitudes of light field
in the left and right channels respectively. The expression
Ω(z) = Ω0 exp[−(z− z0)

2/ζ 2] is the tunneling rate between
two adjacent waveguides. Equations (12a) and (12b) are simi-
lar to the two-state resonant excitation equations in the rotating
wave approximation (RWA). Adjusting the distribution of the
tunneling rate function and the peak tunneling rate value Ω0,
we can produce any desired energy distribution, from no en-
ergy transfer to full energy transfer. Selecting the following
parameters: Ω0 = 1.4 mm−1, z0 = 20 mm, and ζ = 9.5 mm,
we can obtain another beam splitter based on resonant excita-
tion theory which is different from that based on LZ tunneling
mechanism.

We can see that LZ coupled equations (10) have similar-
ities to the sum frequency coupled equations (1). so it is easy
for us to write out the following expression of Bloch vector for
a curved two-waveguide system similar to Eq. (2).

d
dz

 U
V
W

=

 0 −2κz 0
2κz 0 ∆β

0 −∆β 0

 U
V
W

 . (13)

Using the similarities between Eqs. (13) and (4) and intro-
ducing new variables: tanθ(z) = ∆β/−2κz and Ω̃0(z) =√

∆β 2 +(2κz)2, we obtain the corresponding adiabatic cri-
terion Eq. (14) without solving the eigenvalues and seeking
the expressions for the eigenvector components of Eq. (10) in

dressed states picture.∣∣∣∣ θ̇(z)
Ω̃0(z)

∣∣∣∣=
∣∣∣∣∣ 2κ∆β

(∆β 2 +(2κz)2)3/2

∣∣∣∣∣� 1. (14)

L

z0

L R

z



Fig. 8. (color online) Schematic diagram of two-waveguide coupler.

In the intermediate section of the curved dual-waveguide
system, the condition

∣∣θ̇(z)/Ω̃0(z)
∣∣� 1 fails to hold, the LZ

tunneling process occurs when the light passes through this
region as indicated in Fig. 9 and Figs. 6(a) and 6(c). When
the value

∣∣θ̇(z)/Ω̃0(z)
∣∣ gets bigger, adiabatic condition acts

as a long straight edge, and the LZ tunneling process in two-
waveguide coupler system is analogous to the Fresnel straight
edge diffraction in traditional optics.
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Fig. 9. (color online) Adiabatic condition evolution along the curved
two-waveguide coupler in LZ tunneling scheme.

6. Conclusions
In this paper, first, we use the analogy between the

equations of chirped sum frequency conversion and three-
waveguide STIRAP to construct Bloch vector of three-state
system, and under adiabatic or non-adiabatic condition, we
describe the tunneling process of optical energy in the three-
waveguide directional coupler by using Bloch vector. Then,
after simple mathematical transformation, we find that the sum
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frequency process using a chirped QPM grating and LZ tun-
neling process in dual-waveguide with a bent axis bear an
intriguing similarity. This particular cubically curved two-
waveguide coupler can provide suitable chirp factor similar to
a chirped QPM grating. By choosing the appropriate spatial
chirp coefficient to correct the relative phase between two su-
permodes, we can control the distribution of light intensity in
this curved two-waveguide system. For fixed wavelength λ ,
there exist different sets of parameters to design beam split-
ters with various sizes, and the parameters can be chosen very
flexibly. Finally, based on three-waveguide coupler, we ana-
lyze another two-waveguide coupler which is based on reso-
nant coherent tunneling principle.

During the past decade, STIRAP in multi-waveguide cou-
pled systems has been studied in detail, so it is possible for us
to learn something about a simpler curved two-waveguide cou-
pler from a more complex three-waveguide system. In analogy
with the three-waveguide Bloch equations, we can easily ob-
tain the adiabatic condition of the curved two-waveguide with-
out complex calculation steps, and this condition can help us to
analyze the LZ tunneling process in a curved two-waveguide
system.
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