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Parallel generation of 31 tripartite entangled states
based on optical frequency combs∗

Jing Zhang(张静)1,2,3,†, Yan-Fang Wang(王艳芳)1,2, Xiao-Yu Liu(刘晓宇)1,2, and Rong-Guo Yang(杨荣国)1,2,3

1State Key Laboratory of Quantum Optics and Quantum Optics Devices, Shanxi University, Taiyuan 030006, China
2College of Physics and Electronic Engineering, Shanxi University, Taiyuan 030006, China

3Collaborative Innovation Center of Extreme Optics, Shanxi University, Taiyuan 030006, China

(Received 5 June 2017; revised manuscript received 3 August 2017; published online 20 October 2017)

Quantum entangled states, especially those having particular properties, are key resources for quantum information
and quantum computation. In this paper, we put forward a new scheme to produce 31 continuous–variable (CV) tripartite
entanglement fields based on three optical frequency combs via cascade nonlinear processes in an optical parametric cavity,
and investigate the spectral characteristics of three frequency combs. The center wavelengths of the three combs are
designed as 852 nm, 780 nm (atomic transition lines), and 1550 nm (fiber communication wavelength). The positivity
under partial transposition (PPT) criterion, which is sufficient and necessary, is used to evaluate the entanglement in each
group of comb lines. This scheme is experimentally feasible and valuable for constructing quantum information networks
in future.
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1. Introduction
Quantum entanglement has been extensively applied in

quantum information fields, such as quantum teleportation,[1]

quantum dense coding,[2] and quantum key distribution,[3]

etc. Diverse quantum entangled states have been stud-
ied intensively both theoretically and experimentally.[4–6]

Generally, the continuous–variable (CV) bipartite entangle-
ment can be generated in diverse systems, such as optical
parametric amplifier (OPA) or optical parametric oscillator
(OPO),[7,8] combination of two squeezed lights with a beam
splitter,[9,10] and can be applied in different protocols of quan-
tum communication.[11,12] In recent years, generating CV
multipartite entangled states has been widely investigated in
diverse methods, such as cascaded nonlinear processes,[13,14]

dual-ported frequency doubling process,[15,16] and four-wave
mixing process.[17–21] On the one hand, multipartite entangled
states with different frequencies, especially including the fiber
communication windows and the atomic transition lines, are
more practical in applications of quantum communication net-
works and quantum storage. Such kind of three-color entan-
glement has been demonstrated both theoretically and experi-
mentally in two cascaded NOPOs in 2012.[14,22]

On the other hand, quantum entanglement resources with
high efficiency and multi-channel for quantum communica-
tion network is becoming a popular branch in quantum op-
tics. The optical frequency comb is one of the ideal systems
that can realize multi-channel and wavelength division mul-

tiplexing (WDM) for quantum communication network. In
2011, 15 quadripartite entangled cluster states were generated
simultaneously in experiment via optical frequency combs.[23]

A theoretical scheme to produce a multiplexed entanglement
frequency comb in a nondegenerate optical parametric ampli-
fier (NOPA) was proposed in 2013[24] and a low-frequency
signal beyond the quantum limit was obtained via frequency-
shift detection using frequency combs in 2015.[25] In addition,
a large-scale cluster entangled state, which is necessary for
usable quantum computation and quantum information pro-
cesses, can also be generated by using an optical frequency
comb. A cluster entangled state with more than 60 modes
of a quantum optical frequency comb was achieved exper-
imentally in 2014.[26] A theoretical scheme to produce CV
cluster-state over the optical spatial mode was proposed in
2014.[27] The scheme of 11 entangled high-order transverse
modes generated from an optical spatial mode comb was pro-
posed recently.[28] The related research about the optical fre-
quency comb have aroused many interests in theory and ex-
periment. In this paper, we put forward a new scheme to pro-
duce 31 CV tripartite entanglement fields based on three opti-
cal frequency combs via parametric down-conversion (PDC)
and sum-frequency generation (SFG) processes with a χ(2)

crystal in an OPO, which pumped by two fields (1573 nm and
550 nm). The center wavelengths of three combs are designed
as 852 nm, 780 nm (transition line of Cs and Rb atoms) and
1550nm (optical fiber communication wavelength), for practi-
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cal CV quantum information network with both storage nodes
and fiber transmission lines.

The arrangements of detail are outlined as follows: In
section 2, the theoretical model of frequency combs for 31 tri-
partite entangled states are introduced concisely and the evo-
lution equations and the quadrature fluctuations of the three
modes are deduced. Then the amplitude and phase quadra-
ture of the three out-modes are calculated by employing the
boundary conditions of optical cavities and the spectral char-
acteristics of three frequency combs are investigated. In sec-
tion 3, the PPT criterion is used to estimate the entanglement
among each group of comb lines. Finally, a brief summary is
presented in section 4.

2. Theoretical model and equations derivation
2.1. Theoretical model

The schematic of the system is shown in Fig. 1(a). The
system consists of a dual-port OPO with three intra-cavity
modes (â1, â3, â5), two pump modes (â2, â4), and a χ(2) non-
linear crystal (the medium for PDC and SFG processes).
Pump mode â4 is incident upon the optical medium to cre-
ate modes â1 and â3 via PDC process, and synchronously the
other pump mode â2 interacts with mode â3 to produce mode
â5 via SFG process. The polarizations of all interacting modes
are decided by the phase-matching conditions of the nonlinear
crystal, which can be designed by a general method of pho-
tonic quasicrystals.[29] The energy conservation conditions
are ω4 = ω1 +ω3,ω5 = ω2 +ω3. The quantum graph states of
tripartite entanglement frequency comb is shown in Fig. 1(b).
The center wavelengths of three optical frequency combs are
designed as 852 nm, 1550 nm, and 780 nm (corresponding
to ω1,ω3,ω5). The spectrums of three combs are separated in
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Fig. 1. (a) The schematic of the system for generation of tripartite en-
tanglement frequency combs. (b) Quantum graph states of three out-
modes, the comb lines scaled by the same symbol stands for a set of
tripartite entanglement.

frequency by the cavity free spectral range (FSR) and are lim-
ited in bandwidth of nonlinear phase-matching. Each group of
comb lines ω1±n∆ ,ω3∓n∆ ,ω5∓n∆ (n= 0,1, . . . ,15) scaled
by the same symbol, represent a set of tripartite entanglement,
where ∆ is the FSR.

2.2. Equations derivation

The interaction Hamiltonian for the system is

ĤI = ih̄χ
(2)(â4â†

1â†
3 + â2â3â†

5)+H.C. (1)

Under the condition of perfect phase matching without
any detuning, the quantum Langevin equations of motion for
the three modes can be expressed as

˙̂a1(t) = −γ1â1(t)+χ
(2)â4(t)â

†
3(t)

+
√

2γb1 âin
1 (t)+

√
2γc1 ĉ1(t),

˙̂a3(t) = −γ1â3(t)+χ
(2)â4(t)â

†
1(t)−χ

(2)â†
2(t)â5(t)

+
√

2γb1 âin
3 (t)+

√
2γc1 ĉ3(t),

˙̂a5(t) = −γ5â5(t)+χ
(2)â2(t)â3(t)

+
√

2γb5 âin
5 (t)+

√
2γc5 ĉ5(t), (2)

where âi (i= 1,3,5) is the annihilation operators of three intra-
cavity modes. χ(2) is the effective nonlinear coupling param-
eter and can be merged into pump field amplitude α2 and α4

(considered as χ1 and χ2, respectively). âin
i denotes the an-

nihilation operators of the input modes. ĉi (i = 1,3,5) is the
vacuum noise term corresponding to intra-cavity loss. The to-
tal loss rate for each mode is γi = γbi + γci , where γbi corre-
sponding to the loss rate of input and output coupler, and γci

represents extra intra-cavity loss, which relates to absorption
and surface scattering of crystal, imperfection of cavity mir-
rors, and so on. Here the loss of modes â1 and â3 are assumed
to be equal.

The operator equations of cavity mode âi (i= 1,3,5) after
a single cavity round trip can be expressed as

â1(t + τ) = χ1τ â†
3(t)+(1− γ1τ)â1(t)

+
√

2γb1τ âin
1 (t)+

√
2γc1τ ĉ1(t),

â3(t + τ) = χ1τ â†
1(t)−χ2τ â5(t)+(1− γ1τ)â3(t)

+
√

2γb1τ âin
3 (t)+

√
2γc1τ ĉ3(t),

â5(t + τ) = χ2τ â3(t)+(1− γ5τ)â5(t)

+
√

2γb5τ âin
5 (t)+

√
2γc5 ĉ5(t), (3)

where τ is the round-trip time of light in the cavity and it
is assumed to be the same value for the three modes. It is
convenient to decompose the field operators into the mean
value and quantum fluctuations in the form âi = αi + δ âi.

After taking Fourier transforms of Eqs. (3), δ â(t + τ) →
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δ â(ω)e iωτ ,δ â(t) → δ â(ω), we can obtain the following
equations in frequency domain

δ â1(ω)[e iωτ − (1− γ1τ)]

= χ1τδ â†
3(ω)+

√
2γb1τδ âin

1 (ω)+
√

2γc1τδ ĉ1(ω),

δ â3(ω)[e iωτ − (1− γ1τ)]

= χ1τδ â†
1(ω)−χ2τδ â5(ω)+

√
2γb1τδ âin

3 (ω)

+
√

2γc1 τδ ĉ3(ω),

δ â5(ω)[e iωτ − (1− γ5τ)]

= χ2τδ â3(ω)+
√

2γb5τδ âin
5 (ω)+

√
2γc5τδ ĉ5(ω). (4)

After complex calculating, the fluctuations of intra-cavity
fields can be given as

δ â1(ω) =
{[e iωτ − (1− γ1τ)][e iωτ − (1− γ5τ)]+(χ2τ)2}

M
× [
√

2γb1τδ âin
1 (ω)+

√
2γc1τδ ĉ1(ω)]

+
χ1τ[e iωτ − (1− γ5τ)]

M
× [
√

2γb1τδ âin†
3 (ω)+

√
2γc1τδ ĉ†

3(ω)]

− χ1χ2τ2

M
[
√

2γb5τδ âin†
5 (ω)+

√
2γc5τδ ĉ†

5(ω)],

δ â3(ω) =
χ1τ[e iωτ − (1− γ5τ)]

M
× [
√

2γb1τδ âin†
1 (ω)+

√
2γc1τδ ĉ†

1(ω)]

+
[e iωτ − (1− γ1τ)][e iωτ − (1− γ5τ)]

M
× [
√

2γb1τδ âin
3 (ω)+

√
2γc1τδ ĉ3(ω)]

− χ2τ[e iωτ − (1− γ1τ)]

M
× [
√

2γb5τδ âin
5 (ω)+

√
2γc5τδ ĉ5(ω)],

δ â5(ω) =
χ1χ2τ2

M
[
√

2γb1τδ âin†
1 (ω)+

√
2γc1τδ ĉ†

1(ω)]

+
χ2τ[e iωτ − (1− γ1τ)]

M
× [
√

2γb1τδ â+
√

2γc1τδ ĉ3(ω)]

+
{[e iωτ − (1− γ1τ)]

2− (χ1τ)2}
M

× [
√

2γb5τδ âin
5 (ω)+

√
2γc5τδ ĉ5(ω)]. (5)

The fluctuations of the output fields δAout
i (i = 1,3,5) can

be obtained by using the boundary condition δ Âout
i (ω) =√

2γbiδ âi(ω)−δ âin
i (ω). The amplitude and phase quadrature

variances (V out±
i ) of the three modes are

V out±
1 (ω) =

∣∣∣∣∣ [e iωτ − (1− γ1τ)][e iωτ − (1− γ5τ)][2γb1 τ− γ1τ +1− e iωτ ]− (χ2τ)2[2γb1 τ− γ1τ +1− e iωτ ]+ (χ1τ)2[e iωτ − (1− γ5τ)]

M

∣∣∣∣∣
2

V in±
1 (ω)

+

∣∣∣∣∣2
√

γb1 γc1 τ{[e iωτ − (1− γ1τ)][e iωτ − (1− γ5τ)]+(χ2τ)2}
M

∣∣∣∣∣
2

V c±
1 (ω)+

∣∣∣∣∣2γb1 χ1τ2[e iωτ − (1− γ5τ)]

M

∣∣∣∣∣
2

V in±
3

+

∣∣∣∣∣2
√

γb1 γc1 χ1τ2[e iωτ − (1− γ1τ)]

M

∣∣∣∣∣
2

V c±
3 (ω)+

∣∣∣∣∣2χ1χ2
√

γb1 γb5 τ3

M

∣∣∣∣∣
2

V in±
5 (ω)+

∣∣∣∣∣2χ1χ2
√

γb1 γc5 τ3

M

∣∣∣∣∣
2

V c±
5 (ω),

V out±
3 (ω) =

∣∣∣∣∣ [e iωτ − (1− γ1τ)][e iωτ − (1− γ5τ)][2γb1 τ− γ1τ +1− e iωτ ](χ2τ)2[e iωτ − (1− γ1τ)]+(χ1τ)2[e iωτ − (1− γ5τ)]

M

∣∣∣∣∣
2

V in±
3 (ω)

+

∣∣∣∣∣2
√

γb1 γc1 τ[e iωτ − (1− γ1τ)][e iωτ − (1− γ5τ)]

M

∣∣∣∣∣
2

V c±
3 (ω)+

∣∣∣∣∣2
√

γb1 γb5 χ2τ2[e iωτ − (1− γ1τ)]

M

∣∣∣∣∣
2

V in±
5 (ω)

+

∣∣∣∣∣2γb1 χ1τ2[e iωτ − (1− γ5τ)]

M

∣∣∣∣∣
2

V in±
1 (ω)+

∣∣∣∣∣2
√

γb1 γc1 χ1τ2[e iωτ − (1− γ5τ)]

M

∣∣∣∣∣
2

V c±
1 (ω)

+

∣∣∣∣∣2
√

γb1 γc5 χ2τ2[e iωτ − (1− γ1τ)]

M

∣∣∣∣∣
2

V c±
5 (ω),

V out±
5 (ω) =

∣∣∣∣∣2
√

γb1 γb5 χ1χ2τ3

M

∣∣∣∣∣
2

V in±
1 (ω)+

∣∣∣∣∣2
√

γb5 γc1 χ1χ2τ3

M

∣∣∣∣∣
2

V c±
1 (ω)+

∣∣∣∣∣
√

2γb1 γb5 χ2τ2[e iωτ − (1− γ1τ)]

M

∣∣∣∣∣
2

V in±
3 (ω)

+

∣∣∣∣∣
√

2γb5 γc1 χ2τ2[e iωτ − (1− γ1τ)]

M

∣∣∣∣∣
2

V c±
3 (ω)+

∣∣∣∣∣2
√

γb5 γc5 τ{[e iωτ − (1− γ1τ)]
2− (χ1τ)2}

M

∣∣∣∣∣
2

V c±
5 (ω).

+

∣∣∣∣∣ [e iωτ − (1− γ1τ)]
2
[2γb5 τ− γ5τ +1− e iωτ ]+ (χ1τ)2[e iωτ −1+ γ5τ−2γb5 τ]− (χ2τ)2[e iωτ − (1− γ1τ)]

M

∣∣∣∣∣
2

V in±
5 (ω), (6)

where M = [e iωτ − (1− γ1τ)]2[e iωτ − (1 − γ5τ)] +

(χ2τ)2[e iωτ − (1− γ1τ)]− (χ1τ)2[e iωτ − (1− γ5τ)].

The definitions of the amplitude and phase quadrature

fluctuations of output modes, input modes and vacuum noise

are

δ X̂+
i (ω) = [δ Âout

i (ω)+δ Âout
i (−ω)†],

δ X̂−i (ω) = i[δ Âout
i (−ω)†−δ Âout

i (ω)],

δ X̂ in+
i (ω) = [δ âin

i (ω)+δ âin
i (−ω)†],
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δ X̂ in−
i (ω) = i[δ âin

i (−ω)†−δ âin
i (ω)],

δ X̂c+
i (ω) = [δ ĉi(ω)+δ ĉi(−ω)†],

δ X̂c−
i (ω) = i[δ ĉi(−ω)†−δ ĉi(ω)]. (7)

The quadrature variances are defined by the following

expressions: V out±
i (ω) = 〈|δ X̂±i |

2〉, V in±
i (ω) = 〈|δ X̂ in±

i |2〉,
V c±

i (ω) = 〈|δ X̂c±
i |

2〉.
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Fig. 2. The amplitude and phase quadrature variances versus analysis frequency for three modes. Panels (a), (b), (c) are corresponding to the quadrature
variances of modes â1, â3, â5, respectively, and panels (d), (e), (f) show the details of the zero-order comb line.

Here we consider that V in±
i (ω) = 1, V c±

i (ω) = 1 (i =
1,3,5), and the FSR is 16/2π GHz (optical circular fre-
quency for calculation convenience). The amplitude and phase
quadrature noise spectra of three modes versus the analysis
frequency are given in Fig. 2. It is obvious that the frequency
combs of three modes are equidistant lines in frequency space,
and the amplitude and phase quadrature variances are all above
the shot noise level for three modes. The line shapes of the
zero-order and other ±n-order (n = 1,2, . . .15) are the same.

Actually, the whole bandwidth of the comb is confined
by the phase-matching bandwidth of the crystal. The optical
cavity can increase nonlinear coupling and lead to spectral fil-
tering of the down-converted and sum-frequency output. For
a bulk nonlinear optical crystal of length Lcrystal, the phase-
matching bandwidth is approximately 10c/Lcrystal. The FSR
of a cavity with length Lcavity is c/2Lcavity.[24,30] If we consider
that Lcavity = 5.88 cm, Lcrystal = 1.96 cm, which are experi-
mental feasible parameters, then 31 tripartite entangled states
can be excited.

3. Entanglement characteristics
For Gaussian states, the complete information is available

from the mean values (first-order moments) and the covariance
matrix (second-order moments), of which only the latter is rel-
evant for entanglement properties.[31] PPT criterion, which is
sufficient and necessary conditions for bipartite splittings of
Gaussian states with N modes with only a single mode on
one side (1 |N−1) , where N is the total number of entangled

modes. The entanglement characteristic is checked by eval-
uating the symplectic eigenvalues of the partially transposed
matrix.[32,33] In the tripartite scenario, the three possible 1×2
partitions have to be tested. All the partitions of the three mode
states are inseparable when the smallest symplectic eigenvalue
for each of the three partially transposed covariance matrices is
smaller than 1. The smaller the symplectic eigenvalue is, the
larger the entanglement becomes. Generally, the covariance
matrix of the three modes can be written as

v =


cx

11 0 cx
13 0 cx

15 0
0 cy

11 0 cy
13 0 cy

15
cx

31 0 cx
33 0 cx

35 0
0 cy

31 0 cy
33 0 cy

35
cx

51 0 cx
53 0 cx

55 0
0 cy

51 0 cy
53 0 cy

55

 , (8)

where cx
pq (p,q = 1,3,5) represent the correlation between

amplitude quadratures of output modes, cy
pq is corresponding

to the phase quadratures. The elements of the covariance ma-
trix can be defined as

cx
pq =

1
2
〈
δ X̂+

p δ X̂+
q +δ X̂+

q δ X̂+
p
〉
,

cy
pq =

1
2
〈
δ X̂−p δ X̂−q +δ X̂−q δ X̂−p

〉
with p,q = 1,3,5.

After the congruence transform ν ′ = ST νS, a new matrix
ν ′ can be obtained, where S represents the symplectic trans-
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formation.

S = I1⊕



1√
2

0
1√
2

0

0
1√
2

0
1√
2

1√
2

0 − 1√
2

0

0
1√
2

0 − 1√
2


. (9)

Here, I1 is an identity matrix of 2× 2. The partial trans-
position with respect to mode k corresponds to the change
of sign of the phase quadrature. The covariance matrix of a
state partially transposed with respect to mode k thus reads
ν ′(Tk) = Tkν ′T T

k , where Tk is a diagonal matrix with all diag-
onal elements equal to 1 except for T2k,2k =−1. After block di-
agonalizing the partially transposed covariance matrices with
respect to the mode â1, â3 and â5, we can find the correspond-
ing smallest symplectic eigenvalues.
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Fig. 3. (color online) The smallest symplectic eigenvalues versus
normalized frequency (Ω = ω/γ1) for γ1 = 0.02/τ , γb1 = 0.018/τ ,
γc1 = 0.002/τ , γ5 = 0.028/τ , γb5 = 0.026/τ , γc5 = 0.002/τ , σ = 0.6,
ξ = 0.7. (i): â3−(â1, â5), green line; (ii): â5−(â1, â3), blue line; (iii):
â1−(â3, â5), red line.

As is shown in Fig. 3, the smallest symplectic eigenvalues
of partially transposed covariance matrices with respect to the
mode â1, â3 and â5 are all below 1, which means that the tri-
partite entanglement exists indeed in a wide frequency range,
and with the increase of frequency it decreases gradually and
disappears roughly at Ω = 4. The maximum entanglement can
be accessed at about Ω = 0.85.

The smallest symplectic eigenvalues versus the pump pa-
rameter of PDC and SFG are shown in Fig. 4(a) and 4(b), re-

spectively. It is shown that the tripartite entanglement can be
obtained when σ ≤ 1 and ξ ≤ 1. The trend of the blue line
â5−(â1, â3) is different from that of the red line â1−(â3, â5)

and green line â3−(â1, â5), because of the different origin of
nonlinear process (â5 is from SFG, while â1 and â3 are from
PDC).

In both Fig. 3 and Fig. 4, the red line always shows
the best entanglement, which represents the entanglement be-
tween â1 and (â3, â5). Because modes â1 and â3 are generated
from the same PDC process, and partial quantum properties of
mode â3 is transferred to mode â5 via an SFG process.

i

ii

iii

0 0.2 0.4 0.6 0.8 1.0
0

0.2

0.4

0.6

0.8

1.0

i

ii

iii

0 0.2 0.4 0.6 0.8 1.0
0

0.2

0.4

0.6

0.8

1.0

S
y
m

p
le

c
ti
c
 e

ig
e
n
v
a
lu

e
s 

P
T

S
y
m

p
le

c
ti
c
 e

ig
e
n
v
a
lu

e
s 

P
T

ξ

σ

(a)

(b)

Fig. 4. (color online) The smallest symplectic eigenvalues versus pump
parameters of PDC σ(a) and SFG ξ (b) for γ1 = 0.02/τ , γb1 = 0.018/τ ,
γc1 = 0.002/τ , γ5 = 0.028/τ , γb5 = 0.026/τ , γc5 = 0.002/τ . (a)
σ = χ1/γ1, Ω = 0.85, ξ = 0.7; (b) ξ = χ2/γ1, Ω = 0.85, σ = 0.6.
(i): â3−(â1, â5), green line; (ii): â5−(â1, â3), blue line; (iii): â1−(â3,
â5), red line.

The tripartite quantum entanglement of the 0-order and
the ±1-order comb lines are displayed in Fig. 5, and the en-
tanglement distribution at±n-order (n = 2, . . . ,15) are exactly
the same, which means that each group of comb lines scaled
by the same symbol in Fig. 1(b) is entangled indeed.
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Fig. 5. (color online) The smallest symplectic eigenvalues versus analysis frequency at 0-order and ±1-order comb lines, for γ1 = 0.02/τ , γb1 =
0.018/τ , γc1 = 0.002/τ , γ5 = 0.028/τ , γb5 = 0.026/τ , γc5 = 0.002/τ , σ = 0.6, ξ = 0.7. (i): â3−(â1, â5), green line; (ii): â5−(â1, â3), blue line;
(iii): â1−(â3, â5), red line.
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Other schemes of combining frequency combs and non-
classical fields have been achieved in experiment.[23,26] To re-
alize our scheme in experiment, it should satisfy the following
conditions: choosing a nonlinear crystal with proper phase-
matching bandwidth, making the conversion efficiency and the
strength of nonlinear interaction of each tripartite entangled
states balance, designing the optical cavity with appropriate
structure and cavity length. In addition, the bandwidths of
mirror coating should be wide enough thus the reflection and
transmission are consistent for each tripartite entangled state.
Based on our theoretical scheme, the corresponding experi-
ment setup is simple, compact and feasible.

4. Conclusion
In summary, we theoretically propose a scheme to gen-

erate 31 CV tripartite entanglement states based on optical
frequency combs, in which the central wavelengths are cor-
responding to the optical fiber communication line and the
atomic transition lines. The sufficient and necessary criterion
(PPT) is used to investigate the entanglement properties of 31
tripartite modes. Based on this work, with the technology
of WDM, high efficiency and high capacity can be achieved
for quantum communications and quantum dense coding. We
hope that such an optical device and scheme might be useful
to generate valuable entanglement resources for quantum com-
munication and quantum information storage in real quantum
information networks.
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