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We study localized waves on continuous wave background in an exponential dispersion decreasing fiber with two or-
thogonal polarization states. We demonstrate that asymmetric W-shaped and M-shaped soliton pulse can be generated from
a weak modulation on continuous wave background. The numerical simulation results indicate that the generated asym-
metric soliton pulses are robust against small noise or perturbation. In particular, the asymmetric degree of the asymmetric
soliton pulse can be effectively controlled by changing the relative frequency of the two components. This character can
be used to generate other nonlinear localized waves, such as dark—antidark and antidark—dark soliton pulse pair, symmetric
We-shaped and M-shaped soliton pulse. Furthermore, we find that the asymmetric soliton pulse possesses an asymmetric

discontinuous spectrum.
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1. Introduction

Optical localized waves have recently become a topic
of intense research in nonlinear fiber system, such as bright
soliton, dark soliton, breather, and rogue wave. =8 Consid-
ering the modes are usually more than 1, many studies have
been done to find out if there are some new excitation prop-
erties in coupled systems. Explicitly, it is found that there
are much more abundant localized waves in coupled systems,
such as vector solitons,*1?l vector rogue waves,!'3-!7) and

13.14.18] Thege vector localized waves demon-

vector breathers. |
strate many dynamics properties different from the scalar ones.
However, most of them admit symmetric profile in temporal
distribution. We would like to find if there can be some asym-
metric solitons in nonlinear fiber systems.

On the other hand, a soliton is usually obtained from lo-
calized pulses.!'”! Recent studies suggested that it is possible
to obtain rogue waves from weak modulations on continu-
ous wave background (CWB).[?%211 If we can find some ways
to stabilize the rogue wave signals, then it is possible to ob-
tain soliton pulse from weak modulations on CWB. Moreover,
modulational instability (MI) plays an important role in the
dynamics of a nonlinear localized wave.?”! These characters
have been used to obtain the soliton in the exponential disper-

(12324

sion decreasing fiber with one componen I Considering

the MI character in coupled systems is different from the ones
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in uncoupled systems, we expect that there are some different
dynamical processes in an exponential dispersion decreasing
fiber with two orthogonally polarized states.

In this paper, we study nonlinear excitation in an expo-
nential dispersion decreasing fiber with two orthogonal po-
larization states. We demonstrate asymmetric W-shaped and
M-shaped soliton pulses are generated from a weak modula-
tion on CWB in the fiber, in contrast to symmetric ones ob-
tained before. The numerical results indicate that the gener-
ated asymmetric soliton pulses are robust against small noise
or perturbation. The dynamical process is explained by qual-
itatively based MI analysis, which evolves from MI regime to
modulational stability (MS) regime. In particular, the asym-
metric degree of the asymmetric soliton pulse can be con-
trolled effectively by changing the relative frequency of two
components, which is used to generate other type soliton
pulses. Furthermore, spectral analysis is carried out on the
asymmetric soliton pulse. It is shown that the spectrum is
asymmetric and discontinuous. The results provide a possible
way to obtain asymmetric soliton pulses from weak modula-
tions, which is different from previous methods.

The paper is organized as follows. In Section 2, we de-
scribe the physical model of an exponential dispersion de-
creasing fiber and present analytic solution, which can be used
to describe the evolution of a weak disturbance on continu-
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ous wave backgrounds. In Section 3, we present the dynamic
process of asymmetric soliton pulse generated from a weak
modulation in the exponential dispersion decreasing fiber. We
show that the asymmetric degree of soliton pulse is controlled
well by varying the relative frequency. Moreover, we perform
a spectral analysis on the asymmetric soliton pulse. The con-
clusion is given in Section 4.

2. Theoretical model and analytic solution

Nonlinear waves in single mode fiber (SMF) have been
studied extensively, because of its important application in
telecommunications system. ! Most single-mode fiber is not
truly single mode, because it usually involves two orthogo-
nally polarized states. For real fibers, the two orthogonally
polarized states usually are not degenerate but mixed ran-
domly, which is called randomly birefringent optical fiber. >
But when we discuss soliton dynamics under the case with
relatively low-polarization mode dispersion, the group ve-
locity difference between the two can be eliminated by a
transformation.>>! Then, the propagation of two orthogo-
nally polarized optical pulses can be described by Manakov
equations.?®! Moreover, dispersion coefficient can be manipu-
lated well in both theory and experiment.'?>>-32] Nonlinearity
management was performed in Bose—Einstein condensates!*3!
and nonlinearity strength was manipulated well in optics using
femtosecond pulses and layered Kerr media consisting of glass
and air, **! which provides possibilities to manipulate nonlin-
earity in Kerr optical fiber. Therefore, we introduce 3(z) and
g(z) to describe manipulations on the dispersion and nonlinear
coefficients, respectively. Then the evolution of two orthogo-
nally polarized optical pulses is written as:

.0 0?2
i BT b o)l P+ el =0, (1)
0z ot
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where ¢ and ¢, are the slowly varying amplitudes of the two
orthogonally polarized optical pulses. When B(z) and g(z)
are constants, the theoretical model has been used to explain
the experimental results for MI characters!*! and optical dark
rogue waves in a randomly birefringent optical fiber.’®! The
coupled partial differential equations can also be used to de-
scribe the dynamics of matter wave in quasi-one-dimensional
two-component Bose-Einstein condensate,[*”1 the evolution
of optical fields in fiber,*® and even the vector financial
system. 3]

We study the evolutions of weak modulations on gen-
eralized CWBs as @i = seli4°d, @y = selir+il-27)7
where s denotes the background amplitude and ; denotes
the relative frequency of the CWBs in the two compo-

nents. Dispersion-decreasing fiber (DDF) is widely used

in optical communications, due to its better transmission
characteristics.[*’! The propagation properties of optical soli-
tons in the DDF have been studied.!*!! In addition, exponential
dispersion modulation has been realized in experiments. ]
Therefore we consider an exponential dispersion decreasing

43.44] where

fiber system with B(z) = ae?(*=%) in this paper,|
a, b, and zp are arbitrary real constants. The experiments show
that the dispersion coefficient and nonlinearity coefficient can
25312341 S0 we suppose
g(z) and B(z) satisfy a definite constraint as g(z) = y*B(z),

where 7 is arbitrary real constant. Under above containment

both be manipulated in some ways.!

relationship, the exact nonlinear localized wave’s solutions of
Eq. (1) and Eq. (2) can be obtained on the CWBs with the help
of Darboux transformation and similar transformation, 2143461
The expressions of the solutions (¢ and ¢, ) are presented in
the Appendix A.

Based on the derived solutions, we find some differ-
ent excitation patterns in this model, such as asymmetric W-
shaped and M-shaped soliton pulses, dark—antidark (DAD)
and antidark—dark (ADD) soliton pulse pair, symmetric W-
shaped and M-shaped soliton pulse. To our knowledge, soli-
tons are usually obtained from localized pulses.!'”) However,
the dynamical behaviors of soliton pulse excitation here are
different, which shows that soliton pulses are generated from
a weak modulation on continuous wave background.

In order to provide reference to experimental research, we
transform the dimensionless parameters to experimental pa-
rameters by the parameters of a highly nonlinear fiber (OFS
Speciality Fiber) with dispersion 8 = —8.85 x 10728 s2.m~!
and nonlinear g = 0.01 W—'-m~!, as the ones in real
experiment.!!l Under above parameters and input power Py =
0.4 W, the dimensional distance & (in unit m), time 7 (in unit
ps) and frequency @ (in unit THz) are related to the normal-
ized parameters by & = z Lyp. (m) , T =1 #o (in unit ps) and
o = Q oy (in unit THz) , where the characteristic length is
Ine = (g Py)~! =250 m, times scale #) = (|8 |LNL)1/2 =
0.47 ps and frequency scale @y = (|B| L) ~'/?> = 2.13 THz.
All following discussions are made with these parameter set-
tings.

3. Asymmetric soliton pulse and asymmetric
discontinuous spectrum

3.1. Asymmetric soliton pulse generated from a weak
modulation on continuous wave background

We show the dynamical process in Fig. 1, for which one
weak modulation signal on the CWBs evolves to be a stable
soliton pulse in exponential dispersion decreasing fiber. It is
shown that the peak (valley) of soliton pulse increases (de-
creases) firstly and then decreases (increases) along propaga-
tion direction.
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Fig. 1. (color online) The evolution of signal in two components corresponding to the process that one weak modulation signal evolves into asymmetric W-
shaped soliton pulse and M-shaped soliton pulse (a) for |@; | with @ = 0.85 THz and (b) for |¢,| with @, = 10.65 THz. The profile of signal at & = 2000 m,
&€ =3000 m, and & — oo ((c) for |@;| with @ = 0.85 THz and (d) for |@>| with @; = 10.65 THz). The other parameters area=1,b=—1,s=1,y=0.5,

and &y =750 m.
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Fig. 2. (color online) The numerical simulation of the dynamics evolution process from an initial data given by the exact solution at & = 375 m (a) for
|o \2 and (b) for |@, \2. The numerical simulation corresponding to panels (a) and (b) with small noise. The initial excitation condition is given by the exact
solution at & = 375 m by multiplying a factor (1 +0.01Random[—1, 1]). The parameters are the same as those in Fig. 1.

However, after a certain distance, their changing rates  for component ¢; and Fig. 1(d) for component ¢, based on

tend to zero, namely, the profiles of soliton pulse are kept well.
We can see the stable soliton pulses in two components are dif-
ferent. In order to present it more clearly, we demonstrate the

profile of the soliton pulse at different distances in Fig. 1(c)

analysis of distribution function. Moreover, the soliton pulses
have asymmetry characters. In component ¢, soliton pulse
admits a W-shaped profile, which is similar to the ones ob-

tained in Sasa-Satsuma equation!*’! and coupled defocusing
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Hirota equation.*8] But the two valleys here are asymmetric
(see Fig. 1(c)), in contrast to symmetric cases. Therefore, it
is named as “asymmetric W-shaped soliton pulse”. Similarly,
the soliton pulse in component ¢, is named as “asymmetric
M-shaped soliton pulse” (Fig. 1(d)). The asymmetric soli-
ton pulses we obtained are stable, and the profile of soliton
pulse is almost invariable after a certain transmission distance
(see Fig. 1(c) and Fig. 1(d)). The dashed line, dot and square
point express the profiles of analytic result at £ = 2000 m,
£ =3000 m, and & — o respectively.

In order to prove the feasibility of process for asymmetric
soliton pulse generation, we numerically test Eq. (1) and (2)
from an exact initial signal at certain locations for which the
signals are weak by adopting the split-step Fourier method.
To demonstrate the dynamical process clearly, we show the
numerical results for |@;|? in Fig. 2(a) and |¢@,|? in Fig. 2(b).
It is shown that the numerical results are in good agreement
with the analytical results, even with numerical deviations.
Considering the actual experiment, the initial condition can-
not be given exactly and there are always some deviations in
real experiments. Therefore, we test the stability of the gener-
ated asymmetric soliton pulse by adding white noise 0.01 Ran-
dom (x)(x € [-1,1]). The results indicate that they are robust
against small noise or perturbation (see Fig. 2(c) for |¢@;|* and
Fig. 2(d) for |2 |?). This suggests that the exact process might
be realized in experiments.

Then, what about the mechanism for asymmetric soli-
ton pulse generated from a weak modulation. It is well
known that MI can be used to explain the dynamics of dif-
ferent localized nonlinear waves.[*”! The standard linear in-
stability analysis is performed on CWBs (@19 = seilds’(1=B)]

and P = Sei[(452_9r2>(1_ﬁ)+~grt]).

The weak perturbation
with arbitrary Fourier modes are added on the CWBs,

¢ = (P10{1+f+e[igl(t7m)]+f*e[7m/(tigz)]} and @ =

920 {1484 el 00 4 g [T RNY (£ f g and
g— are small amplitudes of the Fourier modes). Substituting
them to Eq. (1) and Eq. (2) and linearizing the equations, one
can get the following dispersion relation:

Q' —4Q°BO+4Q(Q7 - 4B — 227 B (2"
—2Q2 —4)+ BHQ* +160Q2 —8Q7 —4Q2Q") =0. (3)

We demonstrate the growth rate Im(£2) on the perturbation
frequency @’ vs propagation distance & with @, = 2.56 THz
in Fig. 3. We can see that the gain Im(£2) rapidly approaches
zero when & > 750 m, namely the solution is transformed from
MI regime to modulation stability (MS) regime. This can be
used to understand the above dynamical process that the signal
grows into a stable asymmetric soliton pulse gradually behind
750 m (see Fig. 1).

Interestingly, the profile of asymmetric soliton pulse can
be varied through changing some physical parameters. Next,

we discuss how to control the soliton pulse profile in the expo-
nential dispersion decreasing fiber.

-30

w'/THz
=

-10
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Fig. 3. (color online) MI gain distributed on propagation distance &
and perturbation frequency @’ in exponential dispersion-managed fibre.
The parameters area = 1,b=—1,s=1,y=1, and & = 750 m.
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3.2. State conversion and asymmetric degree

We define a symmetric degree to characterize the asym-
metric property of the soliton pulse accurately under two dif-
ferent situations. For W-shaped soliton pulse, the symmetric
degree is defined as ©(Q) = (1~ [912/21) /(1 — [91212,,0):
which stands for the ratio of depths of two valleys. For
M-shaped soliton pulse, the symmetric degree is @(£;) =
(1012201 = D/ (|912/%,5c2 — 1), which stands for the ratio of
heights of two humps. We choose the smaller value to be nu-
merator, to set 0 < ©(£;) < 1. The symmetric degree versus
@; in two components is presented in Fig. 4 ( Fig. 4(a) for com-
ponent ¢, and Fig. 4(b) for component ¢;). Taking component
¢, as an example, the symmetric degree decreases firstly and
then increases with the increase of @;, for which the minimum
value emerges at @y = 2.13 THz. Based on three critical points
(o =0 THz, o = 2.13 THz, and @; — o), the soliton pulse
states are classified into five cases (see Fig. 4(a)) as follows:

(i) When @, = 0 THz, the symmetric degree will be
O () = 1 and the soliton pulse is “symmetry W-shaped soli-
ton pulse”. Similar soliton state was obtained in Sasa-Satsuma
equation*’! and coupled defocusing Hirota equation. [48]

(i) When 0 THz< o < 2.13 THz, the O(w;) de-
creases quickly and the soliton pulse state is “asymmetry
W-shaped soliton pulse”, which is different from the former
research.[47:48]

(iii) When @, = 2.13 THz, the ©(@;) reaches a minimum
value and the soliton pulse state is “AD-D pair”, which is sim-
ilar to the result in Ref. [50].

(iv) When o; > 2.13 THz, the ®(w;) increases with @y
. It is interesting that the soliton pulse state shows inversion
phenomenon, which possesses one valley and two crests and
is named “asymmetry M-shaped soliton pulse”.

(v) When @ — oo, the ® (@) slowly approaches 1 and the
soliton pulse state will be converted into “symmetry M-shaped
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soliton pulse”.
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Fig. 4. (color online) The symmetric degree @(w;) changes with o,
in two components: (a) for component ¢,, (b) for component ¢;. The
parameters area=1,b=—1,s=1, y=0.5, and & = 750 m.

The state conversions in the component ¢; are shown
in Fig. 4(b). When @, < 2.13 THz, the situation is simi-
lar to the component ¢,, which can achieve state conversion
from “symmetric W-shaped soliton pulse” to “asymmetric W-
shaped soliton pulse”. But for @, > 2.13 THz, the state in
component @; is different from the component ¢,. Explic-
itly, for @, = 2.13 THz, the soliton pulse state in ¢; is “D-
AD pair”, which is different from the “AD-D pair” in ¢,. For
@; > 2.13 THz, the soliton pulse in ¢; evolves to “asymmet-
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g
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ric W-shaped soliton pulse” and then “symmetric W-shaped
soliton pulse” in contrast to the M-shaped soliton pulse in ¢,.

In this section, we demonstrate that asymmetric and sym-
metric soliton pulses can be controllably generated from a dis-
persion modulation. The dynamics of them are shown in tem-
poral distribution. However, measuring the exact wave profiles
in time domain can be problematic, but spectra measurement
is a well developed technique which is supported by a mul-
tiplicity of devices used in experimental optics.>!?! In the
next section, we characterize the spectrum of the asymmetric
soliton pulse.

3.3. Asymmetric discontinuous spectrum

The spectrum analysis is carried out through Fourier
transformation,

—+oo
V2T J—oo

The solution can be written in the form of a constant back-

Fi2(R,2) = ¢12(t,2)expliQe] dr.  (4)

ground pulsing a signal. The Fourier transformation of con-
stant background is infinity and thus it can be represented as
6(2 — ), and then we can eliminate the 0 function and ob-
tain the spectrum of soliton pulse. We represent above spec-
trum intensity using a logarithmic density scale truncated at
—40 dB relative to the maximum value. The corresponding
spectrum density of soliton pulse in component ¢; and ¢ is

|Fi(0,8)

10lo —_—
810 1R (0,8) 2

(dB)

n (@0",8)
h(o”,
10l0g10 1 (o 8) 2

(0" = @+ ;) respectively, as shown in the following Fig. 5(a)
and Fig. 5(b).

(dB)

—6 0 8
w'"/THz

Fig. 5. (color online) (a) The spectrum intensity evolution of the soliton pulse in component ¢;. (b) The spectrum density evolution (where
" = @+ 2.34 THz) of the soliton pulse in component ¢,. The parameters are @, = 2.34 THz,a=1,b=—1,s=1, y=0.5, and & = 750 m.
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In component ¢, the spectral distribution is asymmetric
on the two sides of background frequency. The spectrum den-
sity on the lower frequency (compared with background fre-
quency) is much higher than the one on higher frequency. This
result comes from the asymmetry of soliton pulse, which is
different from the spectrum of soliton reported previously.[>*]
In component ¢,, the spectral distribution is still asymmetric,
but the higher spectrum density is on the higher frequency.
Moreover, it is seen that there are discontinuity points on the
spectral distribution. Therefore, the spectrum is named as
“asymmetric discontinuous spectrum”. The degree of discon-
tinuity achieves maximum at & = 750 m, then it decreases
slowly with propagation distance and tends to a constant. The

final degree of discontinuity is determined by the asymmetric

property of soliton pulse.

4. Conclusion and discussion

In summary, we obtain a series of asymmetric and sym-
metric soliton pulses generated from a weak modulation in an
exponential dispersion decreasing fiber. The quantitative rela-
tions between state transition (variation of symmetric degree)
and relative frequency are summarized in Table 1. The numer-
ical simulations indicate that the dynamical process is robust
against weak noise or perturbation. Furthermore, the spec-
trum analysis indicates that the asymmetric soliton pulse ad-
mits “asymmetric discontinuous spectrum”. The results pro-
vide another possible way to obtain asymmetric soliton pulses
from weak modulations.

Table 1. Quantitative relations between the state conversion (variation of symmetric degree) and the relative frequency .

,/THz Soliton state of ¢; Soliton state of @, O(w)
=0 symmetric W-shaped soliton pulse symmetric W-shaped soliton pulse O(w) =1
0<aw <213 asymmetric W-shaped soliton pulse asymmetric W-shaped soliton pulse 0<0O() <1
o =2.13 D-AD soliton pulse pair AD-D soliton pulse pair O(w)—0
o, >2.13 asymmetric W-shaped soliton pulse asymmetric M-shaped soliton pulse 0<O(o) <1
Wy — o0 symmetric W-shaped soliton pulse symmetric M-shaped soliton pulse O(o) — 1

Now, based on the dynamics formation process of asym-
metric soliton pulse, we discuss the feasible experimental
scheme and perform a numerical test. The formation process
of dynamics is as follows. A weak perturbation on the contin-
uous wave backgrounds rapidly grows into a high energy pulse
under the modulational instability (MI) regimes, then decays
slowly due to the inhibited MI which is caused by dispersion
and nonlinear management, and finally evolves into a stable
asymmetric soliton pulse corresponding to modulational sta-
bility (MS) regimes. The process of MI growth is consistent
with the dynamic process which experimentally stimulates the
dark rogue wave in Manakov system. 3! Moreover, the exper-
iments show that both the dispersion and nonlinearity coeffi-
cient can be manipulated in some way.3>3442] We only need
to inject two weak orthogonally polarized optical pulses into a
randomly birefringent dispersion optical fiber in the same way
as Ref. [36] and set the dominant frequency of optical pulses
equal to the one of continuous wave background. The relative
frequency of continuous wave backgrounds and other param-
eters in two components are set as shown in Fig. 1. Then, the
optical pulses in two states will evolve into “asymmetric W-
shaped and M-shaped soliton pulses” respectively after a cer-

Appendix A: Expressions of the solutions ¢, and ¢,

tain transmission distance as shown in Fig. 1(c) and 1(d). The
asymmetry of the soliton pulse is caused by the frequency dif-
ference of continuous wave backgrounds in two components.
Following the above steps, we carried out a numerical test.
The numerical results show that the “asymmetric W-shaped
and M-shaped soliton pulses” can be obtained. The numer-
ical results agree well with the analytical results, and even
with numerical deviations (see Figs. 2(a) and 2(b)). Further-
more, we have tested the stability of the generated asymmet-
ric soliton pulses with adding white noise 0.01 Random ())
(x € [-1,1]). The results indicate that they are robust against
small noise or perturbation (see Figs. 2(c) and 2(d)). This sug-
gests that the exact process might be realized in experiments.

A dispersion manipulation on defocusing fiber demon-
strated some striking dynamical behaviors'>*! and CWB has
been used widely to generate rogue wave and breather.!!3 Re-
cently, optical dark rogue wave has been observed in Manakov
system.*®! Based on the developed phase and density manipu-
lation techniques and dispersion manipulation experiment, we
believe the results in this paper would be tested experimentally
in the near future.
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