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Monogamy is a fundamental property of multi-partite entangled states. Recently, Kim J S [ Phys. Rev. A 93 032331]
showed that a partially coherent superposition (PCS) of a generalized W-class state and the vacuum saturates the strong
monogamy inequality proposed by Regula B et al. [ Phys. Rev. Lett. 113 110501] in terms of squared convex roof
extended negativity; and this fact may present that this class of states are good candidates for studying the monogamy
of entanglement. Hence in this paper, we will investigate the monogamy relations for the PCS states. We first present
some properties of the PCS states that are useful for providing our main theorems. Then we present several monogamy

inequalities for the PCS states in terms of some entanglement measures.
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1. introduction

Quantum entanglement!!! is an essential feature of quan-
tum information theory, which distinguishes the quantum from
classical theory. One of the fundamental differences between
quantum correlation and classical relations is that a quan-
tum system entangled with one of the other systems limits
its entanglement with the remaining others.?! This property
is known as monogamy of entanglement (MoE). Monogamy
relations also applies in many fields of physics, such as, char-
acterizing the entanglement structure in multipartite quantum

[3-10]

systems, causing the frustration effects observed in con-

densed matter physics;!'!l moreover, MoE is a key ingredient

to make quantum cryptography secure!!>13

I'and MoE can ap-
ply to the blackhole information problem.

Mathematically, for a tripartite system A,B, and C, the
general monogamy in terms of an entanglement measure £ im-

plies that the entanglement between A and BC satisfies
Ealpc > Eap + Eac- 1

This relation is first proved for qubit systems with respect to

14,151 However, it is not true with

the squared concurrence C2.!
respect to each entanglement measure. For example, entan-
glement of formation (EoF) E; does not satisfy the inequal-
ity (1) for three qubit states. However, Bai et al.!'%! proved that

the squared EoF satisfies the monogamy inequality for n-qubit
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states. Moreover, Zhu and Feill”! showed that C* and Efﬁ sat-
isfy the monogamy inequalities for multiqubit systems when
o >2 and B > /2 respectively. Luo et al.l'8! proved that
the squared Tsallis-q entanglement satisfies the monogamy in-

equality for multiqubit states when

5—-V13 54++v13
2 72 '

The inequality (1) may not be true for a qudit tripartite
pure state in terms of the squared concurrence, the author in
Ref. [19] presented a counterexample in a 3 ® 3 ® 3 quantum
system, Li and Wang showed that this counterexample satisfies
the inequality (1) in terms of the squared convex roof extended
negativity. 0]

Recently, the authors in Ref. [10] proposed a much
sharper monogamy inequality (SMI) in an n-partite system
Ha, ® Ha, - ® Ha,, and the authors in Refs. [21]- [23]
showed for the class of multiqudit generalized W-class states
and the class of a partially coherent superposition (PCS) of a
generalized W-class state and the vacuum, the SMI is valid
with respect to the square of convex extended roof of negativ-
ity. Furthermore, these two classes saturate the SMI. Then it
may be important to investigate the monogamy of these two
classes of states. Recently, Geetha et al. analyzed the monog-
amous nature for the W class of symmetric N-qubit states in

terms of the squared negativity and concurrence and presented
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that for these states, the concurrence tangle is zero, while
the negativity tangle is non-zero,**! the authors in Ref. [25]
showed the generalized monogamy for the generalized W-
class multiqubit states.

In this article, we will first present some preliminary
knowledge needed in this article. Then we will provide the
monogamy relations in terms of concurrence of assistance
(CoA) and polygamy relation with respect to EoF for the PCS
states when d = 2. Finally, we will consider the polygamy re-
lations in terms of Tsallis-q entanglement for the PCS states
when

. [5+\/ﬁ’2} U [3’5—\@}
2 2
andd =2.

This paper in organized as follows. In Section 2, we
will recall preliminary knowledge on the definition of concur-
rence, EoF and Tsallis-q entanglement for bipartite states, and
then we will recall their respective monogamy inequalities for
multi-qubit systems. In Section 3, we will present some prop-
erties of PCS states that are necessary for the proof of their
monogamy relations. Here we also present the monogamy re-
lations in terms of CoA and polygamy relations with respect
to EoF and Tsallis-q entanglement for the PCS states. In Sec-

tion 4, we will end up with a conclusion.

2. Preliminary knowledge

For a bipartite pure state |y) , 5 in Hilbert space H4 ® Hp,
the concurrence is defined as

C(ly)ap) = \/2[1 —te(p)], 2)
where py is the reduced density matrix by tracing over the sub-
system B of |y),5. For a mixed state pap, its concurrence is
defined as

Clpa)= min Y piC(|Wi)sp), 3)
{pis |ll/l>AB} i
where the minimization takes over all the decompositions of
pap- For a bipartite state pyp, its CoA is defined as!?%!
Cu(pap) = max ZP! (Wi ag)> )
{pi~‘llll> B} i
where the maximization takes over all the decompositions

of pap = ¥ pil¥i) ap(Wil- €
Ha®@Hp, @---@Hp, ,,the monogamy inequality was gener-

For an n-qubit state pap,...3

n—1

alized to!17)
Ciipy-p, , = Chn, +Cip, - +Cilp, (5)
B B B B
Calgy-B,, = Cap, TCap, + +TCap, (6)
where o > 2, B < 0. The inequality in terms of CoA for a pure
state |‘V>ABI~~ __, was proved in Ref. [26]
C*(I¥)ai5,.-5, ,) < Ca(pan,) +Ca(pas,)

+ -+ C2(Pagy._,)- (7

Then let us recall the definition of negativity. For a bipar-
tite pure state |y) , 5, its negativity is defined as

N(1W)ap) = 11W) a5 (w111 1

where |y) ,5(w|™® is the partial transposition of |y) 45, || - |1
is the 1-norm. Similarly, the negativity for a mixed state p4p

is defined as

N(PA = min ZP;

(W) aB) (®)
{pis |Wt>AB} i

where the minimum is taken over all the possible pure state
decompositions of pag = X pi| i) (Vi

Afterwards, we will recall the EoF for bipartite states. For
a pure state |Y) , 5 € Ha @ Hp, the EoF of |y) , is defined as

E(|w)ap) = S(pa), 9

where py = trg|y) . 5(¥|, S(p) = —trplogp. For a mixed
state psp, the EoF is defined as

Epss) = min YpiE

(1wi)ap)
{pis |V’1>AB} i

where the minimization takes over all the decompositions
paB = Y PilWi) (Wi with Y; pi =1, p; > 0. It has been shown

that the entanglement of formation satisfies that!!”!

E%(Paip,,--8, ) = E%(Pag,) +---+E%(pas,_,), (10)

where a > /2.
At last, we will present Tsallis-q entanglement for bipar-
tite states. Firstly, we will recall the definition of Tsallis-q

entropy. The Tsallis-q entropy for a state p is defined as

1—trp?
qg—1

T,(p) =

for any g > 0, g # 1.
converges to von Neumann entropy: lin{ T,(p) = —trplogp.
q—

When g — 1, the Tsallis-q entropy

For any pure state |y),p, its Tsallis-q entanglement is de-
T,(|wag)) = T,(pa), for any ¢ > 0, g # 1, here
pa = trg|y) .5(w|. For a mixed state psp, its Tsallis-q en-
tanglement (TE) can be defined as:

T,(pap)= min Y pT,
{P1|U/1>AB i

fined as:

(1¥i)a) (11

for any g > 0, ¢ # 1, where the minimum is taken over all pos-
sible pure state decompositions {p;, |¥;) 5} of pas. Recently,
Luo et al.'"® proved that for any 2 ® d states pyp, the TE of

pap has an analytical expression
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T,(pag) = f4(C*(pag)), fo(x) =

[ VA YR

3. Partially coherent superposition of multiqudit
generalized W-class states and vacuum

In this section, we will first recall the definition and some
properties of the PCS states. The PCS states p4,a,...4, are de-
fined as follows:
= p|W) (Wi |+ (1= p)|0)*" (0] ™"

+ 24/ p(1=p) (W) (0] +[0) " (W,[)  (13)

with p,A € [0,1]. when A = 1, the PCS states become the W-
class states. We also find a decomposition of the PCS states:

pAIAZ'“An

PAAy--A |C1>A1A2 An<cl|+|C2>A1A2 4,(&| (14)
with
|C1>A1A2~-~A,1 Wd “v‘)b\/l— |0 ®n
1820 arapea, = 3/ (1= P)(1=22)[0)"".

Paa; = plai]10) +a;|01)][ar (10 +a; (01]] + (1
= |x>A1Ai (x[+ b’>A1Ai ol

here

)44, = VPla1[10) +ail01)] + A1/ 1 = p[00),

¥)a,a, =/ (1= p)(1=22)|00).

Using the HIW theorem,?”! we see that for any pure-state de-

composition of pa,4; = X1 [Wj)a 4. (Wil Ad; =
uji]x)g 4, + Uj2|¥)4,4, for some rxr unitary matrix [u;;] for

one has |y/;)

each j. Consider the normalized state

Vida,a;
VPi

Through computation, we find that

|V7]>A1A , Pj:|<V’jW’j>A]Ai|-

C2([W))a,a,) = 40716 [up[*/ . (18)

Then for the state p4,4,, we have

Y piCUW) 4 0) = L 2lul2plarad = 2plarail, (19)
J J

JﬂﬁﬁY} (12)

2

Note that we assume d = 2 for the residual part of this article.
Next we will first bring a lemma proposed in Ref. [27] about
the ensemble for density matrices.

Lemma 1277 (HJW Theorem)

Assume that (possibly unnormalized) states of the two
sets {|y;)} and {|@;)} can generate the same density matrix
if and only if

wi) = ) uijle)), (15)
J

where [u;;] is a unitary matrix with u;; € C. We add zero vec-
tors such that the two sets have the same number of elements.
Then we will propose an important result in this article.

Lemma 2 For an n-qubit PCS state p4,4,...4,, We have

A,, s

Ca(PA,A,-) :C(pA]Al-)a (16)

where
PaA; = Wayp; (Aryy-An (PA Ay, )

Proof It is easy to see that

— p)[00)(00]+2+/p(1 = p)[(a1]10) +4;|01))(00[ 4 |00) (@i (10[ + @i (01])]

(17)
Clpaa) = min Y piC(1Yj)y,a)
T g i
= max ZP/ |‘If1 AIA
{ri Wi} 7
- Ctl (pAlAi)' (20)
Moreover, in Ref. [23], the author proved that
N2 (0ayjeny) = Y, N (Pay4,)- (21
j=2
O
As when |y),, is a 2®d pure state, N2(|y),p) =

C*(|y) 1), and due to the fact that A" and C are both defined
by the convex roof extended method for mixed states, then for
any 2®d mixed state pap, N?(pag) = C*(pap). That is,

n
C2(Payay-an) = 2, C(Para,)- (22)
j=2
Lemma 3?3 Assume that p is an n-qubit PCS state, then

the reduced density matrix of p, obtained by tracing out some

subsystems, is again a PCS state in the reduced systems.
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Theorem 1 For an n-qubit PCS state pg,4,...4, € Ha, ®
Ha, ®--- @ Ha,, the CoA of pa,a,..4, satisfies that

m—1

CZ(pAl‘Ajl"'Ajm,l) Z Z CZ(pAlAji)? (23)
i=1

where x > 2 and py,| Ajy Al is the m-qubit reduced density
matrix of p with 1 <m <n.

Proof For any PCS state pa,4,...4,, because of the defini-
tion of C and C,, one has

) = (pAl\A“- A )

m—1

(pAl\A“ A

m—1

Due to Lemma 3, we have that PAy A, -A;, is again a PCS

state. When x > 2, we have

Ca(pa, A, Aj,, ) > (pA1|A )

-1 ’ /m 1

> Z Cx(PAlAjl.)
i=1

m—1

= ICZ(PAIA,I.)- (24)

Here we use the inequality (5) to prove the second inequality
and the last equality is due to the Lemma 2. ]
According to the result in Ref. [26], the CoA of an n-qubit
pure state satisfies a polygamy inequality of entanglement, and
here we present a monogamy relation with respect to CoA for
PCS states.
give a lower bound of CoA for the reduced density matrices of

Note that according to inequality (24), we can

a PCS state. Next we give an example.

Example 1 Here we consider a 5-qubit PCS state and
assume p = 0.3, A = 0.7, a; =04, a, = 0.3, a3 = 0.5,
v/0.14, then we find a lower bound of CoA
of Cy(P4, |4,4,) due to Theorem 1,

CalPayapa;) > V0.0725+0.12% (25)

as = 0.6, a5 =

with x > 2. The optimal lower bound can be obtained by vary-
ing with x, see Fig. 1.

0.35

— y=(0.07274-0.127)1/

0.30 z=0.3421

CoA of p

2 3 4 5 6 7 8 9 10

Fig. 1. (color online) This line is the lower bound of Cy(p4, |4,4,) as func-
tions of x > 2.

From Fig. 1, we see the optimal bound is when x = 2, that
is, Ca(Pa,jaa;) = (0.12240.0722)1/2 2 0.1399. Here we can
make a comparison with the upper bound given in Ref. [28]:
Ca(pap) < 1/2(1 —trp3) = 0.3421.

Next we will consider the polygamy with respect to the
EoF for the PCS states.

Theorem 2 For the n-qubit PCS state p4,4,...4, € Ha, ®
Ha, @+ @Ha,, we have

n

a) < Y E(paa,), (26)

i=2

E(pa,|a,--

where py,4,, (2 < i < n), is the 2-qubit reduced density matrix
of p.
Proof

Z E(pAlA
i=2

Zf

Zf(zcz(pAlAi))
=2
= f(C

Here we assume that

f=n(

with h(x) = —xlog,(x) — (1 —x)log, (1 —x). Where the first
and the last equalities are due to the Theorem 1 in Ref. [16],
the first inequality is due to f(x+y) < f(x) + f(), the second
equality is due to Eq. (22). g
Lastly, we will give the polygamy of entanglement with

pAlA

2(0ay40-4,)) = E(Pajjayeen,)- 27

1+M>
2

respect to Tsallis-q entanglement for the PCS states.
Theorem 3 For an n-qubit PCS state pa,4,...4, € Ha, ®
Ha, @+ @Ha,, when
5—+v13 5++v13
7€ [ 2 ’2}U[3’ +2 ]

we have

n

Ty(Payay-a,) < Y Ty(Para;) (28)
=2

where p4,4;, (2 < i< n), is the 2-qubit reduced density matrix

of PAAy--A,-
Proof For an n-qubit PCS state pa,4,...4,,

T,(Pa,a;) qu (PA14;))
=

L

> fq(ZCz(PAIAi)) = fq(Cz(pA1|A2~~A,,))
=

= T4(Pa,Ar-40)> (29)

where the first and the last equalities are due to the Theorem 1
in Ref. [18], the first inequality is due to f,(C?) being mono-

[18]
Jupe)

tonic and concave when

5-13
2

qe{
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the second equality is due to Eq. (22). (]
Combining the results obtained in Ref. [29], we know
n
that, when g = 2 or ¢ = 3, Ty(pa,|a,-4,) = 'Zz T,(pa,a;) for
=
the PCS states.
Recently, Luo et al.l'® proved that qu satisfies the
monogamy inequality when
5—v13 5++13
-V 75 3 - V-
0e PR U

for states papc in a 2©2®2"2 system: T7(pajpc) >
qu(pAB) + qu(pAc). They also generalized this result to
an n-qubit system, i.e., T (Pa,ay-ay) = T (Pajay) ++- +
Tqa(pAlAN>’ o Z 25

[5—\@ 5+\/ﬁ]
qec ) s ) .

Here we can also give a new general polygamy inequality for
the PCS states in terms of Tqy fory>1.
Corollary 1 For an n-qubit PCS state p, when

[ Up ]

/y’[)) € [1700)’ 1/7’+ 1/13 = 1, we have
T (Payay-n,) < (n—1)7/P [gTqy(pAlm} . (0

Proof Due to Corollary 1, for the PCS state p, when
VB €le), 1/y+1/B =1,

Tq(pA||A2---An) < ) Ty(pasa;)

-

i=2

n 1/Br n 1/y
< <§1ﬁ> |:'_2Tqy(pA1Ai):|

1

n 1/y
=(n—1)"F [ ZTqy(pAlAi)] . @3

i=2
Here the first inequality is due to Corollary 1, the second in-
equality is due to Holder inequality. Finally, as when a,b > 0,
x>1,a> b= a* > b*, we finish the proof. U
Note that when 8 = y =2, Corollary 1 becomes that

n

2 2
Tq (pA1|A2~~~An) < (I’l - 1) Z Tq (pAlAi)a
i=2
and here we give a polygamy relation with respect to qu for
PCS states in an n-partite system. From another point of view,
we also find a new bound for the qu of the PCS states in an

n-partite system.

4. Conclusion

Monogamy of entanglement is a fundamental property of
multipartite entangled states. In this article, we prove that the
n-qubit PCS states satisfy the monogamy inequality in terms
of the x-power of CoA for its m-qubit reduced density matri-
ces with 2 < m < n. Then we also investigate the monogamy
inequalities in terms of EoF and TE for PCS states. We believe
this investigation will provide a better clarification of the use-
fulness of PCS states in understanding the constraints on the
description of entanglement distribution. Due to the impor-
tance of multi-party entanglement, our results may be mean-
ingful for future work on the study of multi-party quantum

entanglement.
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