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Analytical and numerical investigations of displaced thermal state
evolutions in a laser process™
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We investigate how displaced thermal states (DTSs) evolve in a laser channel. Remarkably, the initial DTS, an
example of a mixed state, still remains mixed and thermal. At long times, they finally decay to a highly classical thermal
field only related to the laser parameters k and g. The normal ordering product of density operator of the DTS in the
laser channel leads to obtaining the analytical time-evolution expressions of the photon number, Wigner function, and von
Neumann entropy. Also, some interesting results are presented via numerically investigating these explicit time-dependent
expressions.
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1. Introduction e™/kT = (V 4+1)/(V —1), h is the Planck’s constant, V is the

Recently, a displaced thermal state (DTS), which is frequency of thermal field, and kg is Boltzmann constant. As

treated as an intermediate quantum state between the thermal & typical application, thermal-state superpositions are used to
state and the coherent state, is introduced by Jeong and Ralph,  realize the transfer of nonclassicality.!!! Using the integration

and its integral expression is represented by (=3 technique of the ordered bosonic operators and the operator
identity [0) (0] = : e=9'“: (: : represents normal ordering,
p(V.d) = / d’ppP th(V7d§ﬁ) 1B) (Bl (1) that is, all creation operators are to the left of all annihila-

. . . tion operators, and the creation and annihilation operators are
where |3) is a coherent state with complex amplitude 3, and . . )
commutative within the symbol : : ), as well as the integral

2 2 [4.5]
pih(y d:B) = —2|B—d|*/(V—1) 2 formula
V.d:B)= e @
da? !
refers to a Gaussian noise, V and d are respectively the mixed- / 7Z e—h|z\2+sz+tz =7 est/h 3)
ness and the displacement in the phase space. The mixedness
V increases when the temperature 7' of thermal field rises, i.e., to carry out Eq. (1), we obtain
|
2 2]d|? 2d \ - s V=1 2d*
V)= gee |-y ee (5o e fdan (G ) Jew [ (755 )] '
p(V,d) V+lexp Vi exp vi1)? exp |a'aln Vi exp vi1)? )]
\
In particular, when V = 1, p(V,d) becomes a pure co-  through a laser process. This work is arranged as follows. In

herent state |d)(d|. For d =0, p(V,d) is a thermal field  Section 2 we first obtain the infinitive operator-sum solutions
2/(V+ 1)]e“T“1“[(V’1)/ (V+D! with the mixedness V. In view  (Kraus operator) of the master equation describing the laser
of this, the DTS p(V,d) is actually an intermediate state  process via the thermal entangled state approach. In Section 3
between the coherent state |d)(d| and the thermal state  the time-evolution of the density operator of DTS in the laser

[2/(V+1)]exp{a‘aln[(V—1)/(V+1)] }.Inthecaseof V=  process is discussed based on the infinitive operator-sum rep-
landd =0, p(1,0) is a vacuum state. resentation in Section 2. Section 3 and Section 4 respectively
In this work, we plan to analytically and numerically in-  present the evolutions of the photon number and the Wigner

vestigate the time-evolution law of the DTS when it passes  function in the laser process. Finally, the von Neumann en-
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tropy evolution of the DTS is also investigated.

2. Infinitive operator-sum representation of p(t)

In the realm of optics, laser noise is a significant source
causing decoherence. When a quantum state undergoes the
laser process, the time-evolution density operator p () yields
the form![®]

dp (1)

> = k2ap (0@’ —a'ap (1)~ p (']

+g[2a'p()a—ad'p (1) —p(t)ad’],  (5)

where the parameters k,g are respectively the loss and gain
factors of the laser. In particular, when g = 0, equation (5)
reduces to!%

dp (¢ 4

U _ kfpap()a ~a'ap () pWa'a],  (®)
which describes the amplitude dissipative channel. So, it is in-
teresting to investigate the time-evolution law of the DTS in a
laser process. In order to solve the master equation (5) and ob-
tain its explicit solutions, we introduce the thermal entangled

state!7-8]

1 ~
) = exp (=3P +na’ —n*a’ +a'a’) 00)
=D(n)ln =0), )

where D(1) is the displacement operator with complex pa-
rameter 1), @' is a fictitious mode accompanying the physi-
cal photon creation operator a'. The entangled state |n) is
the common eigenvector of (a —a') and (a' — d), and the
set of |n) makes up a complete quantum mechanics repre-
sentation. More importantly, there are interchange relations
a<=a',a" < a, and a’a < a'd under the state n =0),
which provide convenience for us to find the specific solu-
tions of the master equation (5), with details as follows. With
both sides of Eq. (5) acting on the state |77 = 0) and denoting

lp(1)) = p(t)|n = 0), we have
L 1p(0)) = {g24'a" ~aa' ~aa'
+ k[2aa —a'a—a'a)} |p(r)), 8)

thus its solution is obtained as

Ip(t)) =exp{gt[2a’a’ —aa" —aa'] + «t (2aa—a'a—a'a) } |p(0)), ©

where |p(0)) = p(0)|n = 0), p(0) is an initial density operator. Using the following relations [ad—a'a’,(a" —a)(a—a")] =
2[(a" —a)(a—a")] and e*A+0B) = A4 e(1=¢*)B/2 ([, B] = eB), we have

(1)) =exp [(aa—a'a’ +1) (k- g)r] exp {

(1-+8) [1 — e25]

2(k—g) (a" ~a)(a—a") } Ip(0). (10)

Further, using the completeness relation of the state |17} and the integration technique of the ordered bosonic operators, we can

rewrite Eq. (10) as

|p(l)> =T engaTdT e(tfa"-‘rcfa)lnTz eKTladp (0)|n _ 0>

oo

Kigl .. .. . .o+ :
A Z i'f' TllJrja']ezﬁalnTQazP(O)aTzea alnTzaj|,r' =0>, an

ij=0 "/

where Ty = [1 — e 2(<=8)] /[ic — ge 2(<=8)], Ty = (k — g)e " (¥8) / [k — ge~2(*~8)'] ‘and T3 = 1 — g7, thus p(t) can be rewritten

as the following expressions

p(t) = Z Mi,jp<O)MZj>
i,j=0

I3 Kigj' it gt gatainTy i (12)
i1 ! ’

which is actually the infinitive operator-sum representation
of p(7).
ator p (f) can be readily calculated according to Eq. (12).
Using the operator identities 24 4In2q1i¢—2a'alnTy — T2igfi,
a'a™ = (—i)"": H,,(ia’,ia): , as well as the relation
L, (xy) = (—1)"Hp m(x,y)/m! with L, (-) and H,, ,,(-, -) being
respectively the Laguerre polynomial and two-variable Her-

For a given initial state p(0), the density oper-

\
mite polynomial, we obtain }}; ; M:jM,-_’j = 1, which shows that
M,; ; is a Kraus operator corresponding to the operator p(f) in

the laser theory.®!

3. Evolution of the density operator of DTS in a
laser process

When p(V,d) is input into the laser channel, from
Eq. (12) we can see

oo King1i+j(1 _
p(V,d;t) = .
,'7]'2:’0 i!j!Tzzj

. + . . T
X|ﬁ|21 eaTalnTzaTj‘ﬁ><B‘a/ea alnTZ. (13)

) [ ppiy,acp)
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. . . T ; + i .
Using the operator identity e® “!"2gfie—a'anT> — T a'l to
show that

Noticing that the operator relation®!

o ehd'a — exp[(e* —1)atdl: (15)
pV,din) =Ty ¥ = g T’*f/dzﬁP‘h (V,d:B)
ij=0 ! and the normally ordered expansion of the coherent state
X IﬁIZiaTje“ a2 |B) (Bl e ™2l (14)  |B) (B, we have
|
p(V,d;t) =T / d2BP™(V,d:B): exp[(kTi —1)|B|* + TaBa’ + T a— (1—gT)a'al:
2Tz e 2|d
_ 3 Xp[ (V|_|l/ /dZB eXp|:<K'T]—) ‘B|
2d
+(Tza >B+<T2a+ Vl) ﬁ*—(l—ng)aTa} L (16)
Further, using the integral formula (3) to carry out the integration (16), we find that
o 4—2e(V-1) . t N "
p(V,d;t) =ciexp = |d| ]exp(czda ): exp(cza'a): exp(cad*a), a7
o(V —
where
V+1 275 2T» T}
vo1 AT vony T vy @ 3 (18)
Using Eq. (15) again, p(V,d;t) can be rewritten as
4—2c(V— P *
P(V d: t) = exp[ (VC( ) ) |d| czdu eakaln(C3+])eczd a (19)

A comparison of Egs. (4) and (19) shows that the state p(V,d;¢) remains mixed and thermal properties in the laser process all

the time, but the parameters d and V are in relation to the laser parameters x and g after undergoing a laser process. Now, let us

discuss several special cases. For instance, in the case of g = 0, thus

V+1 2 2e K e 2K
T: 1 —2Kt T: —Kt T:1 - = 17 —2Kt — - = _ 71 20
1 ( € )/K7 2 € ) 3 b c V—l ( € )7 Cl (V—l) C2 C(V_l)) C3 b ( )
from Eq. (19) we easily obtain the evolution of a DTS for amplitude decay, i.e.,
p(V,d;f) — 6467C4\d|ze’2m ec‘4clf:”“a+ eaTuln(lfq) ec‘4d*e"“a, @1

which is always a DTS related to the decay factor e ~*, and

ey =2/2+(V—1)e?]. When V =1 (or d = 0), equa-
tion (19) reduces to the time-evolution of a coherent state
|d) (d|, or a thermal state

2/(V +1]exp{a’aln[(V —1)/(V +1)]}

in the laser channel. On the other hand, at t = 0, p(V,d;t)
just becomes the initial state p(V,d) in Eq. (4), as expected.
In the limit case (r — o) and assuming that K > g, notic-
ing that ) —» 1/x, h -0, T3 > 1 —g/x, c=2/(V—1),
c1 —> 1—g/k, c2 =0, and c3 = g/k — 1, thus p(V,d;t) re-
duces to [(1 — g/x)]exp[a’aln(g/K)], a thermal field with the
average photon number g/(x — g). This is different from the
case for amplitude damping owing to the presence of the gain
factor g.

\
4. Evolution of the photon number

Next, we plan to derive the photon number evolution of an
initial DTS p(V,d) in the laser process. In terms of the state
p(V,d;t) in Eq. (19), the number of photons for p(V,d;t) is
expressed as

n(V,d;t) =Tr[p(V,d;t)a"a]

4-2c(V—1)
c(V—1)2 i }

. *
el aln(c3+l) cod aaoa}

:clexp{

 Tr [ o2’ (22)

In order to obtain the photon number n(V,d;r), we first rear-

T af i .
range the operator e®244' @ aln(es+1) ge2d’ayty  Using the op-

erator identities

eéaaTe—éa :a?+§7 eaTalnéaTe—falné _ éaT, (23)

we have
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eczdaT ea*aln(q-ﬁ-l) eczd*aa?a _

T T * _ * *
eczda e aln(63+1)eczd aaTe cpd aeczd a,

Tt *
_ eczda e aln(03+l)(a1‘ -I-Czd*)eczd a

togt gt t . togt .
eczda e aln(03+1)a1 e ¢ aln(C3+1)ea aln(cz+1) eczd ag 4 Czd* eczda e aln(c3+1) eczd a,

Thus, the photon number for p(V,d;¢) is given by

4—2¢(V—
c(V—-1)

Further, using the integration formula!®!
d?z
/ Z Sonem
T

we finally obtain the time-evolution of the photon number of

n(V,d;t) = crexp [

the state p(V,d) in the laser channel, i.e.,

when g =0,
V-1
n(V,d;t) = (2 +d|2> e 2K

corresponding to the photon number evolution of p(V,d) for
amplitude decay.

6
curve a
- — -curve b
- curve ¢
ar curve d
—.—. curve e

n(V.d;t)

Fig. 1. (color online) Time-evolution of the photon number of the state
p(V,d) for different values (V,d,k,g) in a laser channel: (curve a)
(2,1,5,1); (curve b) (2,1,3,1); (curve ¢) (2,1,3,0); (curve d) (10,1,3,1);
(curve e) (2,1.5,3,1).

T T * T T *
(C3 + 1)eczda al'ea aln(cz+1) eczd ag 4 Czd* eczda e aln(cz+1) eczd ag.

exp(hlef* +sz+nz) =" Y

(24)
) d z * crdz* +crd*z aTaln (e3+1)
aP] [ ltes+ Dl +eadge (e e ). 5)
min(m,n) 151 M—1aan—1
mlnls™™'n 26)

IN(m—1){(n—1){(—h)ntnT+1

=0

In Fig. 1, we plot the photon number evolution of the state
p(V,d) for different values of V, d, k, and g in a laser chan-
nel. From the curves a—c in Fig. 1, we can see that the initial
photon numbers of p(V,d;t) are identical for the same V and
d and the photon number is larger for the larger V (or larger d)
(see the curves d and e in Fig. 1). For any value of V (or d),
the photon number always decays monotonously with the time
t. However, the larger V (or larger d) can make the decrease of
the photon number with the time ¢ faster. Besides, amplitude
decay (g = 0) causes the faster decrease of the number of pho-
tons than laser noise (g # 0), and n(V,d;r) — 0 (corresponding
to the vacuum) for amplitude decay when ¢ — oo, however it
moves to a fixed value related to the parameters k and g for
the laser process.

5. Evolution of Wigner function

In the coherent state representation, the Wigner operator

A(z,7") is expressed as!*1?]

Alz.7%) = o2 7, / Iz — 28
(z,z")=¢e ?k)(—zleXp[ (zZ*—7'7)], (28)
thus the Wigner functions for DTSs read

W(z;t) =Tr

[p(V,d;t)A(z,27)]. (29)

It is thus clear that the normal ordering formula of p(V,d;?),

e., Eq. (17), is useful to derive the evolution of Wigner
function for an initial DTS in the laser process. Substituting
Eq. (17) into Eq. (29) and using the mathematical integral for-
mula (3), we obtain

4—-2¢(V .
W(zt) = crexp [c(VC()) |d)* + 2]z /—exp[Z(zz —2'7)](—7|exp(cada’): exp(csa’a): exp(cad*a) )
C1 4— 2(:( ) | Z—C2d|
= dl”+2 —_— 30
7I(Cg+2) ex C(V ) | | + | ‘ C3+2 ) ( )
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which is the evolutions of Wigner functions for DTSs in the laser process. In particular, setting g = 0 in Eq. (30), we obtain the
Wigner function evolution of p(V,d) for amplitude decay, i.e.,

1 2

2 2 -2kt * | —Kt — Kt _x
- d —d —d . 31
A+ (V—1)e 2] exp T (v _neaa A+l e e Mz—de M) (31)

W(zt) =

For the case of r = 0, equation (30) becomes

W(z;0) = % exp {— é(|z|2 +|d* —d*z— dz*)} ,

the Wigner function for a DTS. At long times (1 — o), W (z;00) = (k — g)/[m(k + g)]exp[—2(k — g) |z]* /(k + g)]. a Gaussian
character, which corresponds to the Wigner function for the thermal state [(1 — g/k)]exp[a’aln(g/x)] without the parameters V
and d.

In Fig. 2, using Eq. (30), the evolution of the Wigner distribution with given V and d are depicted for several different values
of k, g, and t. It is clearly seen that the Wigner function is always positive and keeps a Gaussian distribution, but its maximum
position moves with the different values of d, k, and ¢. At long times, the Wigner function moves to the center of the phase space
(z=z" = 0) and its shape becomes a round hill corresponding to the Gaussian distribution of W (z;0), however the shape of the
Wigner function is similar to that of the Wigner function for vacuum when k >> g. Also, the larger k can shorten the time needed
for becoming Gaussian distribution of W (z;o0), but the larger g is quite the opposite.

Fig. 2. (color online) Time-evolution of the Wigner function distribution of the state p(V,d) with given V and d for different values of k, g, and 7 in a laser
channel: (a) (2,1,0); (b) (2,1,1); (c) (5,1,1).

6. Entropy evolution of the DTS S(p) =-Tr[plnp]. (32)
In quantum information, the von Neumann entropy for  In view of this definition, we see that the single natural expo-
a quantum state has been widely used in entanglement mea-  nential form of p is required for calculating its von Neumann.
sures, especially for bipartite pure states. For a given density ~ So, in the following section, we first derive the single natural
operator p, its von Neumann entropy is defined as the follow-  exponential expression of the state p(V,d;t). By applying the
ing form!!3! operator identity (23), p(V,d;t) can be rewritten as
|
4—-2¢(V-1 Faln(c *
p(V,d;t) = ciexp [ C(‘;(_ 1)2 ) ‘d|2:| eczdaT N aln(L3+1)eczd a
4—2C(V—l) 2 Tal +1 Czd + d*
= C1 €Xp {W‘(ﬂ :|ea aln(cs )exp {ma ]eCZ a (33)
Further, using the operator theorem
B+
eeB = exp [A—i—f el —g} ([A,B] = EB+1), (34)

we can change Eq. (33) into a single natural exponential form:

) 4=2c(V-1) G In(cz+1)Y, o i (c2da’ +crd*a)In(c3 + 1)
p(V,d,l‘):CleXp|:(C(‘/1)2+C3+c% |d| CXp a aln(c3+1)+ s . (35)

Thus, the logarithm representation of p(V,d;t) is

cadat + cad*a

lnp(V,d;t):C4+<aTa+ "
3

) In(cs+1), (36)

120301-5



Chin. Phys. B  Vol. 26, No. 12 (2017) 120301

where

_(4=2c(V-1) +§
“= c(V—1)2 3

In (C3—|—1)

) ‘d| +Inc;.
C3

Therefore, the von Neumann entropy of the state p(V,d;t) can be obtained as

S(p(V.din) = ~asTrp(V.dso)] T [p(Vedit) (ala+
5 4-2
= %exp [— @ |d|2} —c1exp [C(V
a3 Cc3

« Tr |:eczda1' ea"'aln(63+l) eczd*a <a’ra +

Repeatedly using the operator identity (23), we obtain

Tr |:eczda"' ea"'aln(c‘3+1) eczd*a <a’ra +

=Tr {eczdﬁ [(c3+ a" + crd] e@laln(est) gead’a <

*
+ eczda"' ea"'aln(c‘3+1) eczd*a cd a:|
3

= Tr [ eczda+ ea"'acg eczd*a

2/
d(x<a,}:

T oaf *
eczda ed'acs eczd a

2 !
:/ d o eL‘de{’* eC3|OC’|2eL‘2d*OC/
T

1 c3 3
== [1+C3+§ |d2} exp (f 2 |d|2>.
3 3 3

(C3+1)(a at+—
d d*
(c3+1)< fa+ a4 25 >+

d d”
(c3+1) <|06/|2+ 242 oc’)

Czda-l- +crd*a

) T

o 4

cada’ + crd*a

)} In(c3 +1). (37)
3

cadat + czd*a>}

+ Czd>
c3

2 2
d
>+62 | ] :]
3
cldf’

Q] s o)

21712
c;5ld
+2|]
c3

C2d T L a4 Czd
3 c3

c3 3

a3 3

(38)

Thus, combining Eqgs. (37) and (38) we finally obtain entropy evolution of the DTS in the laser process, that is,

S(p(v,d:1)) = Lexp [(“ZC(VU

= c(V—1)2

When g =0, S(p(V,d;t)) refers to the entropy evolution of
p(V,d) for amplitude decay, i.e.,

2
. =]
S(p(v7d’t)) n2+(V_1)e—2Kt
(V—l)efz’“ N (V_l)efzm
2 24 (V—1)e 2

For an initial time r = 0, S(p(V,d;0)) is the entropy of the
DTS. For the case t — oo,

S(p(V,d;o0)) = —%n%rln (1 - %) ,

corresponding to the entropy of the thermal state [(1 —
g/x)]expla’aln(g/x)].

2
C2> ld|* +1Inc; +
3

2w

(e3+1)c3 +2Cz’d’
3

n(c3+1)]. (39

Here, we can numerically compute the time-evolution en-
tropy of p(V,d) for some reasonable parameter values. A
comparison of Fig. 1 with Fig. 3 indicates that many evolu-
tion features of the entropy are similar to those of the pho-
ton number. For instance, the initial entropy of p(V,d;t) is
also decided by V and d, the entropy always monotonously
decreases with the time ¢, and the amplitude decay leads to
S(p(V.d;
hand, the parameter d has a more significant effect on the ini-

o)) — 0 but the laser noise cannot. On the other

tial entropy in comparison with V, which is opposite to that of
the photon number. For a given time ¢, the entropy decreases
during the early stage and increases during the late stage along

with V increasing.
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Fig. 3. (color online) Time-evolution of the von Neumann entropy of the
state p(V,d) for different values V, d, and k, g, taking the same values as
those of Fig. 1, in a laser channel.

7. Conclusions

In conclusion, in terms of the Kraus operator solu-
tions of master equation describing the laser channel, we
obtained the analytical evolution law of a DTS in a laser
channel. By examining the time-dependent density opera-
tor p(V,d;t), we found that the state p(V,d;t) finally de-
cays to a highly classical thermal field with the density op-
erator [(1 — g/x)]expla’aln(g/x)]. We analytically and nu-
merically investigated the evolution law of the photon num-
ber, the Wigner function, and the entropy in the laser channel.
The results show that the parameter d has a more important

influence on the initial entropy than V, opposite to that of the
photon number, and their changes are different with V increas-
ing for a given time ¢. For the Wigner function, it is always
a positive and Gaussian distribution and its maximum posi-
tion moves with the values of d, k, and ¢. At long times, the
Wigner function becomes a Gaussian distribution of W (z;)
at the center of phase space. For any open system, the effects
of noise on the system are always inevitable in the fundamen-
tal dynamics processes. In terms of Eq. (12), we can derive the
analytical evolution law of any initial quantum state in a laser
channel and may find some valuable ways how to effectively
reduce laser transmission noise.
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