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Temperature dependence of migration features of
self-interstitials in zirconium∗
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Molecular dynamics simulations are conducted to study self-interstitial migration in zirconium. By defining crystal
lattice points where more than one atom is present in corresponding Wigner–Seitz cells, as the locations of self-interstitial
atoms (LSIAs), three types of events are identified as LSIA migrations: the jump remaining in one 〈112̄0〉 direction (ILJ),
the jump from one 〈112̄0〉 to another 〈112̄0〉 direction in the same basal plane (OLJ), and the jump from one basal plane
to an adjacent basal plane (OPJ). The occurrence frequencies of the three types are calculated. ILJ is found to be a dom-
inant event in a temperature range from 300 K to 1200 K, but the occurrence frequencies of OLJ and OPJ increase with
temperature increasing. The total occurrence frequency of all jump types has a good linear dependence on temperature.
Moreover, the migration trajectories of LSIAs in the hcp basal-plane is not what is observed if only conventional one- or
two-dimensional migrations exists; rather, they exhibit the feature that we call fraction-dimensional. Using Monte Carlo
simulations, the potential kinetic effects of fraction-dimensional migration, which is measured by the average number of
lattice sites visited per jump event (denoted by nSPE), are analysed. The significant differences between the nSPE value of
the fraction-dimensional migration and those of conventional one- and two-dimensional migrations suggest that the con-
ventional diffusion coefficient cannot give an accurate description of the underlying kinetics of SIAs in Zr. This conclusion
could be generally meaningful for the cases where the low-dimensional migration of defects are observed.
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1. Introduction
Because zirconium (Zr) has a small neutron absorption

cross section, its alloys have been commonly used as fuel
cladding and structural material in nuclear reactors. An is-
sue of intense concern herein is the degradation of material
properties induced by prolonged exposure to the irradiation
environment. The changes in material properties observed
macroscopically originate from various atomistic processes.[1]

Torelate the macro observations to micro processes, studies
spanning multiple time and space scales are crucial.[2] In the
present paper, we focus on the migration of self-interstitial
atoms (SIAs) in Zr. It is believed that the anisotropic migra-
tions of SIAs and vacancies, which can be produced by irradia-
tion from energetic neutrons and ions as well as electrons, play
an essential role in explaining irradiation growth in Zr.[3–8]

Simulation studies relating to the migration behavior of
SIAs in Zr have been reported by a number of groups using
ab initio modelling or molecular dynamics or kinetic Monte
Carlo (KMC).[3,6,9–19] The most recent ab initio modelling
showed that in contrast to the symmetric octahedral config-
uration predicted earlier,[12,20] the lowest-energy SIA config-
uration should be the low-symmetric basal octahedral (BO)
configuration.[15–17,21] In addition, it was found in Refs. [15]–
[17] that there may exist some low-symmetric metastable

SIA configurations that were not recognized previously.[21,22]

These new results from ab initio modelling reveal that the mi-
gration of SIA in Zr should be anisotropic and involve complex
atomistic process. Conversely, from the viewpoint of multi-
scale simulations, the extractions of effective SIA diffusion co-
efficients that condense the effects of the atomistic processes
and more directly correlate to simulation and analysis methods
of larger time-space scales are desired.[4,5,16,21,23] Using the
nudged elastic band (NEB) method to obtain migration bar-
riers for SIA configurations identified in ab initio modelling,
Samolyuk et al. estimated SIA diffusion coefficients in the c-
axis and in the basal plane of the hcp structure through event-
driven KMC simulations.[16] As noted by the authors, the out-
of-plane diffusion coefficient was possibly overestimated be-
cause the same jump attempt frequency was assigned to all
considered jump events. Using the extended basin climbing
method and the embedded atom method (EAM) potential of
Mendelev and Ackland[24] to search multiple transition path-
ways, Fan et al. performed KMC simulations on the diffu-
sion behavior of Zr SIAs.[19] In this study, the same jump
attempt frequency was also assigned to all considered jump
events. The jump frequencies can be calculated according to
the formalism of Vineyard’s transition state theory (TST),[25]

in which the potential surface is assumed to be harmonic in
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regions neighbouring local minima and saddle points. At high
temperatures, the anharmonicity of the potential surface may
influence the calculated jump frequencies.[3] Besides, whether
TST is applicable would be questionable when the temperature
is comparable to the diffusion barriers. Thus, molecular dy-
namic (MD) simulations provide a comparatively intuitive ap-
proach to calculating the SIA diffusion coefficients and jump
frequencies.

Using MD simulations, Pasianot et al. calculated SIA dif-
fusion coefficients in the basal plane.[9] Based on the highly
non-Arrhenius behaviour of the obtained diffusion coeffi-
cients, the possibility that the SIAs perform one-dimensional
movement in 〈112̄0〉 at low temperature was suggested. More
detailed MD simulations conducted by Osetsky et al.[10] pro-
vided further evidence for one-dimensional diffusion of SIAs
in the 〈112̄0〉 direction at low temperature and transitions to
two-dimensional and then three-dimensional diffusion with
increasing temperature. Shortly after the work of Oset-
sky et al.,[10] Woo et al.[11] published their MD results for
the SIA diffusion coefficient and also demonstrated the low-
dimensional diffusion of SIA. However, there was a remark-
able difference in the basal diffusion coefficients published in
these two papers. The basal diffusion coefficients obtained
in the former work exhibited good Arrhenius dependence on
temperature at low temperatures, whereas those given in the
latter work depended on temperature very weakly. Given
that the same potential[26] was used in both papers, the rea-
son for this difference is unclear. More recent MD studies
on the SIA diffusion in Zr were conducted by Mendelev and
Bokstein[27] and Diego et al.[14] In these two studies, no ob-
vious anisotropic diffusion was observed because the chosen
potential[24] led to a symmetric, mostly stable SIA configura-
tion (octahedral configuration), a result that disagreed with the
predictions of the newest ab initio modelling.[15–17,21]

In addition to the studies mentioned above, more stud-
ies on SIA migration in Zr are needed. For example,
it was stated[10] that the diffusion of SIAs would change
from one-dimensional to two-dimensional and then to three-
dimensional diffusion with increasing temperature. Transi-
tions between three-dimensional and lower dimensional dif-
fusion with the changing temperature were also observed in
KMC simulations.[19] In these studies, the anisotropic dif-
fusion was characterized by the ratio between the in-basal-
plane and the off-basal-plane diffusivities. However, as will
be shown in the present paper, the in-plane diffusion coeffi-
cient cannot really reflect the feature of the in-plane migration
of SIAs in Zr. Thus, further studies of quantifying the migra-
tion features are needed.

The present paper is composed of two parts. In the first
part (Section 2), we propose a method to quantitatively de-
scribe the migration features of the SIAs. Using MD simula-

tions, we demonstrate that the migration trajectories of SIAs
in Zr are composed of a sequence of line segments lying in
{0001} planes, with strongly temperature-dependent average
line segment lengths. In the second part, we will use MC sim-
ulations to demonstrate that the migration features may have
significant kinetic influences, which cannot be reflected by
the diffusion coefficient usually used to characterize diffusion
phenomenon.

2. MD Simulation of SIA migration

2.1. Simulation approach

Our MD simulations were performed using the graphics
processing unit (GPU)-based MD package MDPSCU[28] (with
the sources available at http://radphys.scu.edu.cn:8088). We
used the many-body semi-empirical potential of the Finnis-
Sinclair type proposed by Ackland et al.[26] for Zr–Zr poten-
tial. This Zr–Zr potential has been widely used to study the
stable configurations and diffusion of SIAs in Zr.[3,10,11,14] Al-
though the mostly stable SIA configuration predicted by the
potential is the basal-crowdion (BC), which deviates from the
basal-octahedral (BO) predicted by the most recent ab initio
modelling, the prediction that the basal-split (BS) configu-
ration has the second-lowest energy agrees with the ab ini-
tio prediction.[15–17,21] The potential used in the present pa-
per makes predictions comprehensively closer to those of the
newest ab initio modelling than a later-developed potential.[24]

The initial configurations of the simulation boxes were
prepared by introducing a Zr atom into a Zr substrate in
an hcp structure at a randomly selected position. For sta-
tistical purposes and optimal use of GPU-accelerated MD
simulations,[28] we generated 1000 independent replicas of
simulation boxes, each of which contained 6481 Zr atoms with
a size of 15a0× 15.59a0× 19.14a0, where a0 represents the
lattice constant of Zr. The x, y, and z axes were set along[
1̄21̄0

]
,
[
1̄010

]
, and [0001], and the periodic condition was

applied to the three directions. The boxes were then thermal-
ized and relaxed at a given temperature ranging from 300 K
to 1200 K until thermal equilibrium was reached. The boxes
were relaxed further for 30 ps in time-steps of 0.5 fs. The
instant configurations of the simulation boxes were generally
recorded every 0.1 ps. A finer recording time step was used
only for observing the detailed transition path between SIA
configurations. Because 1000 replicas of simulation boxes
were used in parallel, the simulation procedure is equivalent to
running one simulation box for 30 ns. The time scale is prob-
ably not long enough for calculating the diffusion coefficient
with using the Einstein formula but is sufficient for calculating
the frequencies of jump events defined below.
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2.2. Analysis approach

Methodologically, correct identification of SIAs is essen-
tial for a quantitative analysis of SIA migration features, par-
ticularly in high temperature cases. One approach to identify-
ing SIA is to search spherical regions of a given cut-off radius
centred on perfect hcp lattice sites. An atom is identified as an
interstitial atom if it is not within any of the spherical regions.
The shortcoming of this approach is that the search results may
be sensitive to the cut-off radius, especially at high tempera-
tures. For example, multiple SIAs could be identified even if
only one SIA were introduced into a simulation box. Thus, we
used an alternative approach in which the Wigner–Seitz cells
of the hcp lattice sites are searched. The Wigner–Seitz cells
are the Voronoi polyhedrons centred on the lattice sites. By
the definition of Voronoi polyhedron, an atom is within the
Wigner–Seitz cell of a lattice site when the atom is closer to
the lattice site than to any other lattice site. Using the linked-
cell technique and GPU parallel computing, the search process
can be quickly completed. Because the Wigner–Seitz cells are
space filling, there must be at least one Wigner–Seitz cell con-
taining more than one atom if an SIA is introduced into the
simulation box. We defined the Wigner–Seitz cell containing
more than one atom as the location of self-interstitial atom
(LSIA). This approach was used to identify interstitials and
vacancies produced in cascade collisions and was shown to
be robust.[29] We also tested the robustness of the approach to
identifying LSIA. In the simulation box created above, only
one LSIA could be found, and an LSIA contained only two
atoms for all temperatures considered in the present paper.
With respect to multiscale simulations, in which the LSIA
extent is very smaller than the distance that an LSIA moves
before its encounter with other defects, it is not important
to distinguish which atom of the two atoms at the LSIA is
the self-interstitial atom. Thus, instead of identifying the de-
tailed atomic events occurring during SIA migration, we use
the change of the LSIA to describe the SIA migration.

Although the LSIA migration is a coarse grained descrip-
tion of the SIA migration, the migration of the LSIA can be
anisotropic due to the dumb-bell like structure along 〈112̄0〉
direction formed by the two atoms at the LSIA. To quantify-
ing the anisotropic LSIA migration, we defined three types of
LSIA jumps as schematically displayed in Fig. 1. As men-
tioned above, the mostly stable SIA configuration predicted
by the potential of Ackland et al.[26] is the BC configuration.
It is observed in our MD simulations that for most of time, the
LSIA performs frequent back-and-forth swinging between a
pair of neighbouring lattice sites in the same basal plane, for
example the L1 and L2 site (Fig. 1(a)). For the convenience of
description, we call such a pair of lattice sites the LSIA pair.
It would overestimate the number of jump events if we sim-
ply define the change of LSIA as a jump. Thus, we define the

change of LSIA pair as an LSIA jump. For example, the lat-
tice site pair L1–L2 is an LSIA pair at first (Fig. 1(a)). With the
passage of time, there is a probability that the LSIA pair could
change from L1–L2 to L2–L3 (Fig. 1(b)), This change indi-
cates the occurrence of an LSIA jump. Such a jump that re-
mains in the same direction of the immediately previous LSIA
pair (L1 to L2) is referred to as an in-line jump (ILJ). It is also
possible that the LSIA pair could change from site L1–L2 to
L2–L4 (Fig. 1(c)). In this case, the direction of LSIA pair L2–
L4, [112̄0], differs from the immediately previous direction[
1̄21̄0

]
(from L1 to L2). Such a jump involving a directional

change from one 〈112̄0〉 direction to another equivalent 〈112̄0〉
direction on the same basal plane is defined as an off-line jump
(OLJ). The change of LSIA from site L2 to L5 may also pos-
sibly occur (Fig. 1(d)), which is a jump from one basal plane
to another defined as an off-plane jump (OPJ). The robustness
of calculating the number of jump events was also checked by
that the same number of jump events is obtained when dif-
ferent time intervals, 0.1ps and 0.01ps, are used to detect the
jump events.

(a) (b)

(c) (d)

Fig. 1. (color online) Schematic graphs for the movements of interstitial
atoms and LSIA. Grey spheres denote the atoms at normal hcp lattice sites
at which their Wigner–Seitz cells contain one atom. Dots, for example site
L1 in panel (a) and site L2 in panel (b), denote LSIAs at which two atoms
(red spheres) fall in their Wigner–Seitz cells. The normal lattice sites nearest
to an LSIA are LSIA candidates.

2.3. Features of LSIA migration

According to the simulation approach described in Sub-
section 2.1, MD simulations were performed at different val-
ues of substrate temperature Ts. As an example from the 1000
simulation boxes, figure 2 displays the typical trajectories for
Ts = 300 K, 600 K, and 900 K. The graphs were created by
merging snapshots at different time steps. Also shown are
the interstitial atoms and their connections with the LSIAs
at which they are located. The first point of observation is
that the pair of interstitial atoms in LSIAs is in either BC or
BS configuration for most of the time. (It is actually difficult
to distinguish between BS and BC configurations for nonzero
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substrate temperatures.) However, the atom-LSIA-atom con-
nection is not necessarily a straight line in the 〈112̄0〉 direc-
tion. The interstitial atoms exhibit superposition of thermal
swinging and vibrational movements around their LSIA be-
cause of temperature. The atoms (not drawn for clarity) on
the nearest lattice sites of the LSIA also thermally swing and
vibrate around their lattice points. There are moments when
the interstitial atoms and the atom on one of the LSIA candi-
dates approximately line up. At these moments, an LSIA jump
may occur, during which one of the interstitial atoms falls into
the new LSIA and the other returns to the lattice point where
the previous LSIA is located. After we quenched the simula-
tion boxes to zero temperature, the SIA configuration that led
to the migration of SIAs from one basal plane to another (de-
noted as PS’ in Ref. [17]) was indeed found. However, the
appearance of this state is infrequent. Most of the time, the in-
terstitial atoms tend to swing around their LSIAs at small an-
gles. This leads to our second point of observation. In Fig. 2,
it is seen that the LSIA exhibits one-dimensional migration
at low temperature (Ts = 300 K). The LSIA ‘jumps’ forward
and backward in a 〈112̄0〉 direction. With increasing temper-
ature (Ts = 600 K), changes in the direction of LSIA move-
ment are observed. LSIA may change its movement from one
〈112̄0〉 direction to another equivalent 〈112̄0〉 direction in the
same basal plane, an off-line jump as defined in the previous
subsection. It may also first jump to one of the two nearest
0001} planes and then quickly shiftto the 〈112̄0〉 direction (the
off-plane jump). However, the probabilities for off-line jumps
and off-plane jumps are significantly less than those of in-line
jumps. The trajectories of LSIAs are thus observed to be con-
stituted by line segments of various lengths. With the further
increase of temperature (Ts = 900 K), the occurrence probabil-
ities of off-line jumps and off-plane jumps increase, and thus
the average length of the line segments decreases. Even so,
the events in which an LSIA jumps forward or backward in a
〈112̄0〉 direction still occur most frequently.

To conduct a more quantitative analysis of the migra-
tion features of Zr SIA, we calculated occurrence frequencies
of LSIA jump events, f (α)

E , where the superscript α denotes
the type of jump (i.e., in-line, off-line and off-plane), instead
of calculating the diffusion coefficient of SIA. The jumping
frequencies are more essential than the diffusion coefficient.
The diffusion of continuous diffusion theory can be calcu-
lated from ∑α f (α)

E l2
(α), where l(α) is the jump length of type

α . In addition, the occurrence frequencies can be used for
time-step sampling in kinetic Monte Carlo simulations of de-
fect evolutions.[30]

We determined the occurrence of an LSIA jump event by
the approach described in Subsection 2.2. If N(α)

E is the num-
ber of times event αoccurs in all 1000 simulation boxes in
the 30-ps simulation time, then f (α)

E in unit s−1 is calculated

from
(
108/3

)
N(α)

E . It should be mentioned that to correctly
count the number of jump events, the time step should be small
enough to avoid long distance jumps. For the recording time
step (0.1 ps) used, only the jumps between two adjacent hcp
lattice sites were observed.

300 K 300 K

600 K 600 K

900 K 900 K

Fig. 2. (color online) Typical trajectories of LSIAs for temperature Ts =
300 K, 600 K, and 900 K (from top row to bottom row). Left column are
views in [0001] direction, right column are views in

[
1̄21̄0

]
direction. Dark

red dot: hcp lattice point; circle: LSIA; gold dot and line: an interstitial atom
and its connection with its LSIA; green dot and line: the same as gold dot and
line but for another interstitial atom at the LSIA.

Figure 3 shows f (α)
E as a function of the temperature.

Also shown is the summation of the occurrence frequencies
of all types of events f (S)E . Because the total number of jump
events is 19340 for Ts = 300 K and more for higher Ts. a statis-
tical error of f (S)E is estimated at less than 1%. From Fig. 3, it
is seen that the in-line jump frequency f (ILJ)

E is significantly
higher than the off-line jump frequency f (OLJ)

E and the off-
plane jump frequency f (OPJ)

E at most considered temperatures.
At room temperature (Ts = 300 K), f (OLJ)

E and f (OPJ)
E are very

small compared with f (ILJ)
E . With increasing temperature in

a range of 300 K≤ Ts ≤ 600 K, f (ILJ)
E increases but at a de-

clining rate. For Ts ≥ 600 K, f (ILJ)
E slightly decreases with in-

creasing temperature. Conversely, f (OLJ)
E and f (OPJ)

E increase
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with rising temperature at an increasing rate in the range of
300 K≤ Ts ≤ 600 K. For Ts ≥ 600 K, f (OLJ)

E and f (OPJ)
E tend to

linearly increase with rising temperature and f (OLJ)
E increases

slightly faster than f (OPJ)
E . The rates of the increase in f (OLJ)

E
and f (OPJ)

E compensate for the rate of decreasing in f (ILJ)
E . This

leads to good linear dependence on temperature for the oc-
currence frequencies of all events. The dependence of f (S)E
on the temperature was very well fitted by the linear equa-
tion fE (Ts) = µTs+µ0, with µ = 0.000839725 K−1 ·ps−1 and
µ0 = 0.38835 ps−1. The linear temperature dependence sug-
gests that the occurrence frequencies of all LSIA jump events
follow the Einstein-Smoluchowski relationship and thus that
LSIA migration tends to Brownian-like motion at our consid-
ered temperatures. However, the occurrence frequency for a
specific type of event, for example, f (ILJ)

E , may not always fol-
low the Einstein–Smoluchowski relationship in the considered
temperature range. Because the occurrence frequencies are
different for the various types of LISA jumps, the Brownian-
like motion of LSIA is anisotropic.

200 400 600 800 1000 1200

0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

f
(a
) /
p
s-

1

Temperature/K

E

Fig. 3. (color online) Occurrence frequencies of event types, f (α)
E , as a

function of temperature, where � denotes total frequency of events f (S)E ;

• denotes f (ILJ)
E ; N denotes f (OLJ)

E ; J denotes f (OPJ)
E ; and H denotes

f (IPJ)
E = f (ILJ)

E + f (OLJ)
E . The red solid line is the linear fitting of f (S)E :

fE (Ts) = 0.000839725Ts + 0.38835, with Ts in unit K and fE (Ts) in unit
ps−1.

For comparing our results with other authors’, the occur-
rence frequency of in-plane jumps, f (IPJ)

E = f (ILJ)
E + f (OLJ)

E ,
is also shown in Fig. 3. In contrast to f (S)E , the dependence
of the in-plane jump frequency f (IPJ)

E on Ts should be con-
sidered in two temperature regimes divided by Ts = 600 K.
This is in agreement with what was observed in Osetsky
et al.’s work,[10] but the in-plane jump frequency displayed
in Ref. [10] is systematically larger than ours. Osetsky et
al. have fitted the in-plane jump frequency to the Arrhe-
nius relationship in two temperature regimes (Ts ≤ 600 K and
Ts ≥ 800 K), with activation energies equal to 0.007 eV and
0.028 eV, respectively. The small activation energy in the
low-temperature regime (0.007 eV), which is comparable to
or even smaller than the considered temperature, is actually
an indication that the SIA migration tends to be non-activated

migration. We have implemented the Nudged–Elastic–Band
(NEB) method[31] to perform static calculation of diffusion
barrier and the results are shown in Fig. 4. It is observed
that the ILJ has the lowest diffusion barrier which is less than
0.01 eV (equivalent to about 100 K). This proves again that
glide in 〈112̄0〉 direction should be the dominating mechanism
of SIA migration at low temperature. The diffusion barriers of
OLJ and OPJ are shown in Figs. 4(b) and 4(c). The OLJ path
actually consists of an in-line glide and a rotation path with
a diffusion barrier of 0.18 eV. The diffusion barrier of OPJ is
0.23 eV. The NEB results explain the dynamical result shown
above.

0 5 10 15 20 25
-0.004

-0.002

0

0.002

0.004

0.006

0.008

0.010

0.012

0.014

eV

Images

ILJ

0 5 10 15 20 25 30 35
-0.06

-0.03

0
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0.06

0.09

0.12

0.15

0.18

0.21

0.24

eV

Images

OLJ

0 10 20 30 40

-0.05

0

0.05

0.10

0.15

0.20

0.25

0.30

eV

Images

 OPJ

S1:BC

S2:BS

S3:BC

S1:BC

S2:BS

S3:BC

S4:BO

S5:BC

S1:BC

S2:C

S3:BC

(a)

(b)

(c)

Fig. 4. (color online) NEB analysis results of ILJ, OLJ, and OPJ. In ILJ, the
initial state is set at L1 and the final state is set at L3. In OLJ, the initial state
is set at L1 and the final state is set at L4. In OPJ, the initial state is set at L2
and the final state is set at L5, where the Ln is denoted in Fig. 1.

Figure 5 displays the percentages of occurrence frequen-
cies of event types, defined by p(α)

E = f (α)
E / f (S)E . Again, p(α)

E

can be fitted by the linear equation p(α) (Ts) = A(α)Ts +B(α).
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The fitting parameters A(α) and B(α) are given in Table 1. And
in larger scale simulation, such as KMC, the occurrence fre-
quency of type α can be calculated by f (s)E (Ts) · p(α)

E (Ts).

200 400 600 800 1000 1200

0

20

40

60

80

100

P
(a
)

E

Temperature/K

Fig. 5. (color online) Plots of percentage of occurrence frequencies of event
types, p(α)

E = f (α)
E / f (S)E , versus temperature. • denotes p(ILJ)

E ; N denotes

p(OLJ)
E ; J denotes p(OPJ)

E . The solid line are the linear fittings of p(α)
E :

p(α) (Ts) = A(α)Ts +B(α), with the fitting parameters given in the follow-
ing Table 1.

Table 1. Parameters for fitting p(α) (Ts) = A(α)Ts +B(α) to the percent-
age of occurrence frequencies of event types in Fig. 5.

ILJ OLJ IPJ OPJ

A(α) –0.06477 0.04029 –0.02448 0.02448
B(α) 112.60166 –3.87286 108.7288 –8.7288

An LSIA has two nearest sites for ILJs and four nearest
sites for OLJs (see Fig. 1). For the convenience of descrip-
tion, we call the migration fraction-dimensional if f (ILJ)

E >,
f (OLJ)
E > 0, and 1

2 f (ILJ)
E 6= 1

4 f (OLJ)
E . In contrast, we denote ‘full’

three-dimensional migration as the case in which the prob-
abilities for an LSIA jumping to all of its 12 nearest neigh-
bouring sites are the same, namely, f (α)

E satisfying 1
2 f (ILJ)

E =
1
4 f (OLJ)

E = 1
6 f (OPJ)

E ; ‘full’ two-dimensional migration as the
case in which the probabilities of jumping to its 6 near-
est neighbouring sites in the same basal plane are the same,
namely, 1

2 f (ILJ)
E = 1

4 f (OLJ)
E ; and ‘full’ one-dimensional migra-

tion as the case in which only in-line jumping exists, namely,
f (ILJ)
E > 0 and f (OLJ)

E = 0 Clearly, the LISA migration in Zr
displayed above is fraction-dimensional. In the next section,
we will show that the kinetic effects of fraction-dimensional
migration could be different from those that would occur if the
migration of SIAs are considered to be full one-dimensional or
full two-dimensional.

3. MC analysis of visited sites by SIAs
As demonstrated in the previous section, the migration of

LSIA in the basal plane of Zr is fraction-dimensional. Ac-
cording to the random walk theory,[32] a particle randomly
walking on one-dimensional lattice sites can repeatedly visit

the lattice sites many times. If off-line jumps occur, the vis-
its to these sites are branched, and visits to sites aligned in
other directions, which could not be visited when the parti-
cle walks in one direction, are probable. During their migra-
tion, SIAs can be annihilated when they encounter, for ex-
ample, vacancies that are randomly distributed in the mate-
rial. The SIAs clusters can form when the SIAs encounter
each other. Obviously, the probability for an SIA encountering
other defects is proportional to the number of different lattice
sites that the SIA, or the equivalent LSIA, can visits. If NV

is the number of different sites that the LSIA visits after NE

jump events, we suggest using the ensemble-averaged value,
nSPE = 〈112̄0〉/NE, to measure the potential kinetic effects. It
is difficult to obtain an analytical expression of nSPE. We per-
form Monte Carlo (MC) simulations to calculate nSPE. We
start an MC simulation by randomly selecting an hcp lattice
site for the initial LSIA, and mark this site as being visited.
Then, the LSIA migrates through a series of jump events. For
each LSIA jump, a random number rwith uniform distribution
in the interval [0,1] is generated and the type of the jump event
is determined according to the percentage of occurrence fre-
quency p(α)

E . For example, if < r<p(ILJ)
E , the jump event is ILJ

type; if p(ILJ)
E <r<p(ILJ)

E + p(OLJ)
E the jump event is OLJ type;

if p(ILJ)
E +p(OLJ)

E <r<1, the jump event is OPJ type. With the
determined event type α , the LSIA moves to the site randomly
chosen among the candidate sites corresponding to the event
type (see Fig. 1) The numbers of candidate sites are 2, 4, and
6 for ILJ, OLJ, and OPJ, respectively. A site can be visited for
many times. However, a visited site can contribute only one
count to the number NV. The simulation terminates after issu-
ing an assumed number NE of events. NE can be considered
as the average number of jumps for a moving LSIA before its
annihilation due to, for example, recombination between SIAs
and vacancies. For a given NE, many MC simulation runs are
performed. nSPE is then calculated by 〈112̄0〉/NE, with 〈 〉
denoting the average over the runs.

Figure 6 displays two typical trajectories of LSIA mi-
gration obtained by the MC simulations with NE = 104, us-
ing p(α)

E (Ts), as given in Subsection 2.3, for Ts = 300 K and
600 K. The size of the simulation box in the MC simulations
is 31×31×31 times the simulation box size used in the MD
simulations above. Thus, the trajectories are much longer than
what observed in MD simulations (see Fig. 2). The colour
indicates the number of times that a lattice site is visited by
the LSIA. It is observed that because of the small p(OLJ)

E and
p(OPJ)

E at low temperature (Ts = 300 K), the LSIA migrates
in a 〈112̄0〉 direction for a long line segment before changing
direction and that many lattice sites are visited several times
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(Fig. 6(a)). With increasing temperature (Ts = 600 K), more
lattice sites are visited, and on average the number of times
that a lattice site can be visited decreases (Fig. 6(b)).

(a)
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0.3

0.1

Fig. 6. (color online) Typical trajectories of LSIAs viewed in [0001]
direction obtained by MC simulations. (a) Ts = 300 K; (b) Ts = 600 K.
The colour represents the number of times that a site is visited by the
LSIA.

Figure 7 shows the plots of nSPE versus NE for differ-
ent substrate temperatures. Also shown are the plots of n(d)SPE
for full three-, two-, and one-dimensional migrations of LSIA
on hcp-lattices, where the superscript d denotes the dimen-
sionality. Keeping in mind that mathematically, nSPE = 1 if
NE = 1 in any case, all nSPE values are seen to monotonically
decrease with increasing NE due to the spreading out of vis-
ited lattice sites. Lower migration dimensionality corresponds
to lower levels of spread. Thus, n(1)SPE and n(3)SPE provide the
minimum and maximum boundaries for nSPE of the migra-
tion phenomenon in the hcp-lattice, respectively. The differ-
ence between the minimum and maximum is 60% at NE = 20.
The difference widens with increasing NE. The large differ-
ence implies that nSPE is very sensitive to the migration di-
mensionality. Returning to LSIA migration in Zr, it is seen
that nSPE varies from 38% to 79% at NE = 20 and from 10%
to 70% at NE = 104, when the temperature Ts increases from
300 K to 1200 K. Another observation is that the increase in
p(OPJ)

E causes nSPE to asymptotically approach to a constant

for large NE. For full two-dimensional and low-dimensional
migration, the slope of nSPE as a function of NE is large even
for NE = 1000. The large slope is probably an indication that
the kinetics of the LSIAs can be dependent on the concentra-
tion of the sites with which the SIAs can interact. In such a
case, the use of concentration-independent kinetic quantities,
such as a diffusion coefficient that originates from the theory
of continuous diffusion, should be revalidated. We will ad-
dress this issue more generally in the future. Here, we address
another question of the usage of diffusion coefficients when
the LSIA migration is fraction-dimensional.

102 103 104 105
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0.8

1.0

n
s
p
e
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450 K

600 K

750 K

900 K

1050 K

1200 K
pure 1D

pure 2D

pure 3D

Fig. 7. (color online) Plots of average number of visited sites per event, nSPE,
versus the number of jump events, NE. Also shown are nSPE for full 3D, 2D,
and 1D migrations. The definitions of full 3D, 2D, and 1D migrations are
found in the texts.

In Refs. [10] and [11], anisotropy of Zr SIA migration
is obtained by differentiating the diffusion coefficients in the
basal-plane and along the c-direction of hcp crystal structure.
In kinetic Monte Carlo simulations or mean field rate theory,
the diffusion coefficients are used as inputs. The diffusion
of Zr SIA is usually treated aseither full one-dimensional or
full two-dimensional migration in the basal plane.[4,5,33] How-
ever, our present results reveal that the in-basal-plane migra-
tion of LSIA in Zr is fraction-dimensional. To study the con-
sequence of such treatments, we perform further MC simu-
lations for three cases. The first case is the ‘real’ fraction-
dimensional case, in which all p(α)

E (Ts) are those obtained
by MD simulations in Subsection 2.2. For the other two
cases, the same p(OPJ)

E (Ts) is also adopted. However, we set
p(ILJ)

E (Ts) = 1− p(OPJ)
E (Ts) and p(OLJ)

E (Ts) = 0 to treat the in-
basal-plane migration of LSIA as being fully one-dimensional
and set p(ILJ)

E (Ts) = 2(1− p(OPJ)
E (Ts))/6 and p(OLJ)

E (Ts) =

4(1− p(OPJ)
E (Ts))/6 to treat the in-basal-plane migration of

LSIA as being fully two-dimensional. The diffusion coeffi-
cient D(2) in the basal-plane is then calculated by 〈112̄0〉/4t,
and the three-dimensional diffusion coefficient D(3) is calcu-
lated by 〈112̄0〉/6t, with (x,y,z) denoting the displacement
vectors of LSIAs after NE(� 1) jumps. The time spent in NE

jumps, t, can be calculated by NE/ f (S)E .
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Figure 8 shows plots of nSPE versus diffusion coefficients
D(2) (Ts) and D(3) (Ts), obtained with NE = 104 for all three
cases. The temperature Ts ranges from 300 K to 1200 K.
Because an LSIA jump in the basal plane always contributes
the same square displacement a2

0, where a0 is the basal lat-
tice length, to the mean square displacement (MSD) no matter
whether the jump is in-line or off-line, the three cases have the
same diffusion coefficients D(2) (Ts) and D(3) (Ts) at the same
temperature, as denoted by the dash line in Fig. 8. However,
the nSPE of the ‘real’ case deviates significantly from the val-
ues of nSPE of the assumed one- and two-dimensional cases.
This result suggests that the conventional diffusion coefficients
cannot reflect the real underlying kinetics of LSIA migration
in Zr, in which the in-basal-plane migration of LSIAs is neither
fully one-dimensional nor fully two-dimensional but rather
fraction-dimensional. Thus, the models in downstream appli-
cations for modelling the microstructure evolution in Zr, such
as KMC or mean field rate theory, should account for the ef-
fects of the fraction-dimensional migration of SIAs to make
accurate predictions.

n
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e

0.2 0.3 0.4 0.5 0.6
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Fig. 8. (color online) Plots of nSPE versus diffusion coefficient D(2)

(denoted by �) and D(3) (denoted by •) for full two-dimensional case
(red) and fraction-dimensional case (blue), and full one-dimensional
case (black). See text for definitions of the cases.

4. Conclusions
Based on MD simulations, we analyse the migration of

SIAs in Zr. Using the Wigner–Seitz cell containing interstitial
atoms as the definition of SIA location (LSIA), the migration
trajectories of the SIAs can be easily followed and the in-line
(ILJ), off-line (OLJ) and off-plane jumps (OPJ) of SIAs can
be defined. The occurrence frequencies of these three types
of LSIA jump events are extracted for substrate temperatures
from 300 K to 1200 K. Although the temperature dependence
of the occurrence frequency for a specific type of jump event
may follow neither a linear nor an Arrhenius relationship, the
total occurrence frequencies of all types tend to be linearly de-
pendent on temperature.

Because none of the occurrence frequencies of ILJ, OLJ,
and OPJ are equal, with ILJs being dominant, the trajec-

tories of LSIAs in the hcp basal-plane exhibit the fraction-
dimensional feature. According to MC simulations, we anal-
yse the potential kinetic influence of fraction-dimensional mi-
gration, which is measured by nSPE, the average number of
lattice sites visited by a jump event. The nSPE of fraction-
dimensional migrations could be very different from those
of full one- or two-dimensional migrations in the hcp basal-
plane. This result suggests that the conventional diffusion co-
efficient calculated by mean square displacements of particles
cannot reflect the migration dimensionality and thus cannot
provide an accurate description of the underlying kinetics of
SIAs in Zr either. This conclusion may not be limited to SIA
migration in Zr and could be more generally meaningful for
the case in which low dimensional migration of defects in ma-
terialis observed.
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