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multilayer quasi-geostrophic flow & study on its linear stability∗
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A multilayer flow is a stratified fluid composed of a finite number of layers with densities homogeneous within
one layer but different from each other. It is an intermediate system between the single-layer barotropic model and the
continuously stratified baroclinic model. Since this system can simulate the baroclinic effect simply, it is widely used to
study the large-scale dynamic process in atmosphere and ocean. The present paper is concerned with the linear stability
of the multilayer quasi-geostrophic flow, and the associated linear stability criteria are established. Firstly, the nonlinear
model is turned into the form of a Hamiltonian system, and a basic flow is defined. But it cannot be an extreme point
of the Hamiltonian function since the system is an infinite-dimensional one. Therefore, it is necessary to reconstruct a
new Hamiltonian function so that the basic flow becomes an extreme point of it. Secondly, the linearized equations of
disturbances in the multilayer quasi-geostrophic flow are derived by introducing infinitesimal disturbances superposed on
the basic flows. Finally, the properties of the linearized system are discussed, and the linear stability criteria in the sense of
Liapunov are derived under two different conditions with respect to certain norms.
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1. Introduction
Flow stability is one of the classical problems in fluid me-

chanics and atmosphere–ocean dynamics,[1–4] and the linear
stability theory is the most mature. Two main approaches are
usually adopted in the field of flow stability. The first one is
the normal method. The most famous application is the linear
instability criterion of incompressible flow, i.e., Rayleigh’s cri-
terion (it is the necessary conditions of instability, since there
exist inflection points in the basic flow Ū(y), it can be called
inflection point theorem). Kuo[5] applied this method to mete-
orology and derived atmospheric barotropic stability criteria in
1949. Pedlosky[6] studied the atmospheric baroclinic stability.
The second one is the variational method along with eigen-
value estimate, which was proposed by Synge et al.[1–3] when
studying the Orr–Sommerfeld equations’ eigenvalue problem
of viscous fluid. Chaney and Eady studied the baroclinic in-
stability problems in the process of atmospheric movement.[7]

Oliver and Ulrich[8] discussed the linear stability of compress-
ible flow, and solved the eigenvalue problem of linear stability
theory for three different cases. Wang and Huang[9] used the
variational method to deduce the sufficient conditions of linear
stability and instability when studying ionospheric variations
in equatorial and low latitude areas.

With the development of linear stability, the theories of
weak nonlinear and nonlinear stability were also developed
accordingly. Among them, the perturbation method is widely

used, which can be referred to Refs. [6] and [7].
In the development of nonlinear stability theory,

Arnol’d[10,11] is the first one to deduce the nonlinear stabil-
ity of planar inviscid steady incompressible flow through the
variational method along with priori estimate, which opens a
new phase for the research. Afterwards, based on Arnol’d’s
idea, Mu et al.[12,13] did many valuable researches when study-
ing multilayer quasi-geostrophic flow and continuous strati-
fied quasi-geostrophic flow. They took the generalized en-
ergy conservation and generalized energy–enstropy conser-
vation into consideration, established a new conserved term,
and derived Arnol’d’s first and second theorems by making
use of the prior estimate and Poincare inequality. Zhang and
Xiang[14,15] investigated nonlinear saturation of baroclinic in-
stability in the generalized Phillips model in the context of
Arnol’d’s second theorem and obtained the upper and lower
bounds on the disturbance energy and potential enstrophy in
the case of nonlinearly unstable basic flow. Based on the pre-
vious work, Swaters[16] studied linear and nonlinear stability
of the barotropic vorticity equation by using a Hamiltonian
system, and gave a new idea for stability research.

As we all know, the Hamiltonian principle can be counted
as the greatest principle not only in mechanics, but even in
the whole of physics. It integrally describes the motion of a
mechanical system and reveals basic laws that energy trans-
formation should follow. At the same time, because of its
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uniformity and conciseness, the Hamiltonian principle has ex-
cellent universality. For the above reasons, many scholars are
devoted to studying it.[17–21] However, it is a difficult work
to transform nonlinear partial differential equations into an
infinite-dimensional Hamiltonian system, since the following
two parts must be accomplished. The first one is the estab-
lishment of a conservative term H and a differential operator
J, which is the key to transform nonlinear partial differential
equations into the form 𝑞t = J δH

δ𝑞
; the second one is the def-

inition of Poisson bracket [F,G] =
〈

δF
δ𝑞

,J δG
δ𝑞

〉
L2(Ω)

, such that
J satisfies the five properties of Poisson bracket (self-Poisson
commutation, skew-symmetry, distributive property, associa-
tive property, and Jacobi identity).

In this paper, the linear stability of multilayer quasi-
geostrophic flow is discussed. First, the multilayer quasi-
geostrophic flow nonlinear equations are turned into the form
of an infinite-dimensional Hamiltonian system 𝑞t = J δH2

δ𝑞
, the

problem of finding the operator J is involved, which is related
to the Poisson bracket. And then, Hamiltonian function H2 is
required to be conservative, and its gradient should be calcu-
lated. After these works, a Hamiltonian system can be estab-
lished. Second, basic flow𝑄 is introduced. Since J is a differ-
ential operator and irreversible, the equation δH2

∂𝑞
(𝑄) = 0 can

not be derived from the expression J[𝑄]
δH2
∂𝑞

(𝑄) = 0, namely,
𝑄 cannot be an extreme point of Hamiltonian function H2.
It is essential to reconstitute Hamiltonian function H, which
should satisfy the following three conditions: (i) H is time in-
dependent, i.e. dH

dt = 0, (ii) H concludes an extreme point 𝑄,
(iii) H maintains the Hamiltonian system invariant. From the
analyses above, H contains not only the kinetic energy of the
system, the potential vorticity energy, the boundary circulation
energy, but also the basic flow energy. Third, general distur-
bances are superposed to the basic flows, and the linearized
equations of multilayer quasi-geostrophic flow are derived.
Unlike nonlinear stability, now the linearized equations do not
have a Hamiltonian structure, and we do not make use of the
normal method to discuss the stability. Fourth, stability crite-
ria are established. The deduction of the second order varia-
tion of H(𝑄) is the key, that is δ 2H(𝑄), and it is necessary
to prove that it is invariable over time, i.e., d

dt δ 2H(𝑄) = 0.
Based on these works, the linear stability criteria in the sense
of Liapunov are derived for two different cases that the basic
flow is a maximum point (δ 2H(𝑄)< 0) and a minimum point
(δ 2H(𝑄) > 0) of the new Hamiltonian function H by using
the methods of prior estimate and eigenvalue estimate.

For the nonlinear stability, Mu et al.[12,13] have made a lot
of contributions by taking advantage of the Arnol’d method,
but so far no one has discussed multilayer linear stability on
the basis of the Hamiltonian system. It should be noted that
the results of nonlinear stability are not completely suitable
for the linear stability. There exist many essential difficulties,

so it is necessary to study linear stability.

2. Mathematical model of multiplayer quasi-
geostrophic flow
Consider a stably stratified fluid of N superimposed lay-

ers of constant densities 0 < ρ1 < · · ·< ρN , with equal density
jumps ρ ′ = ρi+1− ρi, and mean layer depth di. The multi-
player quasi-geostrophic vorticity equations are given by[6]

∂qi

∂ t
+∂ (ψi,qi) = 0, (1)

qi(t,x,y) = ∆ψi +Fi

N

∑
j=1

Ti jψ j + fi(x,y),

(i = 1, . . . ,N), (2)

where ψi and qi are the stream function and the potential vor-
ticity of the ith layer, respectively,

∂ (ψ,q) ∆
=

∂ (ψ,q)
∂ (x,y)

= ψxqy−ψyqx,

and Fi denotes the Froude number, i.e., Fi =
f 2
0 ρ0

gρ ′di
. It is obvious

that diFi =
f 2
0 ρ0
gρ ′ = a (a is a constant) and fi(x,y) follows

fi(x,y) = δiN

(
f0

dN

)
h(x,y)+ f0 +βy, (3)

where h(x,y) denotes the lowest layer orographic function, δiN

is the Dirac function, f0 and β are the Coriolis parameters, re-
spectively, and 𝑇 = (Ti j)N×N is given by

𝑇 =



−1 1 0 · · · 0 0 0
1 −2 1 · · · 0 0 0
0 1 −2 · · · 0 0 0
...

...
...

. . .
...

...
...

0 0 0 · · · −2 1 0
0 0 0 · · · 1 −2 1
0 0 0 · · · 0 1 −1


. (4)

By calculation, we have 〈𝜓,−𝑇𝜓〉 =
N−1
∑

i=1
(ψi+1−ψi)

2, so

−𝑇 is a nonnegative symmetric matrix and det𝑇 = 0.
In Eqs. (1) and (2), the region Ω ⊂R2 presents a multiply

(or simple) connected domain in plane, ∂Ω is the boundary
of Ω , which is smooth, ∂Ω consists of m+ 1 simple closed
curves ∂Ω j( j = 0,1, . . . ,m), and ∂Ω j ⊆ ∂Ω0, and 𝑛 denotes
the unit outward normal vector on the boundary curve ∂Ω .

The boundary conditions of the fluid are as follows. The
boundary conditions of the rigid wall are

∂ψi

∂ s

∣∣∣∣
∂Ω j

= 0, (or ψi|∂Ω j
= λ

i
j, λ

i
j is a constant). (5)

The conservation conditions of the boundary circulation are

d
dt

∮
∂Ω j

∂ψi

∂n
ds = 0, i = 1, . . . ,N; j = 0, . . . ,m. (6)
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If the following expressions in vector form

𝑞 = (q1, . . . ,qN)
T, 𝜓 = (ψ1, . . . ,ψN)

T,

𝑓 = ( f1, . . . , fN)
T,𝐹 = diag(

√
F1, . . . ,

√
FN),

𝐷 = diag(
√

d1, . . . ,
√

dN), 𝐷𝐹 =
√

a𝐼, Ĵi =−∂ (qi, ·),

Ĵ[𝑞]
∆
= Ĵ = diag(Ĵ1, . . . , ĴN),

Ĵ(−𝜓) = diag(Ĵ1(−ψ1), . . . , ĴN(−ψN)),

Ĵ[Qi] =−∂ (Qi, ·), Ĵ[𝑄] = diag(Ĵ[Q1], . . . , Ĵ[QN ]),

Ĵ[𝑄](−𝛹) = diag(Ĵ[Q1](−Ψ1), . . . , Ĵ[QN ](−ΨN)),

∂ (𝜓,ϕ)
∆
= (∂ (ψ1,ϕ1), . . . ,∂ (ψN ,ϕN))

T,

J = Ĵ𝐷−2, J[𝑄] = Ĵ[𝑄]𝐷
−2 (7)

are introduced into Eqs. (1) and (2), then we have

𝑞t =−∂ (𝑞,−𝜓) = Ĵ(−𝜓), (8a)

𝑞 = ∆𝜓+𝐹 2𝑇𝜓+𝑓 , (8b)
∂𝜓

∂ s

∣∣∣∣
∂Ω j

= 0 (or 𝜓|
∂Ω j

= 𝜆 j, j = 0, . . . ,m;

𝜆 j is a constant vector), (8c)
d
dt

∮
∂Ω j

∂𝜓

∂n
ds = 0, j = 0, . . . ,m. (8d)

3. Construction of Hamiltonian system
Lemma 1 For ∂ (·, ·), suppose ψ , q, and ϕ are differen-

tiable functions in Ω̄ ⊂ R2, then we can obtain∫
Ω

ψ∂ (ϕ,q)dΩ =
∫
Ω

q∂ (ψ,ϕ)dΩ −
∮

∂Ω

ψq
∂ϕ

∂ s
ds. (9)

Proof: We have∫
Ω

ψ∂ (ϕ,q)dΩ

=
∫
Ω

ψ(ϕxqy−ϕyqx)dΩ

=
∫
Ω

[(ψϕxq)y− (ψϕyq)x]dΩ −
∫
Ω

[(ψϕx)y− (ψϕy)x]qdΩ

=
∫
Ω

q∂ (ψ,ϕ)dΩ+
∫

∂Ω

q(−ψϕy,ψϕx) ·𝑛ds

=
∫
Ω

q∂ (ψ,ϕ)dΩ−
∫

∂Ω

ψq
∂ϕ

∂ s
ds. (10)

Specially, under the condition of ψ = 1, we obtain∫
Ω

∂ (ϕ,q)dΩ =−
∮

∂Ω

q
∂ϕ

∂ s
ds. (11)

Then the following expression∫
Ω

∂ (ϕ,q)dΩ = 0 (12)

is established if the condition ∂ϕ

∂ s

∣∣∣
∂Ω

= 0 is introduced into
Eq. (11).

In the process of establishing infinite-dimensional Hamil-
tonian system 𝑞t = J δH

δ𝑞
, there are three problems to be solved.

The first one is the establishment of J that J satisfies the prop-
erties of the Poisson bracket; the second one is the conserva-
tive property of H, i.e., dH/dt = 0; and the last one is the
gradient calculation of H, that is δH/δ𝑞, which should en-
sure that the equation 𝑞t = JδH/δ𝑞 is in accordance with the
original nonlinear problem.

3.1. Construction of Poisson bracket formulation

Introduce (𝑎,𝑏) ∆
=

N
∑

i=1
aibi and 〈 f ,g〉L2(Ω)

∆
=
∫
Ω

f gdΩ , and

define [∗,∗] as follows:

[F,G] =

〈
δF
δ𝑞

,J
δG
δ𝑞

〉
L2(Ω)

= −
N

∑
i=1

1
di

∫
Ω

δF
δqi

∂

(
qi,

δG
δqi

)
dΩ

=
N

∑
i=1

1
di

〈
δF
δqi

, Ĵi
δG
δqi

〉
L2(Ω)

. (13)

The following five conditions of Poisson bracket [∗,∗] can
be proved by using Lemma 1:

1) self-Poisson commutation

[F,F ] = 0, (14)

2) skew-symmetry

[F,G] =− [G,F ] , (15)

3) distributive property

[αF1 +βF2,G] = α[F1,G]+β [F2,G],

(α and β are constants), (16)

4) associative property

[FG,Q] = F [G,Q]+ [F,Q]G, (17)

5) Jacobi identity

[F, [G,Q]]+ [G, [Q,F ]]+ [Q, [F,G]] = 0. (18)

We will prove the second one, the others can be proved simi-
larly.

Proof: It follows from Eq. (13) that

[F,G] = −
N

∑
i=1

1
di

∫
Ω

δF
δqi

∂

(
qi,

δG
δqi

)
dΩ

= −
N

∑
i=1

1
di

∫
Ω

δG
δqi

∂

(
δF
δqi

,qi

)
dΩ
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+
N

∑
i=1

1
di

∮
∂Ω

δF
δqi

δG
δqi

∂qi

∂ s
ds

= − [G,F ]+
N

∑
i=1

1
di

∮
∂Ω

∂

∂ s

( qi∫
χi(ξ )dξ

)
ds, (19)

where χi =
δF
δqi

δG
δqi

. Based on the closure of curves and the

periodicity of χi, we have the result
∮

∂Ω

∂

∂ s (
qi∫

χi(ξ )dξ )ds = 0,

then the property [F,G] =− [G,F ] is established.
Next, we will find a new Hamiltonian function H to sat-

isfy the equation 𝑞t = J ∂H
∂𝑞

. After that, the multiplayer quasi-
geostrophic flow can be turned into the form of an infinite-
dimensional Hamiltonian system.

3.2. Construction of the Hamiltonian function

Introduce |∇𝜓|2= (∇𝜓,∇𝜓) =
N
∑

i=1
|∇ψi|2, the Hamilto-

nian function will be constructed by the following two steps.
Step 1 Introduce kinetic energy H1, check it is conserva-

tive or not?

H1 =
1
2

∫
Ω

|∇𝐷𝜓|2 dΩ =
1
2

∫
Ω

(∇𝐷𝜓,∇𝐷𝜓)dΩ

=
1
2

N

∑
i=1

∫
Ω

di |∇ψi|2 dΩ . (20)

Based on the Green formula, a direct calculation of dH1/dt
gives

dH1

dt
=
∫
Ω

(∇𝐷𝜓,∇𝐷𝜓t)dΩ

= −
∫
Ω

(𝐷𝜓,∆𝐷𝜓t)dΩ +
∫

∂Ω

(
𝐷𝜓,𝐷

∂𝜓t

∂ n

)
ds. (21)

From the expressions

𝑞 = ∆𝜓+𝐹 2𝑇𝜓+𝑓 , 𝑞t = ∆𝜓t +𝐹
2𝑇𝜓t ,

𝑞t = Ĵ(−𝜓), ∆𝐷𝜓t =𝐷𝑞t −
√

a𝐹𝑇𝜓t , (22)

we have

dH1

dt
= −

∫
Ω

(𝐷𝜓,𝐷𝑞t)dΩ +
√

a
∫
Ω

(𝐷𝜓,𝐹𝑇𝜓t)dΩ

+
m

∑
j=0

(
𝜆 j,𝐷

2
∫

∂Ω j

∂𝜓t

∂ n
ds
)

= −
∫
Ω

(𝐷𝜓,𝐷Ĵ(−𝜓))dΩ +a
∫
Ω

(𝜓,𝑇𝜓t)dΩ

+
m

∑
j=0

(
𝜆 j,𝐷

2
∫

∂Ω j

∂𝜓t

∂n
ds
)

=
d
dt

[
1
2

a
∫
Ω

(𝜓,𝑇𝜓)dΩ

+
m

∑
j=0

(
𝜆 j,𝐷

2
∫

∂Ω j

∂𝜓

∂ n
ds
)]

. (23)

Denote

H2 =
1
2

∫
Ω

[|∇𝐷𝜓|2−a(𝜓,𝑇𝜓)]dΩ

−
m

∑
j=0

(
𝜆 j,𝐷

2
∫

∂Ω j

∂𝜓

∂n
ds
)
, (24)

we obtain the result dH2/dt = 0, that is, H2 is conservative.
Step 2 Calculate δH2/δ𝑞. We have

δH2 =
∫
Ω

(∇𝐷𝜓,∇𝐷δ𝜓)dΩ −a
∫
Ω

(𝜓,𝑇 δ𝜓)dΩ

−
m

∑
j=0

(
𝜆 j,𝐷

2
∫

∂Ω j

∂δ𝜓

∂n
ds
)

= −
∫
Ω

(𝐷𝜓,∆𝐷δ𝜓)dΩ −a
∫
Ω

(𝜓,𝑇 δ𝜓)dΩ

= −
∫
Ω

(𝐷𝜓,𝐷δ𝑞−𝐷𝐹 2𝑇 δ𝜓)dΩ −a
∫
Ω

(𝜓,𝑇 δ𝜓)dΩ

=
∫
Ω

(𝐷2(−𝜓),δ𝑞)dΩ , (25)

where δ𝑞 = ∆δ𝜓+𝐹 2𝑇 δ𝜓 has been substituted into. Based
on the definition of variation

δH2 =
∫
Ω

(
δH2

δ𝑞
,δ𝑞

)
dΩ ,

we can obtain
δH2

δ𝑞
=𝐷2(−𝜓)

(
or 𝐷−2 δH2

δ𝑞
=−𝜓

)
. (26)

It follows from Eq. (8a) that

𝑞t = Ĵ(−𝜓) = Ĵ𝐷−2 δH2

δ𝑞
= J

δH2

δ𝑞
. (27)

Therefore, equation (1) can be transformed into the following
forms:

𝑞t = J
δH2

δ𝑞
, (28a)

𝑞 = ∆𝜓+𝐹 2𝑇𝜓+𝑓 , (28b)
∂𝜓

∂ s

∣∣∣∣
∂Ω j

= 0, (or 𝜓|
∂Ω j

= 𝜆 j, j = 0, . . . ,m,

𝜆 j is a constant vector), (28c)
d
dt

∮
∂Ω j

∂𝜓

∂n
ds = 0, j = 0, . . . ,m, (28d)

where

H2 =
1
2

∫
Ω

[|∇𝐷𝜓|2−a(𝜓,𝑇𝜓)]dΩ

−
m

∑
j=0

(
𝜆 j,𝐷

2
∫

∂Ω j

∂𝜓

∂n
ds
)
. (29)
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4. Derivation of the linearized equations for in-
finitesimal disturbances

4.1. Introduction of the basic flows ΨΨΨ(x,y) and QQQ(x,y)

It is necessary to introduce the basic flows 𝛹(x,y) =
(Ψ1, . . . ,ΨN)

T and𝑄(x,y) = (Q1, . . . ,QN)
T when studying the

stability, they should satisfy Eq. (28a), that is,

J[𝑄]
δH2

δ𝑞
(𝑄) = Ĵ[𝑄](−𝛹) = 0. (30)

Clearly, 𝛹(x,y) and 𝑄(x,y) are functionally dependent based
on the definition of J[𝑄]. Hence, there exists a differential func-
tion Φi, such that Ψi = Φi(Qi), or it can be written as follows:

𝛹 =𝛷(𝑄i)
∆
= (Φ1(Q1), . . . ,ΦN(QN))

T. (31)

Since J[𝑄] is irreversible, we cannot obtain δH2
δ𝑞

(𝑄)= 0

from the equation J[𝑄]
δH2
δ𝑞

(𝑄) = 0, namely, the basic flow 𝑄
cannot be an extreme point of the Hamiltonian function H2,
which makes it insignificant to study the stability. So H2 must
be modified into a new one H, denoting

H(𝑞) = H2(𝑞)+C(𝑞), (32)

where C(𝑞) is an undetermined functional. The function H(𝑞)

must satisfy the following two conditions.
1) H(𝑞) is conservative, i.e. d

dt H(𝑞) = 0, thus, the func-
tional C(𝑞) should be also conservative, i.e.,

d
dt

C(𝑞) = 0. (33)

2) The basic flow𝑄 should be an extreme point of H(𝑞),
that is,

δH
δ𝑞

(𝑄) =
δH2

δ𝑞
(𝑄)+

δC
δ𝑞

(𝑄)

= 𝐷2(−𝛹)+
δC
δ𝑞

(𝑄) = 0. (34)

Therefore, the functional C(𝑞) is introduced, such that

δC
δ𝑞

(𝑄) =𝐷2(𝛹). (35)

The functional C(𝑞) is usually named Casimir functional.
The new Hamilton function H contains the system energy, the
potential vorticity energy, the boundary circulation energy, and
the system basic flow energy.

4.2. Construction of functional C(qqq)

Construct C(𝑞) as follows:

C(𝑞) =
N

∑
i=1

∫
Ω

(
di

qi∫
Φi(ξ )dξ

)
dΩ . (36)

It follows from Eq. (8a) and Lemma 1 that

dC
dt

(𝑞) =
∫
Ω

(𝐷2
Φ(𝑞),𝑞t)dΩ =−

∫
Ω

(𝐷2
Φ(𝑞), Ĵ(𝜓))dΩ

=
N

∑
i=1

∫
Ω

diΦi(qi)∂ (qi,ψi)dΩ

=
N

∑
i=1

∫
Ω

di∂

( qi∫
Φi(ξ )dξ ,ψi

)
dΩ = 0. (37)

The expression implies that C(𝑞) is conservative, therefore,
C(𝑞) satisfies expression (33). On the other hand,

δC(𝑞) =
N

∑
i=1

∫
Ω

diΦi(qi)δqi dΩ =
∫
Ω

(𝐷2𝛷(𝑞),δ𝑞)dΩ ,(38)

so based on the definition of variation

δC(𝑞) =
∫
Ω

(
δC(𝑞)

δ𝑞
,δ𝑞

)
dΩ ,

we have

δC(𝑞)

δ𝑞
=𝐷2𝛷(𝑞),

δC(𝑄)

δ𝑞
=𝐷2𝛷(𝑄) =𝐷2𝛹 , (39)

namely, C(𝑞) satisfies Eq. (35).
We can conclude that, after introducing the new Hamilto-

nian function H(𝑞) = H2(𝑞)+C(𝑞), the Hamiltonian system
is transformed into the following form:

𝑞t = J
δH
δ𝑞

. (40)

The formula δH
δ𝑞

(𝑄)=0 is established, that is,𝑄 is an extreme
point of H(𝑞).

4.3. Construction of linearized function for infinitesimal
disturbances

Denote

𝜓(t,x,y) = 𝛹(x,y)+δ𝜓,

𝑞(t,x,y) =𝑄(x,y)+δ𝑞, (41)

where δ𝜓 and δ𝑞 present infinitesimal disturbances superpos-
ing on the basic flows 𝛹(x,y) and 𝑄(x,y), respectively, and
they satisfy the following relation expressions:

δ𝑞 = ∆δ𝜓+𝐹 2𝑇 δ𝜓, 𝛹 =𝛷(𝑄). (42)

Introduce Eq. (41) into Eq. (40), and ignore h.o.t., we ob-
tain

∂δ𝑞

∂ t
+∂ (𝛹 ,δ𝑞)+∂ (δ𝜓,𝑄) = 0. (43)

Since

∂ (𝛹 ,δ𝑞) = ∂ (𝛷(𝑄),δ𝑞) =𝛷′(𝑄)∂ (𝑄,δ𝑞), (44)
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where 𝛷(i)(𝑄)
∆
= diag(Φ (i)

1 (Q1), . . . ,Φ
(i)
N (QN)), (i = 1,2), we

can obtain the following formula:

∂δ𝑞

∂ t
+𝛷′(𝑄)∂ (𝑄,δ𝑞)−∂ (𝑄,δ𝜓) = 0. (45)

Thus, the linearized equations for infinitesimal disturbances
are established as

∂δ𝑞

∂ t
+∂ (𝑄,𝛷′(𝑄)δ𝑞−δ𝜓) = 0, (46)

where the expression

𝛷′(𝑄)∂ (𝑄,δ𝑞) = ∂ (𝑄,𝛷′(𝑄)δ𝑞)−𝛷′′(𝑄)δ𝑞∂ (𝑄,𝑄)

= ∂ (𝑄,𝛷′(𝑄)δ𝑞)

has been used.

5. Stability criterion (I) of the linearized equa-
tions for infinitesimal disturbances
For the given basic flows𝛹 and𝑄, they satisfy the second

order variation of the Hamiltonian function δ 2H(𝑄)> 0, that
is, 𝑄 is a minimal value of H(𝑞), and then the linear stabil-
ity criterion can be deduced, i.e., Arnol’d’s first linear stability
criterion.

Firstly, we derive the expression δ 2H(𝑞), and then prove
that it is time independent, i.e., d

dt δ 2H(𝑄) = 0, the linear sta-
bility criterion under the condition that𝑄 is the minimal value
of H(𝑞) with respect to the norm ‖·‖+ can be obtained.

Lemma 2 Suppose H(𝑞) is a Hamiltonian function, then

δ
2H(𝑞) =

∫
Ω

[(𝐷2𝛷′(𝑞)δ𝑞,δ𝑞)+ |∇𝐷δ𝜓|2

−a(δ𝜓,𝑇 δ𝜓)]dΩ , (47a)

δ
2H(𝑄) =

∫
Ω

[(𝐷2𝛷′(𝑄)δ𝑞,δ𝑞)+ |∇𝐷δ𝜓|2

−a(δ𝜓,𝑇 δ𝜓)]dΩ . (47b)

Proof: Based on the expressions (32) and (29), we have

H(𝑞) = H2(𝑞)+C(𝑞)

=
1
2

∫
Ω

[|∇𝐷𝜓|2−a(𝜓,𝑇𝜓)]dΩ

−
m

∑
j=0

(
𝜆 j,𝐷

2
∫

∂Ω j

∂𝜓

∂n
ds
)
+C(𝑞). (48)

It follows from Eqs. (26), (39), (42) and δ𝜓|∂Ω = 0 that

δH(𝑞) =

〈
δH2(𝑞)

δ𝑞
,δ𝑞

〉
+

〈
δC(𝑞)

δ𝑞
,δ𝑞

〉
=
∫
Ω

(𝐷2(𝛷(𝑞)−𝜓),δ𝑞)dΩ , (49)

δ
2H(𝑞) =

∫
Ω

(𝐷2𝛷′(𝑞)δ𝑞,δ𝑞)dΩ −
∫
Ω

(𝐷2
δ𝜓,δ𝑞)dΩ

=
∫
Ω

(𝐷2𝛷′(𝑞)δ𝑞,δ𝑞)dΩ

−
∫
Ω

(𝐷2
δ𝜓,∆δ𝜓+𝐹 2𝑇 δ𝜓)dΩ

=
∫
Ω

(𝐷2𝛷′(𝑞)δ𝑞,δ𝑞)dΩ +
∫
Ω

|𝐷∇δ𝜓|2 dΩ

−
∫

∂Ω

(𝐷2
δ𝜓,

∂δ𝜓

∂n
)dΩ

−
∫
Ω

(𝐷2
δ𝜓,𝐹 2𝑇 δ𝜓)dΩ

=
∫
Ω

[(𝐷2𝛷′(𝑞)δ𝑞,δ𝑞)dΩ +
∫
Ω

|𝐷∇δ𝜓|2 dΩ

−a
∫
Ω

(δ𝜓,𝑇 δ𝜓)dΩ . (50)

Therefore, it can be concluded that

δ
2H(𝑄) =

∫
Ω

[(𝐷2𝛷′(𝑄)δ𝑞,δ𝑞)+ |∇𝐷δ𝜓|2

−a(δ𝜓,𝑇 δ𝜓)]dΩ . (51)

Lemma 3 δ 2H(𝑄) is time independent, i.e.,
d
dt δ 2H(𝑄) = 0.

Proof: Based on the above result of Eq. (51), we obtain

1
2

d
dt

δ
2H(𝑄) =

∫
Ω

[(𝐷2𝛷′(𝑄)δ𝑞,δ𝑞t)+(∇𝐷δ𝜓,∇𝐷δ𝜓t)

−a(δ𝜓,𝑇 δ𝜓t)]dΩ = J1 + J2− J3. (52)

It follows from Lemma 1 and Eq. (46) that

J1 =
∫
Ω

(𝐷2𝛷′(𝑄)δ𝑞,δ𝑞t)dΩ

= −
∫
Ω

(𝐷2𝛷′(𝑄)δ𝑞,∂ (𝑄,𝛷′(𝑄)δ𝑞−δ𝜓))dΩ

= −
N

∑
i=1

∫
Ω

diΦ
′
i (Qi)δqi ·∂ (Qi,Φ

′
i (Qi)δqi)dΩ

+
∫
Ω

(𝐷2𝛷′(𝑄)δ𝑞,∂ (𝑄,δ𝜓))dΩ

= −
N

∑
i=1

∫
Ω

di∂

(
Qi,

1
2
(Φ ′i (Qi)δqi)

2
)

dΩ

+
∫
Ω

(𝐷2𝛷′(𝑄)δ𝑞,∂ (𝑄,δ𝜓))dΩ

=
1
2

N

∑
i=1

m

∑
j=0

∫
∂Ω j

di(Φ
′
i (Qi)δqi)

2 ∂Qi

∂ s
ds

+
∫
Ω

(𝐷2𝛷′(𝑄)δ𝑞,∂ (𝑄,δ𝜓))dΩ
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=
1
2

N

∑
i=1

m

∑
j=0

∫
∂Ω j

diΦ
′
i (Qi)(δqi)

2 ∂Ψi

∂ s
ds

+
∫
Ω

(𝐷2𝛷′(𝑄)δ𝑞,∂ (𝑄,δ𝜓))dΩ

=
∫
Ω

(𝐷2𝛷′(𝑄)δ𝑞,∂ (𝑄,δ𝜓))dΩ , (53)

where the formulas ∂Ψi
∂ s

∣∣∣
∂Ω j

= 0 and Ψi = Φi(Qi) have been

used.
The following result can be deduced from Lemma

1, δΨ |
∂Ω

= 0, and δ𝑞t = ∆δ𝜓t + 𝐹 2𝑇 δ𝜓t =

−∂ (𝑄,𝛷′(𝑄)δ𝑞−δ𝜓):

J2− J3

=
∫
Ω

(∇𝐷δ𝜓,∇𝐷δ𝜓t)dΩ − J3

= −
∫
Ω

(𝐷2
δ𝜓,∆δ𝜓t)dΩ +

∫
∂Ω

(𝐷2
δ𝜓,

∂δ𝜓t

∂n
)dΩ − J3

=
∫
Ω

(𝐷2
δ𝜓,∂ (𝑄,𝛷′(𝑄)δ𝑞)+𝐹 2𝑇 δ𝜓t)dΩ − J3

=
∫
Ω

(𝐷2
δ𝜓,∂ (𝑄,𝛷′(𝑄)δ𝑞))dΩ . (54)

From the formula ∂Ψi
∂ s

∣∣∣
∂Ω j

= 0, we have

1
2

d
dt

δ
2H(𝑄) =

∫
Ω

(𝐷2𝛷′(𝑄)δ𝑞,∂ (𝑄,δ𝜓))dΩ

+
∫
Ω

(𝐷2
δ𝜓,∂ (𝑄,𝛷′(𝑄)δ𝑞))dΩ

=
N

∑
i=1

∫
Ω

di∂ (Qi,Φ
′
i (Qi)δqiδψi)dΩ

(using a∂ (b,c)+ c∂ (b,a) = ∂ (b,ac))

= −
N

∑
i=1

m

∑
j=0

∫
∂Ω j

di
∂Qi

∂ s
(Φ ′i (Qi)δqiδψi)dΩ

= −
N

∑
i=1

m

∑
j=0

∫
∂Ω j

di
∂Ψi

∂ s
δqiδψi dΩ = 0. (55)

Theorem 1 Suppose 𝛹 and 𝛷 satisfy

𝛹 =𝛷(𝑄), (56)

𝑄= ∆𝛹 +𝐹 2𝑇𝛹 ,
∂𝛹

∂ s

∣∣∣∣
∂Ω j

= 0,

d
dt

∮
∂Ω j

∂𝛹

∂n
ds = 0, ∀ j = 0, . . .m, (57)

𝛷′(𝑄)> 0, i.e. µ1 ‖𝑦‖2 ≤ (𝛷′(𝑄)𝑦,𝑦)≤ µ2 ‖𝑦‖2 ,

∀𝑦 ∈ RN , µi > 0, i = 1,2. (58)

Denote

‖δ𝜓‖2
+ =

∫
Ω

[(𝐷δ𝑞,𝐷δ𝑞)+ |∇𝐷δ𝜓|2

−a(δ𝜓,𝑇 δ𝜓)]dΩ . (59)

Then, it can be concluded that the basic flow 𝛹 is stable in the
sense of Liapunov with respect to the norm ‖·‖+.

Expression (59) presents the sum of perturbation energy
and energy–enstropy.

Proof: Direct calculation of δ 2H(𝑄) gives

δ
2H(𝑄) =

∫
Ω

[(𝐷2𝛷′(𝑄)δ𝑞,δ𝑞)+ |∇𝐷δ𝜓|2

−a(δ𝜓,𝑇 δ𝜓)]dΩ . (60)

Based on the assumption that𝛷′(𝑄) is a positive definite sym-
metric matrix, and −𝑇 is a nonnegative matrix, we obtain

δ
2H(𝑄)> 0, ∀δ𝑞,∀δ𝜓 6= 0. (61)

On the other hand, it can be deduced that δ 2H(𝑄)
∣∣
t =

δ 2H(𝑄)
∣∣
t=0 from Lemma 3. Denote

Γ1 = min(1,µ1), Γ2 = max(1,µ2), (62)

It follows that

‖δ𝜓‖2
+

∣∣∣
t
=
∫
Ω

[(𝐷δ𝑞,𝐷δ𝑞)+ |∇𝐷δ𝜓|2−a(δ𝜓,𝑇 δ𝜓)]dΩ

∣∣∣
t

≤ 1
Γ1

∫
Ω

[(𝐷𝛷′(𝑄)δ𝑞,𝐷δ𝑞)+ |∇𝐷δ𝜓|2

−a(δ𝜓,𝑇 δ𝜓)]dΩ

∣∣∣
t

=
1
Γ1

δ
2H(𝑄)

∣∣∣
t
=

1
Γ1

δ
2H(𝑄)

∣∣
t=0

≤ Γ2

Γ1

∫
Ω

[(𝐷δ𝑞,𝐷δ𝑞)+ |∇𝐷δ𝜓|2

−a(δ𝜓,𝑇 δ𝜓)]dΩ

∣∣∣
t=0

=
Γ2

Γ1
‖δ𝜓‖2

+

∣∣∣
t=0

. (63)

Thus, for every ε > 0 and for all t ≥ 0, when ‖δ𝜓‖2
+

∣∣∣
t=0

<

εΓ1/Γ2, we have ‖δ𝜓‖2
+

∣∣∣
t
< ε , i.e., the linear stability of

𝛹(x,y) holds in the sense of Liapunov with respect to the
energy–enstropy norm (59).

6. Stability criterion (II) of the linearized equa-
tions for infinitesimal disturbances
For the given basic flows𝛹 and𝑄, they satisfy the second

order variation of the Hamiltonian function δ 2H(𝑄)< 0, that
is, 𝑄 is a maximal value of H(𝑞), and then the linear stability
criterion can be deduced, i.e., Arnol’d’s second linear stability
criterion. Actually, the linear stability criterion is more mean-
ingful than the first one in physics.
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Lemma 4 Suppose Ω is as indicated earlier, ϕ satisfies

−∆ϕ = λϕ,

∂ϕ

∂ s

∣∣∣∣
∂Ω j

= 0,
∮

∂Ω j

∂ϕ

∂n
ds = 0, ∀ j = 0, . . . ,m. (64)

then there exist denumerable eigenvalues 0 < λ1 ≤ . . .≤ λn→
∞(n→ ∞), ϕn (n = 1,2, . . .) are the corresponding eigenfunc-
tions, {ϕn,c0} consist of the complete orthogonal system of
L2(Ω), where c0 is a constant and ϕn satisfies

∫
Ω

ϕn dΩ = 0

(n = 1,2, . . .). So for an arbitrary ψ ∈ L2(Ω), it can be ex-
panded as the following form:

ψ =
∞

∑
n=1

cnϕn + c0, (cn is a constant). (65)

If
∫
Ω

ψ dΩ = 0, then we have c0 = 0, the proof can be refer-

enced in the theory of partial differential equations.
Since −𝐹𝑇𝐹 is a nonnegative symmetrical matrix, de-

note the eigenvalues of −𝐹𝑇𝐹 as αi, and they satisfy 0 =

α1 ≤ α2 ≤ . . . ≤ αN , thus, there is an orthogonal matrix 𝑈 ,
such that 𝑈T𝐹𝑇𝐹𝑈

∆
= −𝐴 = −diag(α1, . . . ,αN). From the

theory of algebra, −𝐹 2𝑇 and −𝐹𝑇𝐹 have the same eigen-
values. Denote

𝛬= diag
(

1
λ1 +α1

, . . . ,
1

λ1 +αN

)
(66)

Lemma 5 Suppose δ𝜓 ∈
[
H2(Ω)

]N , and
∫
Ω

δ𝜓dΩ = 0,

δ𝜓 satisfies

∆δ𝜓+𝐹 2𝑇 δ𝜓 = δ𝑞,

∂δ𝜓

∂ s

∣∣∣∣
∂Ω j

= 0,
∮

∂Ω j

∂δ𝜓

∂n
ds = 0, ∀ j = 0, . . . ,m, (67)

then the following inequality

−
∫
Ω

(𝐷2
δ𝜓,δ𝑞)dΩ

≤
∫
Ω

(𝐷2
δ𝑞,𝐹 T𝑈𝛬𝑈T𝐹−1

δ𝑞)dΩ (68)

can be derived.
Proof: Step 1 When N = 1, take the following boundary

problem into account:

∆δψ− γδψ = δq,(γ ≥ 0),
∂δψ

∂ s

∣∣∣∣
∂Ω j

= 0,
∮

∂Ω j

∂δψ

∂n
ds = 0, ∀ j = 0, . . . ,m. (69)

Based on
∫
Ω

δψ dΩ = 0 and Lemma 4, δψ can be expanded as

follows:

δψ =
∞

∑
i=1

ciϕi, (−∆ϕi = λiϕi,
∂δψ

∂ s

∣∣∣∣
∂Ω j

= 0,

∮
∂Ω j

∂δψ

∂n
ds = 0, ∀ j = 0, . . . ,m), (70)

then we obtain

δq = ∆δψ− γδψ =−
∞

∑
i=1

ci(λi + γ)ϕi. (71)

So it follows that

−
∫
Ω

δψδqdΩ =
∫
Ω

[
∞

∑
i=1

ciϕi

][
∞

∑
j=1

c j(λ j + γ)ϕ j

]
dΩ

=
∞

∑
i=1

c2
i (λi + γ)

≤ 1
λ1 + γ

[
∞

∑
i=1

c2
i (λi + γ)2

]
=

1
λ1 + γ

∫
Ω

[δq]2 dΩ . (72)

Step 2 Substituting the expressions δ𝜓 = 𝐹𝑈𝑤 and
𝑏 = 𝑈−1𝐹−1δ𝑞 into the first equation of Eq. (67) yields the
following formula:

∆𝑤−A𝑤 = 𝑏. (73)

From
∫
Ω

δ𝜓dΩ = 0, we can deduce
∫
Ω

𝑤dΩ = 0, and based

on step 1, it can be concluded that

−
∫
Ω

(𝐷2
δ𝜓,δ𝑞)dΩ

= −
∫
Ω

(𝐷2𝐹𝑈𝑤,𝐹𝑈𝑏)dΩ

= −a
∫
Ω

(𝑤,𝑏)dΩ

≤ a
∫
Ω

(𝑏,Λ𝑏)dΩ

= a
∫
Ω

(𝑈−1𝐹−1
δ𝑞,𝛬𝑈−1𝐹−1

δ𝑞)dΩ

=
∫
Ω

(𝐷2
δ𝑞,𝐹 T𝑈Λ𝑈T𝐹−1

δ𝑞)dΩ . (74)

Theorem 2 Suppose the basic flows 𝛹 and 𝛷 satisfy

𝛹 =𝛷(𝑄), (75)

𝑄= ∆𝛹 +𝐹 2𝑇𝛹 ,
∂𝛹

∂ s

∣∣∣∣
∂Ω j

= 0,

∮
∂Ω j

∂𝛹

∂n
ds = 0, ∀ j = 0, . . . ,m, (76)

𝛷′(𝑄)< 0, i.e.,

(𝐶1𝑦,𝑦)≤ (−𝛷′(𝑄)𝑦,𝑦)≤ (𝐶2𝑦,𝑦), ∀𝑦 ∈ RN , (77)

where 𝐶i = diag(ci1, . . . ,ciN)> 0, (i = 1,2);

𝑀 =𝐶1−𝐹 T𝑈𝛬𝑈T𝐹−1 > 0; (78)
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∂Ω j

∂δ𝜓

∂n
ds = 0, ∀ j = 0, . . . ,m. (79)

Denote

‖δ𝜓‖2
− =

∫
Ω

(𝐷δ𝑞,Dδ𝑞)dΩ . (80)

Then the basic flow 𝛹 is stable in the sense of Liapunov with
respect to the norm ‖·‖−.

The formula (80) presents the perturbed enstropy.
Proof: Step 1 If we can prove δ 2H(𝑄)< 0, then𝑄 is a

maximal value of H(𝑞). Calculate∫
Ω

[|∇𝐷δ𝜓|2−a(δ𝜓,𝑇 δ𝜓)]dΩ

= −
∫
Ω

[(𝐷2
δ𝜓,∆δ𝜓)+a(δ𝜓,𝑇 δ𝜓)]dΩ

+
∫

∂Ω

(
𝐷2

δ𝜓,
∂δ𝜓

∂n

)
dΩ

= −
∫
Ω

[(𝐷2
δ𝜓,δ𝑞−𝐹 2𝑇 δ𝜓)+a(δ𝜓,𝑇 δ𝜓)]dΩ

= −
∫
Ω

[(𝐷2
δ𝜓,δ𝑞)]dΩ . (81)

Based on Lemma 5 and the expression of δ 2H(𝑄)

δ
2H(𝑄) =

∫
Ω

[(𝐷2𝛷′(𝑄)δ𝑞,δ𝑞)+ |∇𝐷δ𝜓|2

−a(δ𝜓,𝑇 δ𝜓)]dΩ , (82)

we can obtain

δ
2H(𝑄) =

∫
Ω

(𝐷2𝛷′(𝑄)δ𝑞,δ𝑞)dΩ −
∫
Ω

(𝐷2
δ𝜓,δ𝑞)dΩ

≤
∫
Ω

[𝐷2(𝛷′(𝑄)+𝐹 T𝑈𝛬𝑈T𝐹−1)δ𝑞,δ𝑞]dΩ

≤
∫
Ω

[𝐷2(−𝐶1 +𝐹
T𝑈𝛬𝑈T𝐹−1)δ𝑞,δ𝑞]dΩ

= −
∫
Ω

(𝐷2𝑀δ𝑞,δ𝑞)dΩ . (83)

From Eq. (78), it can be obtained that 𝑀 > 0, therefore
δ 2H(𝑄) < 0(∀δ𝑞 6= 0), namely, 𝑄 is a maximal point of
δ 2H(𝑞).

Step 2 Estimate ‖δ𝜓‖−. Denote µ > 0 as the minimal
eigenvalue of𝑀 , and σ > 0 as the maximal eigenvalue of𝐶2,
then

δ
2H(𝑄)|t ≤ −

∫
Ω

(𝐷2𝑀δ𝑞,δ𝑞)dΩ

∣∣∣∣
t

≤ −µ

∫
Ω

(𝐷2
δ𝑞,δ𝑞)dΩ |t =−µ‖δ𝜓‖2

−

∣∣∣∣
t
, (84)

−
∫
Ω

(𝐷2𝛷′(𝑄)δ𝑞,δ𝑞)dΩ

∣∣∣∣
t=0

≤ σ

∫
Ω

(𝐷2
δ𝑞,δ𝑞)dΩ

∣∣∣∣
t=0

. (85)

So

‖δ𝜓‖2
−|t ≤ −

1
µ

δ
2H(𝑄)

∣∣∣∣
t
=− 1

µ
δ

2H(𝑄)

∣∣∣∣
t=0

= − 1
µ

∫
Ω

[(𝐷2𝛷′(𝑄)δ𝑞,δ𝑞)+ |∇𝐷δ𝜓

∣∣∣∣2
−a(δ𝜓,𝑇 δ𝜓)]dΩ

∣∣∣∣
t=0

≤ − 1
µ

∫
Ω

(𝐷2𝛷′(𝑄)δ𝑞,δ𝑞)dΩ

∣∣∣∣
t=0

≤ σ

µ

∫
Ω

(𝐷2
δ𝑞,δ𝑞)dΩ

∣∣∣∣
t=0

=
σ

µ
‖δ𝜓‖2

−

∣∣∣∣
t=0

. (86)

Thus, for every ε > 0 and for all t ≥ 0, when ‖δ𝜓‖2
−

∣∣∣
t=0

<

ε
µ

σ
, we have ‖δ𝜓‖2

−

∣∣∣
t
< ε , i.e., the linear stability of 𝛹(x,y)

holds in the sense of Liapunov with respect to the enstropy
norm (80).

Remark 1 In Theorem 2, we assume that the disturbance
vorticity δ𝜓 satisfies the condition (79)

∮
∂Ω j

∂δ𝜓
∂n ds = 0, while

d
dt

∮
∂Ω j

∂δ𝜓
∂n ds = 0 in the original problem. Actually, the con-

dition (79) is not essential for the reason that we can divide the
disturbances into (δ𝜓1 +𝜓2,δ𝑞1 +𝑞2), such that δ𝜓1 satis-
fies Eq. (79) and 𝜓2 satisfies∮

∂Ω j

∂𝜓2

∂n
ds =

∮
∂Ω j

∂𝜓0

∂n
ds,

where 𝜓0 denotes the original stream function value, 𝑞2 =∫
Ω j
𝑞0 dΩ

|Ω j | , and |Ω j| presents the measure of Ω j. Now, the prob-
lem can be divided into two parts as follows:

δ𝑞1 = ∆δ𝜓1 +𝐹
2𝑇 δ𝜓1,

∂δ𝜓1

∂ s

∣∣∣∣
∂Ω j

= 0,( j = 0, . . . ,m),

∮
∂Ω j

∂δ𝜓1

∂n
ds = 0, ( j = 0, . . . ,m),

and

𝑞2 = ∆𝜓2 +𝐹
2𝑇𝜓2,

∂𝜓2

∂ s

∣∣∣∣
∂Ω j

= 0,( j = 0, . . . ,m),

∮
∂Ω j

∂𝜓2

∂n
ds =

∮
∂Ω j

∂𝜓0

∂n
ds, ( j = 0, . . . ,m).
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Estimate δ𝜓1 and 𝜓2 respectively, and the stability criterion
can be deduced similarly.

Remark 2 When discussing the nonlinear stability, the
functional

N(𝑞) = H(𝑄+δ𝑞)−H(𝑄)−δH(𝑄)

is introduced to substitute δ 2H(𝑄). First of all, we should
calculate δH(𝑄) = 0 and the conserved quantity of N(𝑞), i.e.,
d
dt N(𝑞) = 0, then on the basis of the estimation of the operator
𝛷′(𝑞), the stability criteria can be obtained, too.

7. Conclusions
The linear stability of multilayer quasi-geostrophic flow

is studied in this paper. Firstly, the equations are turned
into the form of an infinite-dimensional Hamiltonian system
𝑞t = J δH2

δ𝑞
. To make the basic flow 𝑄 an extreme point of the

Hamiltonian function, a new Hamiltonian function H is recon-
structed. It is time independent and maintains the structure of
the system invariant, namely, 𝑞t = J δH

δ𝑞
, J ∆

= Ĵ𝐷−2. Secondly,
the linearized equations are derived by superposing infinites-
imal disturbances on the basic flows. Finally, the linear sta-
bility criteria are deduced in the sense of Liapunov under two
different conditions with respect to certain norms. That is, the
basic flow is a minimum point or a maximal point of H, the
energy–enstropy and the enstropy are introduced to be norms,

respectively. The nonlinear stability can be researched by us-
ing the same method, which we will discuss in other articles.
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