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Theoretical analysis of interaction between a particle and an
oscillating bubble driven by ultrasound waves in liquid∗
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A theoretical model is developed to describe the interaction of a particle and an oscillating bubble at arbitrary sepa-
ration between them. The derivation of the model is based on the multipole expansion of the particle and bubble velocity
potentials and the use of Lagrangian mechanics. The model consists of three coupled ordinary differential equations. One
of them accounts for the pulsation of the bubble and the other two describe the translation of the bubble and particle in an
infinite, incompressible liquid. The model here is accurate to order 1/d10, where d is the distance between the centers of the
particle and bubble. The effects of the size and density of the particle are investigated, namely, the interaction between the
particle and bubble changes from repulsion to attraction with the increment of the particle density, and the increment of the
particle size makes the interaction between the particle and bubble stronger. It is demonstrated that the driving frequency
and acoustic pressure amplitude can affect the interaction of the particle and bubble. It is shown that the correct modeling
of the translational dynamics of the bubble and particle at small separation distances requires terms accurate up to the tenth
order.

Keywords: particle, bubble, ultrasound wave

PACS: 43.35.+d, 43.25.+y, 47.55.dp DOI: 10.1088/1674-1056/26/11/114303

1. Introduction
Many theoretical works have described the interaction be-

tween two or many gas bubbles in liquid.[1–15] In the present
work, the theoretical framework of the model of bubble–
bubble interaction[9] is applied to describe the interaction be-
tween a particle and an oscillating bubble driven by ultrasound
waves in liquid. Both the particle and the bubble are free to
translate.

The purpose of our study is motivated by a desire to ac-
count for the interaction between kidney stone fragments and
cavitation clusters produced during shock wave lithotripsy.[16]

However, the conditions of lithotripsy are complex. Thus, we
consider a simple system with a suspended particle and a gas
bubble under the condition that the liquid may be assumed as
an ideal liquid.

There currently exist several studies on the interaction
between bubbles and particles. Maxwell et al.[17] applied a
three-dimensional discrete element method (DEM) to analyze
the kinetics of collision of multiple particles against a station-
ary bubble and found that under this model the smaller par-
ticles were attracted more rapidly than the larger particles in
the distribution. Mizushima et al.[18] found that an acoustic-
cavitation-oriented bubble adhered to the particle and the par-
ticles moved toward the pressure anti-nodes of the standing
wave in a kHz-order-ultrasound-irradiated water. Li et al.[19]

demonstrated that the micron-size bubbles frosted on the solid
surface can enhance the bubble–solid attachment. Vazirizadeh

et al.[20] demonstrated coalescence and bubble–particle at-
tachment are the main mechanisms explaining how the pres-
ence of solids affect the ties between the bubble size and gas
hold-up. Zhang et al.[21] found that the particles can be ac-
celerated by the collapsing bubbles up to 40 m/s and also be
possibly split up by the cavitation in silt-laden flow.

The present research on fine particles and micro-size bub-
bles are mostly experiments. Most of the existing nonlinear
models assume that the radii of the bubble and particle are
large. Hay et al.[22] applied Lagrangian mechanics to derive
a model of coupled pulsation and translation of a gas bubble
and rigid particle and the accuracy of the model was higher
than the fifth order. The analytical model with movable bub-
ble and particle centers are valid for low amplitude spherical
oscillations. Li et al.[23] used boundary integral method and
experiments to study the interaction between a gas bubble and
a suspended sphere.

It is thus an interesting idea to develop a theoretical model
for nonlinear spherical pulsations and translational motions of
an interacting particle and bubble that is valid to arbitrary dis-
tances between the particle and bubble, i.e., to remove the re-
striction that the distance of the particle and bubble is large.

2. Theory
Consider one spherical bubble and a rigid sphere sur-

rounded by an ideal liquid and undergoing radial pulsations
and translational motions. The geometry of the system is
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presented in Fig. 1, where two local spherical coordinates
((r j,θ j), ( j = 1,2)) originate at the centers of the bubble and
particle. The instantaneous radius of the bubble is given by
R1(t), while the radius of the particle is fixed at R2. z j (t)
( j = 1, 2) is the position of the center of the bubble and parti-
cle on the z axis measured from the center of bubble 1 at t = 0.

Z1 Z2 Z
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r1
r2

θ1

θ2

bubble 1 particle 2

Fig. 1. Geometry of the system.

2.1. The velocity potential

In order to simplify the problem, the liquid is assumed to
be incompressible, the flow is irritational, and the bubble keeps
the spherical shape. The motion of the liquid surrounding the
bubble and particle obeys Laplace’s equation

∇
2
ϕl = 0, (1)

where ϕl is the velocity potential. Based on the linearity of
Eq. (1), the total velocity potential ϕl can be expressed as

ϕl = ϕ1 +ϕ2, (2)

where ϕ1 and ϕ2 are the velocity potentials of the bubble
and particle. The expressions of ϕ1 and ϕ2 can be shown as
follows:[1]

ϕ1 =
∞

∑
n=0

a1n

(
R1

r1

)n+1

Pn (cosθ1) (3a)

=
∞

∑
n=0

b1n

( r2

d

)n
Pn (cosθ2) , (3b)

ϕ2 =
∞

∑
n=0

a2n

(
R2

r2

)n+1

Pn (cosθ2) (4a)

=
∞

∑
n=0

b2n

( r1

d

)n
Pn (cosθ1) , (4b)

where Pn is the Legendre polynomial, d (t) is the distance be-
tween the bubble and the particle, and a1n (t), b1n (t), a2n (t),
and b2n (t) can be solved by the boundary conditions. Equa-
tion (3a) represents ϕ1 in the coordinates of the bubble, and
equation (3b) gives ϕ1 in the coordinates of the particle. The
potential ϕ2 is similar to ϕ1.

To solve Eqs. (3a)–(4b), the following mathematical iden-
tities can be used:[1]

Pn (cosθ1)

rn+1
1

=
1

dn+1

∞

∑
m=0

(−1)mCnm

( r2

d

)m
Pm (cosθ2) , (5a)

Pn (cosθ2)

rn+1
2

=
(−1)n

dn+1

∞

∑
m=0

Cnm

( r1

d

)m
Pm (cosθ1) , (5b)

where Cnm = (n+m)!/(n!m!). Substitution of Eq. (5a) into
Eq. (3a) and Eq. (5b) into Eq. (4a) and comparison of the re-
sulting expressions with Eqs. (3b) and (4b), respectively, yield

b1n = (−1)n
∞

∑
m=0

Cnmξ
m+1
1 a1m, (6)

b2n =
∞

∑
m=0

(−1)m Cnmξ
m+1
2 a2m, ξ j = R j/d, j = 1,2. (7)

The time functions a1n (t) and a2n (t) are determined by the
velocity boundary conditions

∂ϕl

∂ r1
= Ṙ1 + ż1 cosθ1, at r1 = R1, (8a)

∂ϕl

∂ r2
= ż2 cosθ2, at r2 = R2, (8b)

where Ṙ1 represents the bubble pulsation, and ż j cosθ j ( j =
1,2) accounts for the translation of the particle and bubble.

With Eqs. (3a) and (4b), the velocity potential surround-
ing the bubble is expressed as

ϕl =
∞

∑
n=0

[
a1n

(
R1

r1

)n+1

+b2n

( r1

d

)n
]

Pn (cosθ1). (9)

Substituting Eq. (9) into Eq. (8a) and replacing b2n by a2m, one
obtains

a1n = −R1Ṙ1δn0−
R1ż1δn1

2

+
n

n+1
ξ

n
1

∞

∑
m=0

(−1)m Cnmξ
m+1
2 a2m, (10)

where δnm represents the Kronecker delta. Performing similar
calculations for the particle, one obtains

ϕl =
∞

∑
n=0

[
a2n

(
R2

r2

)n+1

+b1n

( r2

d

)n
]

Pn (cosθ2), (11)

a2n =−
R2ż2δn1

2
+

(−1)n n
n+1

ξ
n
2

∞

∑
m=0

Cnmξ
m+1
1 a1m. (12)

Substituting Eq. (12) into Eq. (10), one obtains

a1n−ξ
n
1

∞

∑
k=0

∞

∑
m=1

D(1)
nkma1kξ

k+1
1 ξ

2m+1
2

= −R1Ṙ1δn0−
R1ż1δn1

2
+

nR2ż2

2
ξ

n
1 ξ

2
2 , (13)

where

D(1)
nkm =

nmCnmCmk

(n+1)(m+1)
. (14)

The structure of Eq. (13) can be shown to have the fol-
lowing form:
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a1n =
∞

∑
l,s=0

ξ
l
1ξ

s
2

[
−R1Ṙ1ξ

n
1 α

(1)
nls −

R1ż1

2
ξ

n−1
1 β

(1)
nls

+
R2ż2

2
ξ

n
1 ξ

2
2 ε

(1)
nls

]
, (15)

where α
(1)
nls , β

(1)
nls , and ε

(1)
nls are unknown constants. Substituting

Eq. (13) into Eq. (15) yields the following equations:

∞

∑
l,s=0

α
(1)
nls ξ

l
1ξ

s
2 −

∞

∑
k=0

∞

∑
m=1

∞

∑
p,q=0

D(1)
nkmα

(1)
kpqξ

p+2k+1
1 ξ

q+2m+1
2

= δn0, (16)
∞

∑
l,s=0

β
(1)
nls ξ

l
1ξ

s
2 −

∞

∑
k=0

∞

∑
m=1

∞

∑
p,q=0

D(1)
nkmβ

(1)
kpqξ

p+2k+1
1 ξ

q+2m+1
2

= δn1, (17)
∞

∑
l,s=0

ε
(1)
nls ξ

l
1ξ

s
2 −

∞

∑
k=0

∞

∑
m=1

∞

∑
p,q=0

D(1)
nkmε

(1)
kpqξ

p+2k+1
1 ξ

q+2m+1
2

= n. (18)

Comparing the same power of ξ1 and ξ2 in Eqs. (16)–(18), one
finds

α
(1)
0ls = 0 except α

(1)
000 = 1, α

(1)
nls = 0

for n≥ 1 if l = 0 or s < 3, (19)

α
(1)
nls =

[(l−1)/2]

∑
k=0

[(s−1)/2]

∑
m=1

D(1)
nkmα

(1)
k(l−2k−1)(s−2m−1)

for n≥ 1, l ≥ 1, s≥ 3, (20)

β
(1)
0ls = 0, β

(1)
nls = 0

for n≥ 1 if l = 0 or s < 3 eccept β
(1)
100 = 1, (21)

β
(1)
nls =

[(l−1)/2]

∑
k=0

[(s−1)/2]

∑
m=1

D(1)
nkmβ

(1)
k(l−2k−1)(s−2m−1)

for n≥ 1, l ≥ 1, s≥ 3, (22)

ε
(1)
0ls = 0, ε

(1)
nls = 0

for n≥ 1 if l = 0 or s < 3 except ε
(1)
n00 = n, (23)

ε
(1)
nls =

[(l−1)/2]

∑
k=0

[(s−1)/2]

∑
m=1

D(1)
nkmε

(1)
k(l−2k−1)(s−2m−1)

for n≥ 1, l ≥ 1, s≥ 3, (24)

where [x] means the integer part of x.
Performing similar calculation for a2n, one obtains

a2n =
∞

∑
l,s=0

ξ
l
2ξ

s
1

[
− R2ż2

2
ξ

n−1
2 β

(2)
nls −R1Ṙ1ξ

n
2 ξ1γ

(2)
nls

− R1ż1

2
ξ

n
2 ξ

2
1 ε

(2)
nls

]
, (25)

β
(2)
0ls = 0, β

(2)
nls = 0

for n≥ 1 if l = 0 or s < 3

eccept β
(2)
100 = 1, (26)

β
(2)
nls =

[(l−1)/2]

∑
k=0

[(s−1)/2]

∑
m=1

D(1)
nkmβ

(1)
k(l−2k−1)(s−2m−1)

for n≥ 1, l ≥ 1, s≥ 3, (27)

γ
(2)
0ls = 0, γ

(2)
nls = 0

for n≥ 1 if l = 0 or s < 3

except γ
(2)
n00 =

(−1)n n
n+1

, (28)

γ
(2)
nls =

[(l−1)/2]

∑
k=0

[(s−1)/2]

∑
m=1

D(1)
nkmγ

(2)
k(l−2k−1)(s−2m−1)

for n≥ 1, l ≥ 1, s≥ 3, (29)

ε
(2)
0ls = 0, ε

(2)
nls = 0

for n≥ 1 if l = 0 or s < 3

except ε
(2)
n00 = (−1)n n, (30)

ε
(2)
nls =

[(l−1)/2]

∑
k=0

[(s−1)/2]

∑
m=1

D(1)
nkmε

(2)
k(l−2k−1)(s−2m−1)

for n≥ 1, l ≥ 1, s≥ 3, (31)

where

D(2)
nkm =

(−1)n+k nmCnmCmk

(n+1)(m+1)
. (32)

2.2. Equations of motion

The equations of motion are derived using the Lagrange’s
equations, and they can be expressed as

d
dt

(
∂L
∂ Ṙ1

)
=

∂L
∂R1

,
d
dt

(
∂L
∂ ż j

)
=

∂L
∂ z j

, (33)

where dots over variables denotes time derivatives, and L =

T −U , T is the kinetic energy, and U is the potential energy of
the system.

The motion of the liquid surrounding the bubble, the par-
ticle, and the gas inside the bubble all contribute to the kinetic
energy of the system, but the gas density is much lower than
the liquid density, so the contribution of the gas may be ig-
nored. The particle density is significant, and the kinetic en-
ergy associated with the translational motion of the particle
(Tp) must be taken into account. Thus the total kinetic energy
is

T = Tl +Tp, (34)

where Tl is the liquid kinetic energy. The particle kinetic en-
ergy is simply

Tp =
1
2

m2ż2
2 =

2
3

πρsR3
2ż2

2, (35)

where m2 is the mass of the suspended particle, and ρs is the
particle density.

The kinetic energy of the liquid is calculated as

Tl =
ρl

2

∫
V
(∇ϕl)

2dV =
ρl

2

∫
V

∇ · (ϕl∇ϕl)dV, (36)

where V is the volume surrounding the particle and bubble,
and ρl is the liquid density. Using Eqs. (8a) and (8b), the inte-
grating over V can be rewritten as

Tl = −πρlR2
1

∫
π

0
(ϕl)r1=R1

(
Ṙ1 + ż1 cosθ1

)
sinθ1 dθ1
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−πρlR2
2

∫
π

0
(ϕl)r2=R2

ż2 cosθ2 sinθ2 dθ2. (37)

Using Eqs. (9) and (11), one obtains

Tl = −2πρl

[
R2

1Ṙ1 (a10 +b20)+
R2

1ż1

3
(a11 +b21ξ1)

+
R2

2ż2

3
(a21 +b11ξ2)

]
. (38)

The potential energy of the system is expressed as
follows:[6]

U =−4π

3
R3

1P1 (t)− z1FD1− z2FD2, (39)

where the scattered pressure at the surface of the bubble is
expressed as P1 (t) and FD j is the viscous drag force on the
bubble and particle.

The Lagrangian function can be obtained by substituting
Eqs. (15) and (25) into Eq. (38). It is expressed as follows:

L = 2πρl

[
R3

1

(
Ṙ2

1 +
ż2

1
6

)
+R3

2
ż2

2
6
+Lint

]
+

1
2

m2ż2
2

+
4π

3
R3

1P1 (t)+ z1FD1 + z2FD2, (40)

where Lint represents the interaction between the bubble and
particle, and it can be expressed as

Lint = R3
1
(
Ṙ2

1 f1 + Ṙ1ż1 f3 + ż2
1 f4
)
+R2

1R2
(
Ṙ1ż2 f2− ż1ż2 f5

)
+R3

2ż2
2g1 +R1R2

2
(
Ṙ1ż2g2 + ż1żg3

)
. (41)

fn and gn are expressed as

f1 =
∞

∑
m,l,s=0

(−1)m
γ
(2)
mlsξ

s+1
1 ξ

l+2m+1
2 , (42)

f2 =
1
2

∞

∑
m,l,s=0

(−1)m
β
(2)
mlsξ

s
1ξ

l+2m
2 , (43)

f3 =
1
3

∞

∑
l,s=0

α
(1)
1ls ξ

l+1
1 ξ

s
2 +

∞

∑
m,l,s=0

(−1)m
ξ

s+2
1 ξ

2m+l+1
2

×
[

1
2

ε
(2)
mls +

m+1
3

γ
(2)
mls

]
, (44)

f4 =
1
6

∞

∑
l=1
s=0

β
(1)
1ls ξ

l
1ξ

s
2

+
1
6

∞

∑
m,l,s=0

(−1)m (m+1)ε
(2)
mlsξ

s+3
1 ξ

l+2m+1
2 , (45)

f5 =
1
6

∞

∑
l,s=0

ε
(1)
1ls ξ

l+1
1 ξ

s+2
2

− 1
6

∞

∑
m,l,s=0

(−1)m (m+1)β
(2)
mlsξ

s+1
1 ξ

l+2m
2 , (46)

g1 =
1
6

∞

∑
l=1
s=0

β
(2)
1ls ξ

s
1ξ

l
2 +

1
6

∞

∑
m,l,s=0

(m+1)ε(1)mlsξ
l+2m+1
1 ξ

s+3
2 , (47)

g2 =
1
3

∞

∑
l,s=0

γ
(2)
1ls ξ

s+1
1 ξ

l+1
2

− 1
3

∞

∑
m,l,s=0

(m+1)α(1)
mlsξ

l+2m+1
1 ξ

s+1
2 , (48)

g3 =
1
6

∞

∑
l,s=0

ε
(2)
1ls ξ

s+2
1 ξ

l+1
2

− 1
6

∞

∑
m,l,s=0

(m+1)β (1)
mlsξ

l+2m
1 ξ

s+1
2 . (49)

Substituting Eq. (40) into Eq. (33), one obtains three equations

R1R̈1 +
3
2

Ṙ2
1−

ż2
1
4
− P1

ρl
= G1, (50)

1
3

R1z̈1 + Ṙ1ż1−
FD1

2πρlR2
1
= H1, (51)

1
3

R2

(
1+

2ρs

ρl

)
z̈2−

FD2

2πρlR2
2
= H2, (52)

G1 = −
(

R1R̈1 +
3
2

Ṙ2
1

)
f1 +

3
2

ż2
1 f4

− R2

R1
ż1ż2 f5−

R2

2
(
z̈2 f2 + ż2 ḟ2

)
+

1
2

(
R2

R1

)2

(ż1ż2g3−R1z̈2g2−R1ż2ġ2)

− R1

2
(
z̈1 f3 + ż1 ḟ3 +2Ṙ1 ḟ1

)
, (53)

H1 = −
(
2R1z̈1 +6Ṙ1ż1

)
f4−3Ṙ2

1 f3

−R1
(
R̈1 f3 + Ṙ1 ḟ3 +2ż1 ḟ4

)
−R2

(
−z̈2 f5− ż2 ḟ5

)
+

2R2

R1
Ṙ1ż2 f5

−
(

R2

R1

)2 (
Ṙ1ż2g3 +R1z̈2g3 +R1ż2ġ3

)
, (54)

H2 = −2R2z̈2g1− Ṙ2
1g2− Ṙ1ż1g3−2R2ż2ġ1

−R1
(
R̈1g2 + Ṙ1ġ2 + z̈1g3 + ż1ġ3

)
− 2R1

R2

(
Ṙ2

1 f2− Ṙ1ż1 f5
)

−
(

R1

R2

)2 (
R2R̈1 f2 +R2Ṙ1 ḟ2−R2z̈1 f5−R2ż1 ḟ5

)
. (55)

The expressions of G1 and H j are shown in the appendix.
The pressure P1 and the viscous drag force are shown in

Refs. [9], [24], and [25] to be given by

P1 = PG1

(
R10

R1

)3γ (
1− 3γṘ1

c

)
− 4ηlṘ1

R1
− 2σl

R1
−P0−Pac, (56)

FD j = −12πηlR j ż j, (57)

where PG1 is the equilibrium gas pressure inside the bubble,
R10 is the equilibrium radius of the bubble, c is the speed of
sound in the liquid, γ is the ratio of specific heats of the gas,
σl is the surface tension, ηl is the dynamic viscosity of the liq-
uid, P0 is the hydrostatic pressure in the liquid, and Pac is the
driving acoustic pressure.
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3. Numerical simulations

The nonlinear interaction between a particle and an oscil-
lating bubble is studied using Lagrangian formalism, and one
obtains a system of three coupled ordinary differential equa-
tions. One of them describes the radial oscillations of the bub-
ble and the others describe the translation of the particle and
bubble in liquid. The simulations of the system are carried out
by the program package MATHEMATICA. It is assumed that
the initial bubble radius is R1 (0) = 1.5 µm, the parameters of
the gas inside the bubble and the surrounding liquid are ρl =

998 kg/m3, ηl = 0.001 Pas, σl = 0.072 N/m, c = 1482 m/s,
and γ = 1.4, and the ambient pressure is P0 = 101 kPa. The
simulations in this section show the high-order extensions of
Eqs. (53)–(55) accurate to order 1/d10.

The instantaneous radius of the bubble and the time-
varying distance between the bubble and the rigid sphere cen-
ters can be calculated using Eqs. (50)–(52). The result is
presented in Fig. 2 which shows the different order in 1/d.
The equilibrium radii of the bubble and suspended particle are
R10 = 1.5 µm and R20 = 2.0 µm, respectively. The initial sepa-
ration distance between the particle and bubble is 10.5 µm and
the sinusoidal acoustic pressure and frequency are 100 kPa and
1.7 MHz, respectively. The dashed curve shows the sum of the
instantaneous bubble radius and the suspended particle radius,
R1 (t)+R2. The solid curves represent the separation distance
between the particle and bubble, d (t). The following obser-
vations can be reached. (i) Up to the fourth-order terms, the
calculations predict repulsion between the particle and bub-
ble. (ii) Beginning with the fifth order, the calculations predict
attraction between the particle and bubble. During the bubble–
particle coupling process, the phenomenon that the particle is
pushed away by the expansion bubble and gets attracted to-
wards the collapsing bubble is the same as Li’s[23] experimen-
tal results. The translation line is more obvious when the nu-
merical simulation is accurate to the tenth order. Therefore,
the accuracy presented in the following figures is up to d−10.
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tions for a heavy particle (ρs/ρl = 1.5).

Figures 3(a)–3(c) show the positions and separation dis-
tances between the particle and bubble for three different par-
ticle densities (ρs = 500 kg/m3, 998 kg/m3, and 1500 kg/m3).
In this calculation, the equilibrium radius of the particle is set
as R20 = 2.0 µm and the initial conditions for the positions
are z1(0) = 0 and z2(0) = 10.5 µm, respectively. The bub-
ble of equilibrium radius R10 = 1.5 µm is driven by an ul-
trasound wave of frequency 1.6 MHz and pressure amplitude
100 kPa. The simulations in this part are run with the tenth-
order extensions of Eqs. (53)–(55). The results show that the
attraction–repulsion between the particle and bubble is related
to the particle densities. The following observations can eas-
ily be reached. (i) The time-averaged interaction between the
particle and bubble repels for ρs/ρl = 0.5. (ii) The attraction
between the particle and bubble is related to ρs/ρl = 1.5 and
ρs/ρl = 1. (iii) The attraction between the particle and bubble
is less after 18 µs, namely, the distance between them finally
changes little over time. The result of the dependence on the
particle densities is similar to Hay’s theory,[24] which shows
the initial separation distances (500 µm) between the parti-
cle and bubble for three density ratios (ρs/ρl = 0.5,1,2) when
the sinusoidal acoustic pressure amplitude and frequency are
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1 kPa and 32 kHz, respectively. Therefore it can be shown that
our calculation is proper.

Figure 4(a) demonstrates the movement process of the
bubble and particle via changing the bubble radii while the
particle size (R20 = 2.0 µm) is kept unchanged. The driving
frequency is 1.7 MHz, the other parameters are the same as
those in Fig. 3. It shows that the attraction between light par-
ticle and bubble does not increase as the bubble size grows.
There exists an optimal R10 (around 1.5 µm), which can max-
imize the interaction between the particle and bubble. Fig-
ure 4(b) demonstrates the case of increasing the particle size
while keeping the bubble radius (R10 = 2.0 µm) unchanged. It
is obvious that attraction forces between the particle and bub-
ble do not increase with the increased particle size, but when
the size of the particle is 3.0 µm, the interaction between them
is relatively strong. Comparing with Fig. 3(a), the result shows
that the decrease of the particle size not only leads to the attrac-
tion of the interaction between the light particle and bubble,
but also makes it get smaller. The phenomenon is similar to
Li’s research,[23] if θ → 0 (θ = Rs/Rm, where Rs is the sphere
radius and Rm is the maximum equivalent bubble radius), the
effect of sphere motion on bubble dynamics tends to none, and
there also exists an optimal θ (around 2).
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The effect of the acoustic forcing on the attraction–
repulsion between the particle and bubble is investigated, as
shown in Fig. 5. It is assumed that the bubble and particle are
driven by an ultrasound wave of pressure amplitude of 70 kPa,
100 kPa, and 130 kPa, respectively. The driving frequency
is 1.7 MHz, and the other parameters are the same as those

in Fig. 3. Figures 5(a) and 5(b) represent the two different
particle densities: ρs = 500 kg/m3 and 1500 kg/m3. For a
light (ρs/ρl = 0.5) particle, the repulsion increases with the
increment of the acoustic forcing. Similarly for a rigid heavy
(ρs/ρl = 1.5) particle, the increment of the time-averaged
pressure makes the attraction between the bubble and parti-
cle stronger, particularly, the distance between the bubble and
particle finally changes little over time. Namely, the separa-
tion distance between the bubble and heavy particle will reach
a steady state.
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The natural frequency (frequency of maximum response)
of the bubble is shown in Fig. 6(a), and to get the estimated
value of 1.71 MHz. Based on the natural frequency of the bub-
ble, the influence of three frequencies ( f = 1.5 MHz, 1.7 MHz,
and 2.0 MHz) on the interaction between the bubble and par-
ticle is investigated, as shown in Fig. 6(b). The parameters are
the same as those in Fig. 3. It is found that, with acoustic fre-
quencies approaching the natural frequency, the repulsion of
the bubble and the light particle greatly increases.

4. Summary
Lagrangian mechanics were used to derive dynamical

equations describing the spherical pulsations and translational
motions of interacting bubble and particle in an incompress-
ible liquid. The model consists of three coupled ordinary dif-
ferential equations. One of them describes the pulsation of the
bubble and the other two describe the translation of the bubble
and particle in an infinite, incompressible liquid. Dynamical
models accurate to higher order of 1/d10 were generated via
the program package MATHEMATICA. It has been found that
the interaction between the bubble and particle is governed by
four effects: the density and size of the particle and the driving
acoustic pressure and frequency.

Appendix A: expression for G1 and H j
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2
)

+2R2
1
(
8ż2
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