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Studying orbital angular momentum (OAM) spectra is important for analyzing crosstalk in free-space optical (FSO)
communication systems. This work offers a new method of simplifying the expressions for the OAM spectra of Laguerre—
Gaussian (LG) beams under both weak/medium and strong atmospheric turbulences. We propose fixing the radius to the
extreme point of the intensity distribution, review the expression for the OAM spectrum under weak/medium turbulence,
derive the OAM spectrum expression for an LG beam under strong turbulence, and simplify both of them to concise forms.
Then, we investigate the accuracy of the simplified expressions through simulations. We find that the simplified expressions
permit accurate calculation of the OAM spectrum for large transmitted OAM numbers under any type of turbulence. Finally,
we use the simplified expressions to analytically address the broadening of the OAM spectrum caused by atmospheric
turbulence. This work should contribute to the concise theoretical derivation of analytical expressions for OAM channel
matrices for FSO-OAM communications and the analytical study of the laws governing OAM spectra.
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1. Introduction

Over the last 20 years, free-space optical (FSO) commu-
nication systems have been developed in an attempt to sat-
isfy the enormous demand for data capacity, and thus, in-
terest in orbital angular momentum (OAM) characteristics is
growing.!!? Beams with different OAM number I, which is
an arbitrary integer, are orthogonal to each other, which leads
to the possibility of enlarging the channel capacity in OAM-
multiplexed communications.

A practical implementation of a simple FSO-OAM sys-
tem was reported in 2004.1] Wang experimentally demon-
strated the potential of OAM multiplexing for high-speed
communications. Several outdoor demonstrations have also
been reported,!>% and an FSO-OAM system with a com-
munication distance of 143 km has been realized.!”) All of
these works confirm the feasibility of FSO using OAM mul-
tiplexing. However, implementations of this strategy face
many difficulties, such as atmospheric turbulence, beam diver-
gence, and offset between the transmitters and receivers, 8131
which can induce the broadening of the OAM spectrum and
degrade the performance of the FSO-OAM communication
systems. Several previous works addressing beams travel-
ing through atmospheric turbulence have proposed a group

of models for describing atmospheric characteristics.!!4-23]
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The OAM spectrum measures the proportion of power re-
maining in a transmitted channel and crosstalk with adja-
cent channels in an FSO-OAM communication system, and
the OAM spectrum can be used to formulate a channel ma-
trix, which is important for calculating the channel capac-
ity. Thus, studying the theoretical broadening of OAM spec-
tra is necessary.['?l One common method used to calcu-
late the OAM spectrum is based on conjugate spiral phase
plates and the principle of orthogonality.!'?! In other theoreti-
cal studies, probability-based expressions for the OAM spec-
trum have been derived.[!-1917-191 1 most such studies, based
on Laguerre-Gaussian (LG) beams and other types, such as
Bessel-Gauss beams, statistical models have been used to an-
alyze and derive precise but complex results for atmospheric
channels via model decomposition.!!:1020-23] The results in-
volve the infinite integration of Bessel functions, which en-
sures their accuracy; however, the calculation required is enor-
mous, and further derivation is difficult.

In this work, we mainly focus on the broadening of the
OAM spectrum caused by atmospheric turbulence. First, we
propose a method called the fixed-radius method (FRM) to
simplify the expression for the OAM spectrum of an LG beam
in a channel with weak/medium atmospheric turbulence. We
also derive the expression for the OAM spectrum of an LG
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beam in a channel with strong atmospheric turbulence and use
the FRM to simplify the expression. Then, we define the over-
all error e to compare the calculation results of the FRM and
the elementary formula method (EFM).[!! Finally, we use the
simplified expressions to analytically explain the broadening
of the OAM spectrum.

This work is expected to contribute to studies of FSO-
OAM communications, such as concise theoretical derivations
of the OAM channel matrix. Additionally, the resulting ex-
pressions can be used to analyze the laws governing the OAM
spectrum under atmospheric turbulence.

2. FRM for OAM spectrum calculation

The most common types of vortex beams that are used to
carry OAM are LG beams because LG beams are easily real-
ized. Because of the in-axis symmetry of the distribution, an
LG beam is described using cylindrical coordinates, and the

field distribution for a radial mode of p = 0 can be expressed
[13]
as

Ul free (V,¢,Z) :Rlo (F,Z)pr(il(]d)), 9]

SREm

where

Ry (r,z) = Liex
WIE T Tl 0 @)

X exp{i(|1o|+1)tan—1 (;J i L)zrz(z)} Zi}

and [y is the angular mode number. The 1/e radius of the

Gaussian term is given by @ (z) = @y4/ 14+2%/z%, where @y is

(a)

the beam waist, zr = T@3 /A is the Rayleigh range, A is the
wavelength, and (|lo| + 1)tan~! (z/zR) is the Gouy phase.
Figure 1(a) shows the intensity profile of an OAM beam
with p=0. Figure 1(b) shows the corresponding intensity dis-
tribution; the shape of the beam is a doughnut-like ring, and
most of the energy is focused within the ring. Figure 1(c)
presents the intensity distribution after it has been disturbed
by atmospheric turbulence. The beam remains doughnut-like
in shape despite the perturbation. Figure 1(a) indicates ex-
treme points in the intensity profile. LG modes with a radial
index of zero are single-ringed annular modes. The intensity
profile of the ring resembles a narrow window because most
of the power is concentrated in a narrow annulus. By solving
the equation 9 |u; (r,9,2)|> /dr = 0, we can obtain the radius

of the ring at which the intensity is a maximum!!3!

r/:\/‘l—;”w(z). )

If we fix the radius to 7/, the doughnut-like shape be-
comes a thin ring, and the dimensionality (r,¢,z) decreases
to (¢,z). The communication distance z can often be regarded
as a constant; in this case, the dimensionality becomes only
(¢), and we can easily derive the corresponding equations. Al-
though the simplified equations ignore some of the energy in
the beam, most of the energy is concentrated at the radius 7.
We will demonstrate the validity of this approach in the fol-

lowing sections.

Fig. 1. (color online) Characteristics of OAM beams: (a) intensity profile of a pure OAM beam, (b) intensity distribution of a pure
OAM beam, and (c) intensity distribution of an OAM beam under atmospheric turbulence.

3. Analysis of the OAM spectrum under atmo-
spheric turbulence using the FRM

In this section, we first review the expression for the
OAM spectrum under weak/medium turbulence and simplify
it. Then, we derive the expression for the OAM spectrum of

an LG beam under strong turbulence and simplify it as well.

3.1. Expression for the OAM spectrum under
weak/medium turbulence derived using the FRM

For regions with weak/medium atmospheric turbulence,
we can use the Rytov approximation to obtain the complex
amplitude of a beam disturbed by the weak/medium turbu-
lence as follows:!!!

Ul wm (I", ¢7Z) = ulo,free (}", ¢,Z) exp [W(ra ¢vZ)] 9 (3)
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where ¥ (r,¢,7) is the complex-phase turbulence perturbation
and /p is the transmitted OAM number. The OAM spectrum
will broaden because of ¥ (r,¢,z). The OAM probability den-
sity, which we call the EFM result, is given by!!!

amaz R [ 2]
0= g b lwm]

) 2 2 2 2 2
xexp | =2~ 2| w1, () rdr, )
o (z) o o

where A = \/2/7(|lp])!, R is the radius of the receiver aper-
ture, I, is the modified Bessel function of the first kind of in-
teger n, and

z 7 5/3 =3/5
ro = [1.46k2 /O Cr (<) <1Z) dz’] Q)

is the coherence radius of the spherical wave. Here, z is the
transmission distance, and C2 (') is the refractive index struc-
ture parameter, for which one of the most widely used models
is the Hufnagel—Valley model?*
C; (7 cosa)
= 8.148 x 10747 (Z cosar) lOexp (=2 cos at/1000)
+2.7x 10 exp (7 cos a/1500)
+C? (0)exp (—2 cos /100) , (6)

where C?(0) is the refractive index structure parameter that
is characteristic of the ground, « is the zenith angle, and v
is the square root of the wind speed. Over short time in-
tervals at a fixed propagation distance and a constant height
above the ground, it may be reasonable to assume that
C? (7 cosa) is essentially constant.[** Let us fix the radius
to ' = w(z) y/|lo|/2; after normalization, we obtain the fol-
lowing simplified expression for the OAM spectrum:

252
17 -
C : IO( 3 )

P(l|l) = — = - 7
d 2
Z Cm Z Imfl() ( :2 )

m=—oo Moo 5

3.2. Expression for the OAM spectrum under strong tur-
bulence derived using the FRM
Unlike in the case of weak/medium turbulence, in a re-
gion with strong turbulence, the normalized complex ampli-

tude of the beam can be expressed as!!®]

Uj strong <r> (P,Z)
= U] free (I", ¢7Z) exXp [Wx (7’7 ¢3Z) + Yy (7’, ¢7Z)] ) (8)
where y, (r,¢,z) and v, (r,¢,z) are the complex-phase per-

turbations caused by large- and small-scale turbulence eddies,
respectively.

The most common method used to obtain the OAM prob-

ability density of any vortex beam under strong turbulence can

be expressed as!!®17]

1 2 o pom . L
G = (2”> A /0 Uj free (rv‘l)az)ul,free (rv(P 7Z)

X exp [_il ((P - ¢/)] <exp [WX (l’,(]),z) + V’y (r,¢7Z)
+y (7,9),2) + v (F,9',2)]),dodd’, ©)

with

(exp (W (r,9,2) + ¥, (1,9,2)
v (7002w (7.009) ),
= exp —;D(7‘7¢7}"/,¢/,Z):|

1
= exp |3 (D (10.7.0.2) D, (10.7.9'.2) |

—_ P24+ —2r cos (¢ — d)’)}
i 5 ’

= exp (10)

where pg is the spatial coherence radius in a channel with

strong irradiance fluctuations and is given by!®!

k .04 1/6
pPo = (0.49102{ <35206nxz>
Z knyl +35.04627
35.0467, e\ 12
1766 — 222502 (1)
k12 +35.0462
with
- 8.56
1400802 (10.897/k12)'°
and

ny=9[140.69 (0403)""]

Here, [; is the inner scale of the turbulence, and 61% =

1.23C2 (z) k"/°z'1/6 is the Rytov variance. Based on the in-

tegral expression!!8!

27
/0 exp[—in@; +ncos (@) — )] doy
= 2mexp (—ing2) 1, (n), 12)

we can combine Egs. (3), (8), (9), (10), and (11) to derive the
expression for the OAM probability density of an LG beam
under strong turbulence as follows:

e () [t 2] o[

272 272
X exp (> x 27l () . (13)
p3 *\ p}

We can also derive the expression for the OAM spectrum un-

der strong turbulence as follows:
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2(lo|

R | \/2r —2y2 272 272
pay =P _ /O[w@ - “’(Z)zlexp(_w Illo(”é>rdr . (14)

i - 2|lo]
¥ () 5[ MZZ)] exp l;é;] exp (ig) - (i;) dr

\
This is the EFM result for strong turbulence. Using the FRM, set the parameters as follows: @y = 0.0l m, A = 1550 nm,

we fix the radius to r' and obtain the following simplified ex-  z =500 m, v =21 m/s and the zenith angle is set to @ = /2,

pression for the OAM spectrum under strong turbulence: which indicates that the beam is transmitted horizontally, and
) consequently, equation (6) becomes a function of only z. Con-

Ly, (r2> sidering typical manufacturing limitations and the size of a

P(llly) = — 02 EeE (15)  typical receiver, we set the receiver aperture radius to R =

Y Ly, (rz) 10 cm. 2! Figures 2(a) and 2(b) present the OAM spectra for

e Po different transmitted OAM numbers under weak/medium and

strong turbulence, respectively. Because most of the power

4. Analysis of the validity of the FRM in chan-

. . is concentrated around state [y, only finite terms are consid-
nels with atmospheric turbulence

ered. We use 21 and 61 states around /[y to calculate the re-

In this section, we demonstrate the validity of the FRM.  sults of Egs. (7) and (15), respectively. For comparison, we
We consider several OAM spectra, as depicted in Fig. 2, which ~ also present the results obtained using the EFM. As shown in
show the proportion of the power that remains in the transmit-  Fig. 2, the results of the two methods are consistent, particu-
ted OAM state or leaks into other states via crosstalk. We  larly for larger OAM numbers.

1.0 1.0 1.0 1.0

B FRM (a-1) B FRM (a-2) EEEFRM (a-3) EEFRM (5
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Fig. 2. (color online) OAM spectra for [y =5, 10, 15, 20 under different levels of turbulence: (a) weak/medium turbulence, Cﬁ 0)=
10715 m~2/3; (b) strong turbulence, C2 (0) = 10713 m~2/3

To quantitatively compare the EFM and FRM results, a ~ FRM results. Figure 3 shows the overall error versus turbu-
dimensionless parameter called the overall error is defined as lence for Iy = 5, 10, 15, and 20. We use 21 and 61 states
follows: around [y to calculate the results of Eq. (16) for weak/medium
and strong turbulence, respectively.

e=Y |Perm (1|10) — Prrm (1| 10)]- (16)

[=—oo None of the e values in Fig. 3 exceeds 0.05. For exam-

We do not need to normalize the parameter e because the sum  Ple; the overall error corresponding to Fig. 2(b-1) is 0.0425,
of the entire OAM spectrum is equal to 1. The value of e lies and the results also appear visually identical; furthermore, this

between 0 and 1, and a smaller e corresponds to more accurate  figure shows that even the worst situation can be accepted.
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Thus, the results of the two methods are nearly identical for
both weak/medium and strong turbulence. In Fig. 3(a), under
weak/medium turbulence, the overall error increases gradually
with increasing C2 (0), and at larger OAM numbers, the over-
all error is smaller. By contrast, the errors in Fig. 3(b) are
nearly ten times of those in Fig. 3(a), and the overall errors re-
main nearly steady. Thus, the overall error initially increases
as C2 (0) increases and remains steady once C2 (0) reaches the
strong turbulence range. Therefore, we can conclude from
Fig. 3 that the accuracy of the FRM is acceptable under any
level of turbulence, particularly in situations with weaker tur-
bulence, when the OAM number is sufficiently large.

0.08 . :
(a) —*1y=5
0.06| =10
' ly=15
- 0_ l() =20
o 0.04f
0.02}
o
###**ktt
S
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-8 3--8=-0-0E8-DB-0B-pBg

06 08 10 12 14 16 1.8
C2(0)/10713 m~2/3

Fig. 3. (color online) Overall error e for [y =5, 10, 15, and 20: (a)
weak/medium turbulence, (b) strong turbulence.

Figure 4 shows the overall error versus the OAM num-
ber Iy for weak/medium and strong turbulence. Figure 4(a)
shows that for a given turbulence, e gradually decreases as [y
increases, particularly under strong turbulence. In the range
of small OAM numbers, the overall error remains nearly
constant, whereas e drastically decreases as [y increases in
Fig. 4(b). For small OAM numbers (/p < 5) and strong turbu-
lence, as shown in Fig. 4(b), the overall errors exceed 0.1, and
the accuracy is low. This is because when the OAM number is
small, the ring over which the beam intensity is distributed is
thick, and strong turbulence causes the intensity distribution to
deviate from an annulus. Thus, we can conclude from Fig. 4
that when [y is larger, the overall error is smaller, and the FRM

method is not suitable (when e exceeds 0.1) for small OAM
numbers (lp < 5) and strong turbulence.

0.020 . : ;
(a) —o0— C3(0) =101 m~2/3
—x— C2(0) =106 m~2/3
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Fig. 4. (color online) Overall error e of the OAM spectrum calculations
in different situations: (a) weak/medium turbulence, (b) strong turbu-
lence.

In conclusion, the proposed simplified expressions for the
OAM spectrum are highly accurate, particularly for weak tur-
bulence and large OAM numbers.

5. Discussion

Based on the simplified expressions for the OAM spec-
trum, we can analytically investigate the rules governing the
variation of the OAM spectrum with the OAM number [y and
the turbulence strength.

Interestingly, the results of Eqs. (7) and (15) are similar,
except for the expression of the coherence radius. Because
I_q (x) =1g (x),[" we can write a single simplified expression
for the OAM spectrum under either weak/medium or strong
turbulence as follows:

Plllo-+m)|lg) = — WM g,
142 x Zl (L (x) /To (x)]

n=

where m is the OAM number adjacent to the transmitted /y and

272 w(2)?|l
Lz = M, for weak/medium turbulence,

c=J 7 "o (18)
272 o(2)* ||
— =, for strong turbulence.
Py Po
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Equation (18) shows that x is directly proportional to |ly| and
inversely proportional to 73 or p§. The remaining relative
power in the transmitted OAM state |[y| can be expressed as

1
142 ¥ I (x) /1o (x)]

n=1

Equations (17) and (19) show that when x is fixed, the OAM
spectrum will remain the same. Thus, an increase in [y at a

P(l()|l())= (19)

fixed level of turbulence can induce an effect identical to that
caused by an increase in C? (0) at a fixed . Consequently, we
can obtain the same OAM spectrum by either increasing [y or
decreasing C2 (0).

According to Eq. (18), if the turbulence and transmission
distance are known, which implies that py or ry is fixed be-

cause x is directly proportional to |ly|, an increase in the trans-
mitted OAM number [y causes x to increase. From Eqs. (17)
and (19), we can see that the OAM spectrum depends on the
ratio I, (x) /To (x). To show the relationship between [y and
the OAM spectrum at a fixed level of turbulence, we numer-
ically calculate I, (x) /Ip (x) for m =0, 1, 2, 3, 4, and 5,
with C2(0) =5 x 107" m~2/3 and z = 1000 m. The cal-
culation results are shown in Fig. 5. Figure 5 shows that
L, (x) /Iy (x) monotonically increases with [y and when m in-

creases, I, (x) /Io (x) decreases.

1.2
Io(x)/Ip(x
Lo o(x) /To()
0.8} - -- "7
s Li(z)/Io(x) _ -
=) 7
S o0.6f L7
8
< s Ta(2)/lo(=)
= 04} 7 ]
/ -
ool 7 B(@)/0®) = 0 /1o
-7 5(33)/10(:c)|
BT~

2 4 6 8 10 12 14 16 18 20

lo

Fig. 5. (color online) The I,,,(x)/Io(x) form =0, 1,2, 3, 4, and 5.

For Eq. (17) with m # 0, some power leaks into other
OAM states. When [y and the turbulence are fixed, we can
compare the power leaking to adjacent OAM numbers sim-
ply by comparing L, (x) /Ip (x) because the denominator of
Eq. (17) is constant. In Fig. 5, when m increases, I, (x) /To (x)
decreases. Thus, the relative power in the OAM spectrum is
related to the distance of the OAM number from [y; as the
OAM number moves away from [y, the power that leaks to
it decreases. Thus, in Fig. 2, the turbulence-disturbed OAM
spectrum assumes a bell-like shape, being tall in the center
and declining on the sides.

According to Eq. (19), the remaining relative power in the
transmitted OAM state P (ly|ly) decreases as [y increases, as
shown in Figs. 2(a) and 2(b). We can also consider crosstalk
with other OAM states based on Eq. (19), where I, (x) /Io (x)

is included in Y [T, (x) /T (x)]. Therefore, an increase in [
n—=
will cause P (Ip +m|ly) to decrease. Thus, the curves in Fig. 2

become flatter as [y increases.

To show the relationship between C2(0) and the OAM
spectrum, we also plot the curves of I, (x) /Ip (x) for differ-
ent C2(0) with a transmitted OAM number of Iy = 15 and a
transmission distance of z = 1000 m in Fig. 6.

1.2

1o Io(z)/Io()
_os} M@/M@ =77
) Ve
= Ve
~ L 4
3 "7 n@/n@) L
= "
= 04p’ I3(x) /Io(x -

) =T, ) 1o
~
0.2}

i . I?(I)/Ilo(x)
1 3 5 7 9
C2(0)/10715 m~2/3

Fig. 6. (color online) The I, (x) /Iy (x) form =0, 1,2, 3,4, and 5.

In Fig. 6, I, (x) /To (x) monotonically increases with in-
creasing C2 (0) and decreases as m increases, which is identi-
cal to the behavior observed with increasing /y and m in Fig. 5.
As seen from Eqgs. (17) and (19), for a fixed /p and a fixed
transmission distance z, rg and pg vary inversely with C,2, (0).
Thus, an increase in C2(0) causes I, (x) /To (x) to decrease,
implying that an increase in turbulence will cause the entire
OAM spectrum to become lower in peak power and exhibit
increased broadening.

6. Conclusion and perspectives

We propose the FRM for deriving simplified expressions
for the OAM spectrum. We fix the radius of the OAM beam to
the extreme point of the intensity distribution to make the ex-
pressions more concise and reduce the amount of calculation.
Then, we define an overall error e to measure the accuracy of
the FRM results. Based on this error calculation, we find that
the FRM has high accuracy, particularly for large transmitted
OAM numbers. However, the overall error is relatively large
when the transmitted OAM number is small (/p < 5) and the
turbulence is strong. Finally, we demonstrate that the broad-
ening of the OAM spectrum caused by atmospheric turbulence
can be studied analytically using the proposed simplified ex-
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pressions. Moreover, a concise expression without infinite in-

tegration will be important for future derivations of channel

matrices and simulations of multiplexed FSO-OAM systems.
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