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This paper is concerned with the synchronization of delayed neural networks via sampled-data control. A new tech-
nique, namely, the free-matrix-based time-dependent discontinuous Lyapunov functional approach, is adopted in construct-
ing the Lyapunov functional, which takes advantage of the sampling characteristic of sawtooth input delay. Based on this
discontinuous Lyapunov functional, some less conservative synchronization criteria are established to ensure that the slave
system is synchronous with the master system. The desired sampled-data controller can be obtained through the use of the
linear matrix inequality (LMI) technique. Finally, two numerical examples are provided to demonstrate the effectiveness
and the improvements of the proposed methods.
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1. Introduction
Since the master-slave concept was proposed for the syn-

chronization of coupled chaotic systems in Ref. [1], a variety
of alternative schemes have been proposed for ensuring the
synchronization of such systems.[2–6] Neural networks have
received increasing attention as they have been successfully
applied in many areas such as signal processing, pattern recog-
nition, associative memories, and fixed-point computations.
Various issues about neural networks have been investigated
and many important results have been obtained.[7–19] As a
special class of complex networks, delayed neural networks
(DNNs) have also been found to exhibit complicated dynam-
ics and chaotic behaviors, such as being extremely sensitive
to variations of the initial conditions, having bounded trajec-
tories in phase space, and so on. Therefore, many approaches
have been developed for the synchronization of chaotic neu-
ral networks, such as time-delay feedback control, impulsive
control, and sampled-data control (see Refs. [20]–[24] and the
references therein).

In Ref. [25], the problem of synchronization was investi-
gated for stochastic neural networks with time delay. Based on
the Lyapunov functional approach, some sufficient conditions
were derived to ensure the synchronization of the slaver sys-
tem with the master system. Since the conditions proposed in
Ref. [25] are delay-independent, they are rather conservative.
The problem of delay-dependent ℋ∞ synchronization of delay
neural networks was studied in Ref. [26], where several delay-

dependent criteria were proposed. In Ref. [27], the synchro-
nization problem was investigated for a class of master-slave
delayed neural networks with heterogeneous dimensions, and
improved synchronization conditions were derived by using
the free-matrix-based inequality approach.[28,29] In Ref. [30],
the problem of adaptive exponential synchronization was in-
vestigated for a general class of memristive neural networks
with mixed time-varying delays, where an adaptive controller
with feedback control law was designed to achieve exponen-
tial synchronization. In Ref. [31], the synchronization prob-
lem of fractional-order complex-valued neural networks with
time delays was investigated by means of linear delay feed-
back control. As for discrete-time chaotic neural networks,
the problem of exponential ℋ∞ synchronization was studied
in Ref. [32], where a state feedback controller was obtained
to not only ensure the exponential synchronization between
two general neural networks, but also to reduce the effect of
external disturbance on the synchronization error such that it
satisfies a minimal ℋ∞ norm constraint. In Ref. [33], the lo-
cal and global synchronization conditions have been derived
for delayed discrete-time neural networks subject to saturated
time-delay feedback.

Generally, networked control systems (NCSs) can be
modeled as sampled-data systems under variable sampling
with an additive network-induced delay.[34,35] Thus, sampled-
data control in the presence of a constant input delay has been
an important research field. However, the input delay approach
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neglects information concerning the actual sampling pattern,
which leads to some conservative results. In Ref. [36], a time-
dependent Lyapunov functional approach was proposed to im-
prove the input delay approach. The advantage of the time-
dependent Lyapunov functional approach lies in the fact that
it considers the sawtooth characteristics of the time-varying
delay induced by the sample holder. In Ref. [37], a new
two-sided looped-function approach was proposed for stability
analysis of sampled-data systems. In Ref. [38], the sampled-
data feedback control was investigated for the synchronization
of neural networks with discrete and distributed delays under
the framework of an input delay approach. However, the signal
transmission delay has not been taken into account. Recently,
the sampled-data control in the presence of a constant input de-
lay was proposed for the synchronization of neural networks
with time-varying delay in Ref. [39], and some sufficient con-
ditions were derived based on a Wirtinger inequality-based
discontinuous Lyapunov functional.

In this paper, we revisit the problem of master-slave syn-
chronization of neural networks with time-varying delay. By
adopting a free-matrix-based time-dependent discontinuous
Lyapunov functional approach,[42–44] less conservative syn-
chronization conditions are derived, which take advantage of
the sampling characteristic of sawtooth input delay. Two nu-
merical examples are provided to demonstrate the effective-
ness of the proposed results and their improvement over exist-
ing ones.

Notation Through this paper, 𝑁T and 𝑁−1 stand for the
transpose and the inverse of the matrix 𝑁 , respectively; Rn

and Rm×n denote the n-dimensional Euclidean space and the
set of all m× n real matrices, respectively. 𝑃 > 0 (𝑃 ≥ 0)
means that the matrix, 𝑃 , is symmetric and positive definite
(positive semidefinite). 𝐼 and 0 represent the identity matrix
and a zero matrix, respectively. diag{· · ·} stands for a block-
diagonal matrix. || · || denotes the Euclidean norm of a vector
and its induced norm of a matrix. Sym{𝑋} = 𝑋 +𝑋T and
the symmetric terms in a symmetric matrix are denoted by *,

e.g.,
[
𝑋 𝑌
* 𝑍

]
=

[
𝑋 𝑌
𝑌 T 𝑍

]
. Matrices, if their dimensions are

not explicitly stated, are assumed to have compatible dimen-
sions for algebraic operations.

2. Preliminaries
Consider a master system, which is a neural network de-

fined as follows:

𝑥̇(t) =−𝐶x(t)+𝐴𝑔(𝑥(t))+𝐵𝑔(𝑥(t −d(t)))+𝐽(t), (1)

where 𝑥(t) =
[
x1(t) x2(t) · · · xn(t)

]T, 𝑔(𝑥(t)) =[
g1(x1(t)) g2(x2(t)) · · · gn(xn(t))

]T, xi(t) is the state of the
i-th neuron, and gi(xi(t)) denotes the neuron activation func-
tion; 𝐶 = diag{c1,c2, . . . ,cn} is a diagonal matrix with posi-

tive entries; 𝐴 = (ai j)n×n and 𝐵 = (bi j)n×n are the connec-
tion weight matrix and the delayed connection weight matrix,
respectively; 𝐽(t) =

[
j1(t) j2(t) · · · jn(t)

]T is the external
input; d(t) is the time-varying delay and satisfies

0 ≤ d(t)≤ d̄, ḋ(t)≤ µ, (2)

where d̄ and µ are known constants. The activation functions
gi(·), i = 1,2, . . . ,n, are continuous and satisfy

F−
i ≤ gi(α1)−gi(α2)

α1 −α2
≤ F+

i , gi(0) = 0, i = 1,2, . . . ,n, (3)

where α1, α2 ∈ R, and α1 ̸= α2; F−
i and F+

i are known real
scalars. In this paper, the slave system for Eq. (1) is described
as follows:

𝑦̇(t) = −𝐶𝑦(t)+𝐴𝑔(𝑦(t))+𝐵𝑔(𝑦(t −d(t)))

+𝐽(t)+𝑢(t), (4)

where 𝐴, 𝐵, and 𝐶 are matrices which follow the same defi-
nitions as those in Eq. (1), and 𝑢(t) ∈ Rn is the control input.

By defining an error signal as 𝑟(t) = 𝑦(t)−𝑥(t), the cor-
responding error system can be obtained as follows:

𝑟̇(t) =−𝐶𝑟(t)+𝐴𝑓(𝑟(t))+𝐵𝑓(𝑟(t −d(t)))+𝑢(t), (5)

where 𝑓(𝑟(t)) = 𝑔(𝑟(t)+𝑥(t))−𝑔(𝑥(t)). It can be derived
from Eq. (3) that the functions fi(·) satisfy

F−
i ≤ fi(α)

α
≤ F+

i , fi(0) = 0, i = 1,2, . . . ,n, (6)

where α ∈ R and α ̸= 0.
Suppose that there is a constant transmission delay, η ,

when the updating signal transmitted from the sampler to the
controller, and the updating instant time of the zero-order-hold
(ZOH) is denoted by tk. The sampling intervals are assumed
to satisfy

tk+1 − tk = hk ≤ h̄, (7)

for any integer k ≥ 0, where h̄ > 0 represents the largest sam-
pling interval. In this paper, we take the state-feedback con-
troller as follows:

𝑢(t) =𝐾𝑟(tk −η), tk ≤ t < tk+1, (8)

where K is the sampled-data feedback controller gain matrix
to be determined.

By substituting Eq. (8) into Eq. (5), the error system is
reduced to

𝑟̇(t) = −𝐶𝑟(t)+𝐴𝑓(𝑟(t))+𝐵𝑓(𝑟(t −d(t)))+𝐾𝑟(tk −η),

tk ≤ t < tk+1. (9)

Our goal is to design a controller in the form of Eq. (8) to
ensure that the slave system (4) synchronizes with the master
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system (1). In other words, our purpose is to find a feedback
gain matrix 𝐾 such that the error system (9) is stable.

Before presenting our main results, we introduce the fol-
lowing lemmas.

Lemma 1[40] For any matrix Ū =

[
𝑍 𝑆
* 𝑍

]
> 0, scalars

d2 > d1 > 0, d(t) > 0 satisfying d1 < d(t) < d2, vector func-
tion 𝑥̇ : [−d2,0]→Rn such that the concerned integrations are
well defined, then

−(d2 −d1)
∫ t−d1

t−d2

𝑥̇T(α)Z𝑥̇(α)dα 6−𝜛T(t)Ūϖ(t),

where

𝜛(t) =
[
𝑥(t −d1)−𝑥(t −d(t))
𝑥(t −d(t))−𝑥(t −d2)

]
.

Lemma 2[41] For any positive matrix 𝑅 and for differen-
tiable signal 𝑥 in [α,β ]→ Rn, the following inequality holds:

∫
β

α

𝑥̇T (u)𝑅ẋ(u)du ≥ 1
β −α

Ω̂
TR̂Ω̂ , (10)

where R̂ = diag{𝑅,3𝑅} and

Ω̂ =

[
𝑥(β )−𝑥(α)

𝑥(β )+𝑥(α)− 2
β−α

∫
β

α
𝑥(u)du

]
.

Lemma 3 Let 𝑥 be a differentiable function: [α,β ] →
Rn. For any vector 𝜉 ∈Rm, symmetric matrices 𝑅∈Rn×n, and
𝑍1,𝑍3 ∈ Rm×m, and any matrices 𝑍2 ∈ Rm×m, and 𝑁1,𝑁2 ∈
Rm×n satisfying 𝑍1 𝑍2 𝑁1

* 𝑍3 𝑁2
* * 𝑅

≥ 0,

the following inequality holds:

−
∫

β

α

𝑥̇T(s)R𝑥̇(s)ds

≤ (β −α)𝜉T[𝑍1 +
(β −α)2

3
𝑍3]𝜉

+2𝜉T
[
𝑁1 (𝑥(β )−𝑥(α))−2𝑁2

∫
β

α

𝑥(s)ds
]

+2(β −α)𝜉T𝑁2 [𝑥(β )+𝑥(α)] . (11)

Proof The proof is omitted here since it is similar to
Lemma 2 in Ref. [42].

Remark 1 It should be pointed out that Lemma 2
in Ref. [42] is a special case of Lemma 3 with 𝜉 =[
𝑥T(β ) 𝑥T(α)

∫
β

α
𝑥T(s)ds

]T
. By introducing more infor-

mation about state vectors in 𝜉, less conservative results may
be obtained.

3. Main results
In this section, the problem of synchronization of the

master system (1) and slave system (4) will be investigated
via a discontinuous Lyapunov functional approach. To present
the main results, we first denote

𝜉1(t) =
[
𝑟T(t) 𝑟T(t −η)

∫ t
t−η

𝑟T(s)ds
]T

,

𝜉2(t) =
[
𝑟T(t) 𝑓T(𝑟(t))

]T
,

𝜉3(t) =
[
𝑟T(t) 𝑟̇T(t)

]T
,

𝜉4(t) =
[
𝑟T(t −η)−𝑟T(tk −η)

∫ t−η

tk−η
𝑟T(s)ds

]T
,

𝜉5(t) =
[
𝜉T

1 (t) 𝑟T(tk −η)
∫ t−η

tk−η
𝑟T(s)ds

]T
,

𝜒1(t) =
[
𝑟T(t) 𝑟T(t −d(t)) 𝑟T(t − d̄) 𝑓T(𝑟(t))

]T
,

𝜒2(t) =
[
𝑓T(𝑟(t −d(t))) 𝑟T(t −η) 1

η

∫ t
t−η

𝑟T(s)ds
]T

,

𝜒3(t) =
[
𝑟̇T(t) 𝑟̇T(t −η) 𝑟T(tk −η)

∫ t−η

tk−η
𝑟T(s)ds

]T
,

𝜒(t) =
[
𝜒T

1 (t) 𝜒T
2 (t) 𝜒T

3 (t)
]T

,

𝑒i =
[

0n×(i−1)n 𝐼n 0n×(11−i)n
]
, i = 1,2, . . . ,11,

𝐾1 = diag
{

F+
1 ,F+

2 , . . . ,F+
n
}
,

𝐾2 = diag
{

F−
1 ,F−

2 , . . . ,F−
n
}
.

Now, we present the following main results.
Theorem 1 Given scalars γ1,γ2, if there exist 𝑃 > 0,

𝑄> 0, 𝑅1 > 0, 𝑅2 > 0, 𝑍1 > 0, 𝑍2 > 0, 𝑍3 > 0, 𝑍4 > 0, 𝑆,
𝑋1, 𝑋2, 𝑌1, 𝑌2, 𝑌3, 𝑁1, 𝑁2, 𝐻1, 𝐻2, 𝐻3, 𝑀1, 𝑀2, 𝐺, 𝐿,
and diagonal matrices 𝛬1 > 0, 𝛬2 > 0 such that

𝛯1(hk) =𝛷1 +𝛷2 +hk𝛷3 +𝛷5 +𝛷6 < 0, (12)

𝛯2(hk) =𝛷1 +𝛷2 +hk(𝛷4 +𝛷7)+𝛷5 +𝛷6 < 0, (13)

𝑈1 =

[
𝑍1 𝑆
* 𝑍1

]
≥ 0, (14)

𝑈2 =

𝑌1 𝑌2 𝑁1
* 𝑌3 𝑁2
* * 𝑍3

≥ 0, (15)

𝑈3 =

𝐻1 𝐻2 𝑀1
* 𝐻3 𝑀2
* * 𝑍4

≥ 0 (16)

are feasible for hk ∈ [0, h̄], where

𝛷1 = Sym{𝛱T
1 P𝛱2}+𝛱T

3 Q𝛱3 − (1−µ)𝛱T
4 Q𝛱4

+𝑒T
1𝑅1𝑒1 −𝑒T

3𝑅1𝑒3 + d̄2𝑒T
8𝑍1𝑒8 −𝛱T

5 𝑈1𝛱5

+𝛱T
6 𝑅2𝛱6 −𝛱T

7 𝑅2𝛱7 +η
2𝑒T

8𝑍2𝑒8 −𝛱T
8 Z̄𝛱8,

𝛷2 = Sym{𝑁1𝛱10 −2𝑁2𝑒11 −𝛱T
9 𝑋2𝑒10}−𝛱T

9 𝑋1𝛱9,

𝛷3 = Sym{𝛱T
9 𝑋1𝛱12 +𝛱T

12𝑋2𝑒10}+𝑒T
9𝑍3𝑒9,

𝛷4 = Sym{𝑁2𝛱11}+𝑌1 +
h2

3
𝑌3,

𝛷5 = Sym{𝛱T
13𝛱14 +𝛱T

15𝛬1𝛱16 +𝛱T
17𝛬2𝛱18},

𝛷6 = 𝛱19(𝐻1 +
h̄2

3
𝐻3 + M̄1)𝛱19 +𝑒T

9𝑍4𝑒9
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+Sym{𝛱T
19M̄2𝛱20},

𝛷7 = Sym{𝛱19(𝐻1 +
h̄2

3
𝐻3 + M̄1)𝛱20},

𝛱1 =
[
𝑒T

1 𝑒T
6 η𝑒T

7
]T

,

𝛱2 =
[
𝑒T

8 𝑒T
9 𝑒T

1 −𝑒T
6
]T

,

𝛱3 =
[
𝑒T

1 𝑒T
4
]T

,

𝛱4 =
[
𝑒T

2 𝑒T
5
]T

,

𝛱5 =
[
𝑒T

1 −𝑒T
2 𝑒T

2 −𝑒T
3
]T

,

𝛱6 =
[
𝑒T

1 𝑒T
8
]T

,

𝛱7 =
[
𝑒T

6 𝑒T
9
]T

,

𝛱8 =
[
𝑒T

1 −𝑒T
6 𝑒T

1 +𝑒T
6 −2𝑒T

7
]T

,

𝛱9 =
[
𝑒T

6 −𝑒T
10 𝑒T

11
]T

,

𝛱10 =
[
𝑒T

6 −𝑒T
10
]T

,

𝛱11 =
[
𝑒T

6 +𝑒T
10
]T

,

𝛱12 =
[
𝑒T

9 𝑒T
6
]T

,

𝛱13 =
[
𝑒T

1 + γ1𝑒
T
8 + γ2𝑒

T
10
]T

,

𝛱14 =
[
−𝐺𝑒8 −𝐺C𝑒1 +𝐺A𝑒4 +𝐺B𝑒5 +𝐿𝑒10

]
,

𝛱15 =
[
𝑒T

4 −𝐾2𝑒
T
1
]T

,

𝛱16 =
[
𝐾1𝑒

T
1 −𝑒T

4
]T

,

𝛱17 =
[
𝑒T

5 −𝐾2𝑒
T
2
]T

,

𝛱18 =
[
𝐾1𝑒

T
2 −𝑒T

5
]T

,

𝛱19 =
[
𝑒T

1 𝑒T
6 η𝑒T

7 𝑒T
10 𝑒T

11
]T

,

𝛱20 =
[
𝑒T

8 𝑒T
9 𝑒T

1 −𝑒T
6 0 𝑒T

6
]T

,

Z̄ = diag{𝑍2,3𝑍2}
M̄1 = Sym

{[
0 𝑀2 0 𝑀2 0

]}
,

M̄2 = Sym
{[

0 𝑀1 0 −𝑀1 −2𝑀2
]}

.

Then, the master system (1) and slave system (4) are syn-
chronous. Moreover, the desired controller gain matrix in
Eq. (8) is given by 𝐾 =𝐺−1𝐿.

Proof Consider the following Lyapunov functional for
the error system (1):

𝑉 (t) =
5

∑
i=1

𝑉i(t), t ∈ [tk, tk+1), (17)

where

𝑉1(t) = 𝜉T
1 (t)P𝜉1(t),

𝑉2(t) =
∫ t

t−d(t)
𝜉T

2 (s)Q𝜉2(s)ds+
∫ t

t−d̄
𝑟T(s)𝑅1𝑟(s)ds

+ d̄
∫ 0

−d̄

∫ t

t+θ

𝑟̇T(s)𝑍1𝑟̇(s)dsdθ ,

𝑉3(t) =
∫ t

t−η

𝜉T
3 (s)𝑅2𝜉3(s)ds+η

∫ 0

−η

∫ t

t+θ

𝑟̇T(s)𝑍2𝑟̇(s)dsdθ ,

𝑉4(t) = (tk+1 − t)𝜉T
4 (t) [𝑋1𝜉4(t)+2𝑋2𝑟(tk −η)]

+(tk+1 − t)
∫ t−η

tk−η

𝑟̇T(s)𝑍3𝑟̇(s)ds,

𝑉5(t) = (t − tk)[𝜉T
5 (t)(𝐻1 +

h̄2

3
𝐻3)𝜉5(t)

+ 2𝜉T
5 (t)𝑀2(𝑟(t −η)+𝑟(tk −η))

]
+2𝜉T

5 (t)
[
𝑀1(𝑟(t −η)−𝑟(tk −η))

−2𝑀2

∫ t−η

tk−η

𝑟(s)ds
]
+
∫ t−η

tk−η

𝑟̇T(s)𝑍4𝑟̇(s)ds.

According to Lemma 3, we get from Eq. (16) that 𝑉5(t)≥
0. Moreover, it can be obtained that limt→t−k

𝑉5(t)≥ 𝑉5(tk) =
0. Taking the derivative of Eq. (17 along the solution of sys-
tem (9), we get

𝑉̇1(t) = 2𝜉T
1 (t)𝑃𝜉1(t) = 2𝜒T(t)𝛱T

1 𝑃𝛱2𝜒(t), (18)

𝑉̇2(t) = 𝜉T
2 (t)𝑄𝜉T

2 (t)− (1− ḋ(t))𝜉T
2 (t −d(t))𝑄𝜉T

2 (t −d(t))

+𝑟T(t)𝑅1𝑟(t)−𝑟T(t − d̄)𝑅1𝑟(t − d̄)

+ d̄2𝑟̇T(t)𝑍1𝑟̇(t)− d̄
∫ t

t−d̄
𝑟̇T(s)𝑍1𝑟̇(s)ds

≤ 𝜒T(t)[𝛱T
3 𝑄𝛱3 − (1−µ)𝛱T

4 𝑄𝛱4 +𝑒T
1𝑅1𝑒1

−𝑒T
3𝑅1𝑒3 + d̄2𝑒T

8𝑍1𝑒8]𝜒(t)

− d̄
∫ t

t−d̄
𝑟̇T(s)𝑍1𝑟̇(s)ds, (19)

𝑉̇3(t) = 𝜉T
3 (t)R2ξ3(t)−𝜉T

3 (t−η)R2𝜉3(t−η)

+η
2𝑟̇T (t)𝑍2𝑟̇(t)−η

∫ t

t−η

𝑟̇T(s)𝑍2𝑟̇(s)ds

= 𝜒T(t)[𝛱T
6 𝑅2𝛱6 −𝛱T

7 𝑅2𝛱7 +η
2𝑒T

8𝑍2𝑒8]𝜒(t)

−η

∫ t

t−η

𝑟̇T(s)𝑍2𝑟̇(s)ds, (20)

𝑉̇4(t) = −
[
𝜉T

4 (t)(𝑋1𝜉4(t)+2𝑋2𝑟(tk −η))
]

+(tk+1 − t)[2𝜉T
4 (t)𝑋1𝜉4(t)+2𝜉4

T
(t)𝑋2𝑟(tk −η))

+ 𝑟̇T(t −η)Z3ṙ(t −η)]−
∫ t−η

tk−η

𝑟̇T(s)𝑍3𝑟̇(s)ds

≤ 𝜒T(t)
[
−𝛱T

9 𝑋1𝛱9 −2𝛱T
9 𝑋2𝑒10 +(tk+1 − t)

× (2𝛱T
9 𝑋1𝛱12 +2𝛱T

12𝑋2𝑒10 +𝑒T
9𝑍3𝑒9)

]
𝜒(t)

−
∫ t−η

tk−η

𝑟̇T(s)𝑍3𝑟̇(s)ds, (21)

𝑉̇5(t) = 𝜉T
5 (t)

[
𝐻1 +

h̄2

3
𝐻3 +𝑀̄1]ξ5(t)

+2(t − tk)𝜉T
5 (t)

[(
𝐻1 +

h̄2

3
𝐻3 +𝑀̄1

]
𝜉5(t)

+2𝜉T
5 (t)𝑀̄2𝜉5(t)+ 𝑟̇T(t −η)𝑍4𝑟̇(t −η)

= 𝜒T(t)
[
𝛱T

19

(
𝐻1 +

h̄2

3
𝐻3 + M̄1

)
𝛱19

+2𝛱T
19M̄2𝛱20 +𝑒T

9𝑍4𝑒9𝜒(t)

+2(t − tk)
(
𝛱T

19

(
𝐻1 +

h̄2

3
𝐻3 + M̄1

)
𝛱20

)]
𝜒(t).

(22)

For 𝑈1 =

[
𝑍1 𝑆
* 𝑍1

]
≥ 0, it is followed from Lemmas 1
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that

−d̄
∫ t

t−d̄
𝑟̇T(s)𝑍1𝑟̇(s)ds ≤−𝜒T(t)𝛱T

5 𝑈1𝛱5𝜒(t). (23)

Replacing Eq. (23) into Eq. (19) yields

𝑉̇2(t) ≤ 𝜒T(t)[𝛱T
3 Q𝛱3 − (1−µ)𝛱T

4 Q𝛱4 +𝑒T
1𝑅1𝑒1

−𝑒T
3𝑅1𝑒3 + d̄2𝑒T

8𝑍1𝑒8 −𝛱T
5 𝑈1𝛱5]𝜒(t). (24)

Similarly, it follows from Lemmas 2 and 3, respectively,
for Z̄ = diag{𝑍2,3𝑍2} and

𝑈2 =

𝑌1 𝑌2 𝑁1
* 𝑌3 𝑁2
* * 𝑍3

≥ 0

that

−η

∫ t

t−η

𝑟̇T(s)𝑍2𝑟̇(s)ds ≤ −𝜒T(t)𝛱T
8 Z̄𝛱8𝜒(t) (25)

and

−
∫ t−η

tk−η

𝑟̇T(s)𝑍3𝑟̇(s)ds

≤ −𝜒T(t)[2𝑁1𝛱10 −4𝑁2𝑒11

+(t − tk)(𝑌1 +
h̄2

3
𝑌3 +2𝑁2𝛱11)]𝜒(t). (26)

Replacing Eq. (25) into Eq. (20), and Eq. (26) into
Eq. (22), we get

𝑉̇3(t) ≤ 𝜒T(t)[𝛱T
6 𝑅2𝛱6 −𝛱T

7 𝑅2𝛱7 +η
2𝑒T

8𝑍2𝑒8

−𝛱T
8 Z̄𝛱8]𝜒(t), (27)

and

𝑉̇4(t) ≤ 𝜒T(t)
[
−𝛱T

9 𝑋1𝛱9 −2𝛱T
9 𝑋2𝑒10 +2𝑁1𝛱10

+ (t − tk)(𝑌1 +
h̄2

3
𝑌3 +2𝑁2𝛱11)−4𝑁2𝑒11 (tk+1 − t)

× (2𝛱T
9 𝑋1𝛱12 +2𝛱T

12𝑋2𝑒10 +𝑒T
9𝑍3𝑒9)

]
𝜒(t). (28)

From the error system (9), for scalars γ1,γ2, and any ma-
trix 𝐺 with appropriate dimension, the following equation
holds:

0 = 2
[
𝑟T(t)𝐺+ γ1𝑟̇

T(t)𝐺+ γ2𝑟
T(tk −η)𝐺

]
× [−𝑟̇(t)−𝐶𝑟(t)+𝐴𝑓(𝑟(t))

+𝐵𝑓(𝑟(t −d(t)))+𝐾𝑟(tk −η)]

= 2𝜒T(t)𝛱T
13𝛱14𝜒(t), (29)

where L = GK.
On the other hand, we get from Eq. (6) that for any

λ1i > 0, i = 1, 2, . . ., n,

0 ≤
n

∑
i=1

λ1i[ fi(ri(t))−F−
i ri(t)][F+

i ri(t)− fi(ri(t))]

= 2𝜒T(t)𝛱T
15𝛬1𝛱16𝜒(t), (30)

where 𝛬1 = diag{λ11,λ12, . . . ,λ1n}.
Similarly, for any diagonal matrix 𝛬2 =

diag{λ21,λ22, . . . ,λ2n} > 0, the following inequality also
holds:

0 ≤
n

∑
i=1

{
λ2i[ fi(ri(t −d(t)))−F−

i ri(t −d(t))]

× [𝐹+
i 𝑟i(t −d(t))− fi(ri(t −d(t)))]

}
= 2𝜒T(t)𝛱T

17𝛬2𝛱18𝜒(t). (31)

Then, adding the right sides of Eqs. (29)–(31) to 𝑉̇ (t), we ob-
tain

𝑉̇ (t) ≤ 𝜒T(t)[𝛷1 +𝛷2 +(tk+1 − t)𝛷3

+(t − tk)(𝛷4 +𝛷7)+𝛷5 +𝛷6]𝜒(t). (32)

Thus, it follows from Eqs. (12) and (13) that

V̇ (t)<−ε||𝑟(t)||2 (33)

for a sufficient small scalar ε > 0, which implies that sys-
tem (9) is stable. Therefore, the master system (1) and slave
system (4) are synchronous. This completes the proof.

Remark 2 Inspired by the work reported in Ref. [36],
a time-dependent term is introduced in Lyapunov func-
tional (17). Note that

limt→t+k
𝑉4(t) = limt→t−k

𝑉4(t) = 𝑉4(tk) = 0. (34)

Thus, 𝑉4(t) is continuous in time. Since this information
on the actual sampling pattern is used in the Lyapunov func-
tional (17), the results obtained are less conservative.

Remark 3 Recently, a free-matrix-based time-dependent
discontinuous Lyapunov functional was proposed in Ref. [42].
Inspired by Ref. [42], a new term, 𝑉5(t), is introduced in the
Lyapunov functional (17). It follows from Lemma 3 that

𝑉5(t)

≥ (t − tk)𝜉T
5 (t)

[
(𝐻1 +

(t − tk)2

3
𝐻3)𝜉5(t)

+ 2𝑀2(𝑟(t −η)+𝑟(tk −η))]+
∫ t−η

tk−η

𝑟̇T(s)𝑍4𝑟̇(s)ds

+2𝜉T
5 (t)

[
𝑀1(𝑟(t −η)−𝑟(tk −η))−2𝑀2

∫ t−η

tk−η

𝑟(s)ds
]

=
∫ t−η

tk−η

𝜉T
6 (s)𝑈3𝜉6(s)ds ≥ 0,

where 𝜉6(s) =
[
𝜉T

5 (t) f (s)𝜉T
5 (t) 𝑟̇T(s)

]T and f (s) =

2s−β −α . Thus, we have

limt→t−k
𝑉5(t)≥ 𝑉5(tk) = 0, (35)

which takes advantage of the sampling characteristic of saw-
tooth input delay and is helpful to reduce the conservativeness
of the derived results.
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To show the advantage of discontinuous Lyapunov func-
tional (17), we present a synchronization condition based on
continuous functional V̄ (t) = ∑

4
i=1𝑉i(t). By setting 𝐻1 = 0,

𝐻2 = 0, 𝐻3 = 0, 𝑀1 = 0, 𝑀2 = 0, 𝑍4 = 0 in Theorem 1, the
following corollary is obtained.

Corollary 1 Given scalars γ1, γ2, if there exist 𝑃 > 0,
𝑄> 0, 𝑅1 > 0, 𝑅2 > 0, 𝑍1 > 0, 𝑍2 > 0, 𝑍3 > 0, 𝑆, 𝑋1, 𝑋2,
𝑌1, 𝑌2, 𝑌3, 𝑁1, 𝑁2, 𝐺, 𝐿, and diagonal matrices 𝛬1 > 0,
𝛬2 > 0 such that Eqs. (14), (15), and

𝛯̄1(hk) =𝛷1 +𝛷2 +hk𝛷3 +𝛷5 < 0, (36)

𝛯̄2(hk) =𝛷1 +𝛷2 +hk𝛷4 +𝛷5 < 0 (37)

are feasible for hk ∈ [0, h̄], where 𝛷i, i = 1,2, . . . ,5, are de-
fined in Theorem 1. Then, the master system (1) and slave
system (4) are synchronous. Moreover, the desired controller
gain matrix in Eq. (8) is given by 𝐾 =𝐺−1𝐿.

4. Numerical examples
In this section, we provide two numerical examples to

verify the effectiveness of the proposed results.
Example 1 Consider the master system (1) and slave sys-

tem (4) with

𝐶 =

[
1 0
0 0.5

]
, 𝐴=

[
1.8 −0.15
−5.2 1.5

]
,

𝐵 =

[
−1.7 −0.12
−0.26 −2.5

]
.

The time-varying delay and the activation functions are taken
as

d(t) =
et

et +1
,

gi(α) = tanh(α), i = 1,2.

It can be verified that the time-varying delay satisfies
Eq. (2) with d̄ = 1 and µ = 0.25 and the activation functions
satisfy Eq. (4) with F−

1 =F−
2 = 0 and F+

1 =F+
2 = 1. When the

initial states are 𝑥(0) =
[
−0.2 −0.4

]T and 𝑦(0) =
[
0.3 0.7

]T,
the chaotic behavior of the master system (1) and slave system
(4) with 𝑢(t) = 0 is depicted in Figs. 1 and 2. For the values
of η given in Table 1, by applying Theorem 1 and Corollary
1 with γ1 = γ2 = 0.24 and the condition provided in Ref. [39],
the maximum values of sampling interval h̄ that guarantee the
synchronization of the master system (1) and slave system (4),
are obtained. It can be seen from Table 1 that the approach
given in this paper achieves a noticeable improvement over
Ref. [36]. It is also shown in the table that Theorem 1 pro-
vides less conservative results than Corollary 1. This is due to
the fact that a new term, 𝑉5(t), is introduced in the Lyapunov
functional.

In case of the constant delay η = 0.01 and the largest
sampling interval h̄ = 0.21, by applying Theorem 1, the corre-
sponding gain matrix in Eq. (8) is obtained as

𝐾 =

[
−4.5990 0.0717
0.9616 −4.7076

]
.

Under the above controller, the response curves of control in-
put (8) and error system (9) are given in Figs. 1 and 2, respec-
tively. It is obvious from Fig. 2 that the error system tends to
be zero, which means that the master system (1) and the slave
system (4) are synchronous.

↩.  . .
↩

↩







x
2
↼t

↽

x1↼t↽

Fig. 1. (color online) Chaotic behavior of the master system (1).

↩4

↩2

0

2

4

↩. ↩.  .
y1↼t↽

y
2
↼t
↽

Fig. 2. (color online) Chaotic behavior of the slave system (4) with
𝑢(t) = 0.

Table 1. Maximum sampling interval h̄ for different η .

η 0.01 0.03 0.05 0.07 0.09
Ref. [39] 0.19 0.16 0.13 0.10 0.06

Corollary 1 0.19 0.16 0.14 0.11 0.09
Theorem 1 0.21 0.17 0.15 0.12 0.09

u
1
↪ 
u

2

0 2 4 6 8 10

-4

-2

0

2

Time t 

 

 

u1↼t↽

u2↼t↽

Fig. 3. (color online) Control input 𝑢(t).

110503-6



Chin. Phys. B Vol. 26, No. 11 (2017) 110503

r
1
↪ 
r
2

Time t 

r1↼t↽

r2↼t↽

0 2 4 6 8 10

-0.4

0

0.4

0.8

1.2

 

 

Fig. 4. (color online) State responses of error system (9).

Example 2 Consider the master system (1) and slave sys-
tem (4) with the following parameters:

𝐶 =

[
1 0
0 1

]
,𝐴=

[
1+π/4 20

0.1 1+π/4

]
,

𝐵 =


−1.3

√
2π

4
0.1

0.1
−1.3

√
2π

4

 .
Choose the activation functions as

gi(α) = (|α +1|− |α −1|)/2, i = 1,2,

and the time-varying delay to be the same as in Example 1.
It is easy to verify that the activation functions satisfy (4)
with F−

1 = F−
2 = 0 and F+

1 = F+
2 = 1. The chaotic be-

havior of the master system (1) and slave system (4) with
𝑢(t) = 0 is depicted in Figs. 5 and 6 under the initial states
𝑥(0) =

[
0.3 0.4

]T and 𝑦(0) =
[
0.6 0.3

]T.

x1↼t↽

x
2
↼t
↽

↩20 ↩10 0 10 20
↩1.5

↩1.0

↩0.5

0

0.5

1.0

1.5

Fig. 5. (color online) Chaotic behavior of the master system (1).

When η = 0.04 and h̄ = 0.23, the approach proposed in
Ref. [39] failed to find a feasible solution. However, apply-
ing Theorem 1 with γ1 = γ2 = 0.3, a controller gain matrix in
Eq. (8) can be obtained as

𝐾 =

[
−3.5108 −2.1786
−0.0176 −3.5586

]
.

Under the given controller, the response curves of control in-
put (8) and error system (9) are depicted in Figs. 7 and 8, re-
spectively. It is clearly observed from Fig. 8 that the error
system is converging to zero. In other words, the master sys-
tem (1) and the slave system (4) are synchronous.

y1↼t↽

y
2
↼t
↽

↩20 ↩10 0 10 20

↩0.8

↩0.4

0

0.4

0.8

Fig. 6. (color online) Chaotic behavior of the slave system (4) with
𝑢(t) = 0.

u
1
↪ 
u

2

Time t 

u1↼t↽

u2↼t↽

0 2 4 6 8 10 12

-0.8

-0.4

0

0.4

Fig. 7. (color online) Control input 𝑢(t).

r
1
↪ 
r
2

Time t 

r1↼t↽

r2↼t↽

0 2 4 6 8 10 12

-0.1

0

0.1

0.2

0.3

Fig. 8. (color online) State responses of error system (9).

5. Conclusions
In this paper, the synchronization problem has been inves-

tigated for delayed neural networks via sampled-data control.
By employing a free-matrix-based time-dependent discontin-
uous Lyapunov functional, improved synchronization criteria
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have been derived. Two numerical examples have been pro-
vided to show that the proposed results are less conservative
than existing ones.
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