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Stochastic bounded consensus of second-order
multi-agent systems in noisy environment*

Hong-Wei Ren(任红卫)1,2 and Fei-Qi Deng(邓飞其) 2,†

1School of Electronic Information, Guangdong University of Petrochemical Technology, Maoming 525000, China
2Systems Engineering Institute, South China University of Technology, Guangzhou 510640, China

(Received 19 July 2017; revised manuscript received 19 July 2017; published online 10 September 2017)

This paper investigates the stochastic bounded consensus of leader-following second-order multi-agent systems in a
noisy environment. It is assumed that each agent received the information of its neighbors corrupted by noises and time
delays. Based on the graph theory, stochastic tools, and the Lyapunov function method, we derive the sufficient conditions
under which the systems would reach stochastic bounded consensus in mean square with the protocol we designed. Finally,
a numerical simulation is illustrated to check the effectiveness of the proposed algorithms.
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1. Introduction
In recent years, the consensus of multi-agent systems has

attracted much attention, due to its wide applications in many
areas such as cooperative control of unmanned aerial vehi-
cles (UAVs), formation control, distributed sensor network,
and so on.[1–3] As is well known, consensus is the funda-
mental problem of cooperative control for multi-agent sys-
tems, which means that each agent tends to the common value
in a team, and the value can be position, velocity, tempera-
ture or other physical quantities. Moreover, leader-following
consensus problems is very interesting, which is also called
tracking control for multi-agent systems.[4–8] In tracking con-
sensus control, it is essential to design a distributed network
algorithm based on the exchange of state information with
neighbor agents, whose common goal is to track a reference
state that is available to only a part of agents. Most previ-
ous literatures have assumed that the information exchange
between agents is accurate. However, this is only the ideal
approximation of the true communication process. Recently,
consensus of multi-agent systems in a noisy environment has
attracted more and more attention of researchers, due to the
fact that noises in communication are inevitable in the real
physical world. The existence of noises has a negative im-
pact on the performances of the entire systems, and even cause
system instability. The sources of the communication noises
mainly came from the sensors that the agents are equipped
with and the transmission channels. In order to attenuate the
noises and reduce the negative impact on consensus in multi-
agent systems, a great effort has been done.[9,10] In Ref. [9],
a stochastic approximation-type algorithm with the key fea-

ture of the decreasing consensus gain α(k) in the protocols
is proposed to attenuate the measurement noises in discrete-
time systems. The algorithm has a gradient descent interpre-
tation. The approach applied in Ref. [9] has been extended
to continuous-time systems in Ref. [10]. Li et al.[10] has in-
vestigated mean square average-consensus control with fixed
topology and Gaussian communication noises.

Most literatures concerning with consensus focused on al-
gorithms taking the form of first-order dynamics in the earlier
research. However, second-order systems have more practi-
cal significance. The convergence of second-order multi-agent
systems depends not only on the information exchange topolo-
gies but also on the coupling strength between the derivatives
of velocities. The case of second-order multi-agent system has
been studied in Refs. [11]–[13]. A distributed linear consen-
sus protocol for second-order multi-agent systems under lim-
ited agent interaction ranges has been investigated in Ref. [11],
in which two agents can interact with each other only if their
distance is within a certain range. Under the linear consensus
protocol with the relative state feedback, sufficient conditions
for the second-order multi-agent systems have derived.

In addition, most traditional controller design approaches
rely on the assumption that the measurement signals are timely
transmitted. However, such an assumption is fairly conser-
vative in many engineering practices. For example, due to
network congestions, the measurements may contain time de-
lays as well as noises. Time-delays include internal time-
delays and transmission time-delays. The consensus problem
of multi-agent system with time delays and noises have re-
ceived considerable research attention and many important re-
sults have been reported in recent years.[14–18] In Ref. [14], the
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bounded synchronization for a class of complex network with
delay feedback controller has been investigated. Based on in-
equality theorems, bounded synchronization criteria of com-
plex dynamical networks have been derived. Further, finite-
time synchronization for a class of the complex dynamical net-
work with non-delayed and delayed coupling were also con-
sidered in Ref. [15]. In Ref. [16], the containment consen-
sus control problem for multi-agent systems with measure-
ment noises and time-varying communication delays under
directed networks has been considered. By using stochas-
tic analysis tools and algebraic graph theory, it was proved
that the followers can converge to the convex hull spanned by
the leaders in mean square sense if the allowed upper bound
of the time-varying delays satisfied a certain sufficient condi-
tion. Mean square average consensus for multi-agent systems
with measurement noises and time delays under fixed digraph
was studied in Ref. [17]. By combining the tools of algebraic
graph theory, matrix theory, and stochastic analysis, consensus
protocols for multi-agent systems were elaborately analyzed.
Song et al.[18] investigated the mean square consensus prob-
lem of multi-agent systems impacted by the combined uncer-
tainty of multiplicative noises and time delays. Using tools
from stochastic differential delay equation, martingale theory
and stochastic inequality, sufficient conditions on mean square
consensus have been obtained.

However, to the best of the authors’ knowledge, the con-
sensus problem has not been properly investigated for multi-
agent systems with noises and time delays. Motivated by
the above discussions, we aim to investigate the stochastic
bounded consensus problem of continuous-time multi-agent
systems with time-delays in a noisy environment. Due to the
coexistence of noises and time delays, it is difficult in finding
the optimal delay bound for stochastic consensus problems. In
our model, the information received from other agents is cor-
rupted by additive noises and time delays. We introduce the
time-varying decreasing consensus gains in the follower con-
trol protocol to attenuate the noises. It is critical to maintain a
trade-off in attenuating the noises to prevent long term fluctu-
ations and meanwhile ensuring a suitable stabilizing capabil-
ity so as to drive the follower agent states towards the leader
agent. In this paper, the methods of the stochastic analysis and
the Lyapunov function are applied to overcome the difficulties
induced by the time-delays and noises. The closed-loop sys-
tem is transformed into a stochastic differential delay equation
driven by the additive noises. The contribution of this work
can be summarized as the following three aspects. (i) The
time-delays and noises are taking into account in the analy-
sis of the consensus problems. (ii) The protocol is based on
the measurement of its neighbors’ states and some estimated
data of the leader which are both corrupted by white noises.
(iii) The sufficient conditions of stochastic bounded consensus

of multi-agent system are derived in a noisy environment.
The rest of this paper is organized as follows. In Sec-

tion 2, some basic definitions in graph theory and mathemat-
ical preliminary results needed for subsequent uses are pre-
sented. The consensus protocol is proposed for second-order
multi-agent systems with measurement noises and time delays
in Section 3. The detailed proofs for the main results are given
by using Lyapunov function method. Then, numerical simu-
lations are provided in Section 4. The paper is concluded by
Section 5.

Notations: Let In denote an n-dimensional identity ma-
trix; | · | stands for the norm for both vectors and matrices, at
the same time, we denote |ϕ|τ = supθ∈[−τ,0] |ϕ(θ)| for a func-
tion ϕ ∈C([−τ,0],Rn); 1n and 0n denote a column vector with
all ones and zeros, respectively. AT denotes the transpose of
the matrix A; and Tr(A) is its trace. Let λmax(A) and λmin(A)
denote the maximum and minimum eigenvalues of the matrix
A, respectively. For a given random variable X , EX denotes
its mathematical expectation. Let (Ω ,ℱ ,{ℱt},𝒫) be a com-
plete probability space with filtration {ℱt}t≥0 which satisfies
that the filtration contains all 𝒫-null sets and is right contin-
uous. Let ℒ2

ℱ0
([−τ,0],Rn), the family of all ℱ0-measurable

PC([−τ,0],Rn)-valued random variables φ = {φ(s) : −τ ≤
s ≤ 0} such that sup−τ≤s≤0E‖φ(s)‖2 < ∞, where E(·) rep-
resents the mathematic expectation of the corresponding vari-
able. Define the norm of the piecewise right continuous func-
tion as ‖φ(t)‖τ = sup−τ≤s≤0‖φ(t + s)‖.

2. Preliminaries
Graph theory is the basic theory to analyze the intercon-

nection topologies. A graph is denoted as G = (v,ε,A), which
consists of a set of nodes v = {v1,v2, . . . ,vn}, an edge set
ε ⊆ v×v, and an adjacency matrix A = [ai j] ∈ Rn×n. Here, the
node indexes belong to the finite index set I = {1,2, . . . ,n}. If
an edge of G is denoted as ei j = (vi,v j) ∈ ε , a directed path of
G is a sequence of ordered edges (vi1,vi2),(vi2,vi3), . . . in a di-
rected graph. A digraph is strongly connected if there is a path
between any two distinct nodes. Let Ni = {v j : (vi,v j) ∈ ε}
denote the set of neighbor nodes. A nonnegative weighted
matrix A is called an adjacent matrix, which specifies the in-
terconnection topology of network. If the edge of G satis-
fies (vi,v j) ∈ ε , the element of adjacency matrix is defined as
aii = 0 and ai j = 1 for all i ̸= j. For an undirected graph, A is
symmetric and every undirected graph is balanced. Moreover,
a diagonal matrix D = diag(d1,d2, . . . ,dn) is called input de-
gree matrix whose diagonal element is defined as di = ∑ j ̸=i ai j

for i ∈ I. The matrix L = D−A is called the Laplacian matrix
of the weighted digraph. According to the definition, the row
sum of the Laplacian matrix is zero and the column vector 1n

is the right eigenvector corresponding to a zero eigenvalue. If
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the graph is balanced, there is also a left eigenvector 1n corre-
sponding to a zero eigenvalue except the right one. Next we
assume node 0 is the leader of the digraph Ḡ, which is used
to describe the multi-agent system topology with one active
leader agent and follower agents. Take the diagonal matrix
B = diag{a10, . . . ,an0} ∈ Rn×n as a leader adjacency matrix,
where ai0 = 1 if the follower agent vi can receive the infor-
mation from the leader v0, and ai0 = 0 otherwise. Let a new
matrix H = L+B denote the connectivity of the leader graph.
Note that L1n = 0, so it follows that H1n = B1n.

The following lemmas play important roles in the subse-
quence.

Lemma 1[19] For any two real vectors x and y with the
same dimension and a positive definition matrix Φ with an ap-
propriate dimension, for any ε > 0 we have

2xTy ≤ εxT
Φx+ ε

−1yT
Φ

−1y.

Lemma 2[4] The following three statements are equiva-
lent:

1) Node 0 is a globally reachable node of directed graph
Ḡ, that is, there is at least one directed path from the leader
node 0 to all other followers;

2) H is a positive stable matrix with positive real parts
eigenvalues;

3) Moreover, H+HT is a symmetric positive-definite ma-
trix, if G is a balanced graph.

3. Consensus analysis
3.1. Problem formulation

In this paper, we consider a leader–following multi-agent
system with a leader and n followers. The dynamics for each
follower agent is described as the first-order differential sys-
tem:

ẋi(t) = ui(t), i = 1,2, . . . ,n, t ∈ R+, (1)

where xi(t) ∈ Rm and ui(t) ∈ Rm denote the positions and the
inputs of the follower agents, respectively. The leader dy-
namics is described as the following second-order differential
equation 

ẋ0(t) = v0(t),
v̇0(t) = a0(t),
y0(t) = x0(t).

(2)

where x0(t) ∈ Rm, v0(t) ∈ Rm, and a0(t) ∈ Rm denote the po-
sition, the velocity, and the acceleration of the leader, respec-
tively. Here for notation simplicity, let m= 1. a0(t) is assumed
to be known beforehand. y0(t) denotes the output of the sys-
tem.

Since the leader velocity of v0(t) cannot be measured by
followers, thus we assume that vi(t) is the estimation of v0(t)
for the i-th followers.

This paper aims to develop a leader–following consen-
sus algorithm for multi-agent systems (1) under measurement
noises and time-delays to ensure the tracking of the leader’s
position by the followers in mean square. We introduce the
following definition of mean square bounded consensus for
leader–following multi-agent systems.

The leader-following multi-agent systems with measure-
ment noises (1) and (2) under the designed protocol are said to
reach stochastic bounded tracking consensus in mean square
if the systems satisfy the following bounded estimations:

limsup
t→+∞

E[(xi(t)− x0(t))2]≤C*
x ,

limsup
t→+∞

E[(vi(t)− v0(t))2]≤C*
v ,

∀i ∈ I, (3)

where C*
x , and C*

v are bounded constants that are independent
of t.

3.2. Main result

Due to that bandwidth constraints and packet loss may
cause noises and time-delays, we design the tracking protocol
for the leader–follower multi-agent system with time-delays in
a noisy environment such that the system would reach stochas-
tic bounded consensus in mean square sense. For system (1),
we consider the neighbor-based consensus protocol as follows:

ui(t) =−kα(t)
n

∑
j=0, j ̸=i

ai jzi j(t − τ)+α(t)𝑣i(t),

𝑣̇i(t) = 𝑎0(t)− γkα(t)
n

∑
j=0, j ̸=i

ai jzi j(t − τ),
(4)

where k > 0 is a feedback gain and 0 < γ < 1. We consider
that the measurement of relative states by agent i have the fol-
lowing form

zi j(t − τ) = xi(t − τ)− x j(t − τ)+ρi jωi j(t), (5)

where ai j denotes the connected weight on information link
agent (i, j), τ is the time delay, {ωi j(t) : i, j = 1, . . . ,n} are
independent standard white noises and ρi j ≥ 0 represent the
noise intensity. The velocity v0(t) can be decomposed as fol-
lows: {

v0(t) = α(t)𝑣0(t),
𝑣̇0(t) = 𝑎0(t),

(6)

where 𝑣0(t) and 𝑎0(t) are called nominal velocity and nomi-
nal acceleration respectively. The continuous function α(t) is
called consensus gain satisfying the following assumption:

Assumption 1


∫

∞

t0
α(s)ds = ∞, (A1)∫

∞

t0
α

2(s)ds < ∞. (A2)
(7)
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In addition, we assume that α(t) has an upper bound µ in
[0,+∞). The relationship between the acceleration a0(t) and
the nominal one 𝑎0(t) can be expressed as

a0(t) = α̇(t)𝑣0(t)+α(t)𝑎0(t).

Remark 1 Let vi(t) = α(t)𝑣i(t) be the estimate of v0(t),
which uses a velocity decomposition scheme. Because α(t)
has an upper bound µ in time-interval [t0,∞), we can easily
get vi(t)− v0(t)→ 0, if 𝑣i(t)−𝑣0(t)→ 0.

Remark 2 The assumption
∫

∞

t0 α(s)ds = ∞ can guaran-

tee the followers track the leader in a proper velocity, and∫
∞

t0 α2(s)ds < ∞ can make the tracking errors of the systems
finite regardless of measurement noises.

Remark 3 There are many works on the consensus gain
α(t) for systems with additive noises such as in Refs. [9]
and [10], to name a few. A simple example for α(t) is
α(t) = 1/(t +1), t ≥ 0. Without loss of generalities, the func-
tion α(t) is decreasing and has an upper bound µ = 1.

Under the consensus protocol (4), the dynamics of multi-
agent system (1) can be written as the following:


ẋi(t) =−kα(t)

n
∑

j=0, j ̸=i
ai j[(xi(t − τ)− x j(t − τ))+ρi jωi j(t)]+α(t)𝑣i(t),

𝑣̇i(t) = 𝑎0(t)− γkα(t)
n
∑

j=0, j ̸=i
ai j[(xi(t − τ)− x j(t − τ))+ρi jωi j(t)].

(8)

It can be rewritten as

ẋi(t) = −kα(t)
n
∑

j=1, j ̸=i
[ai j(xi(t − τ)− x j(t − τ))+ai0(xi(t − τ)− x0(t − τ))]

−kα(t)
n
∑

j=1, j ̸=i
ai jρi jωi j(t)− kα(t)ai0ρi0ωi0(t)+α(t)𝑣i(t),

𝑣̇i(t) = 𝑎0(t)− γkα(t)
n
∑

j=1, j ̸=i
[ai j(xi(t − τ)− x j(t − τ))+ai0(xi(t − τ)− x0(t − τ))]

−γkα(t)
n
∑

j=1, j ̸=i
ai jρi jωi j(t)− γkα(t)ai0ρi0ωi0(t).

(9)

Denote x(t) = [xT
1 (t),x

T
2 (t), . . . ,x

T
n (t)]

T,𝑣(t) = [𝑣T
1 (t),𝑣

T
2 (t), . . . ,𝑣

T
n (t))

T. Then the dynamic system (9) can be rewritten in a
compact form of a stochastic delay differential equation as:

dx(t)=[−kα(t)Hx(t − τ)+ kα(t)B1nx0(t − τ)+α(t)𝑣(t)]dt − kα(t)Θ dW (t),

d𝑣(t)=[𝑎01n − γkα(t)Hx(t − τ)+ γkα(t)B1nx0(t − τ)]dt − γkα(t)Θ dW (t), (10)

where the W (t) = [W0,W1,W2, . . . ,Wn]
T is an (n2 + n)-

dimensional independent Brownian motion vector with W0 =

[ω10,ω20, . . . ,ωn0]
T and Wi = [ω1i,ω2i, . . . ,ωni]

T; L and B de-
note the graph Laplacian matrix and the leader adjacency
matrix, respectively, H = L + B, Θ0 = diag{ρ10, . . . , ρn0},
Θi = diag{ρi1, . . . ,ρin}, for i∈ I, and the matrix Θ ∈Rn×n(n+1)

is defined as follows:

Θ = [BΘ0,diag{a(1, ·)Θ1, . . . ,a(n, ·)Θn}]. (11)

Define two error state vectors of the position and velocity, re-

spectively
{

x̄ = x− x01n,
𝑣̄ = 𝑣−𝑣01n.

Based on the spectrum properties,

L1n = 0 and then it follows −Hx̄ = −Hx+B1nx0. For sys-
tem (11), we have{

dx̄(t) = [−kα(t)Hx̄(t − τ)+α(t)𝑣̄(t)]dt − kα(t)Θ dW (t),
d𝑣̄(t) = [−γkα(t)Hx̄(t − τ)]dt − γkα(t)Θ dW (t).

(12)

The system (12) can be rewritten in a compact form of a
stochastic delay differential equation as the following

dε(t) = [α(t)Cε(t)+α(t)Eε(t − τ)]dt +α(t)Ω̃ dW (t), (13)

where ε =

[
x̄
𝑣̄

]
, C =

[
0 I
0 0

]
, Ω̃ =

[
−kΘ

−γkΘ

]
, and E =[

−kH 0
−γkH 0

]
.

The initial function εt0 ∈C([−τ,0],R2n) for this equation
is εt0(θ) = ε(t0 + θ) for θ ∈ [−τ,0]. We expand this initial
data to [−2τ,0] by εt0(θ) = ε(t0 −τ) for θ ∈ [−2τ,−τ]. With
this expansion, we have |εt0 |2τ = |εt0 |τ . This kind of norm will
be involved actually in the argument for the main result.

Note that system (13) is a stochastic differential equa-
tion similar to the familiar Langevin’s equation. There is no
equilibrium to this equation, thus only boundedness of the so-
lutions is expectable for this equation. Our main result will
shows this soon.
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Theorem 1 Suppose that Assumption 1 holds, and the
leader vertex 0 is globally reachable in the topology graph Ḡ.
If there exist the feedback gain k and the time delay τ such that

k >
λmax(P̄)

2γ(1− γ2)
,

τ <
λmin(Q)

(|N1|+ |N2|)
,

(2τµ)2ρ e2τρµ < ρ,

(14)

where

N1 = PECP−1CTETP,

N2 = PE2P−1(E2)TP,

ρ =
λmin(Q)− τ(|N1|+ |N2|)

λmin(P)
,

ρ = n(1+ γ
2)k2 max‖Θ‖2

λmax(P),

P=

[
P̄ −γP̄

−γP̄ P̄

]
, and P̄ is a symmetric positive-definite so-

lution to the Lyapunov matrix equation

HTP̄+ P̄H = In,

then the system (1) can reach bounded consensus in mean
square with the protocol (4), that is to say, the follower agents
can track the leader practically.

Proof Consider a Lyapunov function candidate
V (ε(t)) = εT(t)Pε(t). By Definition 1, we need only to show
the boundedness of the mean square error E|ε(t)|2. Obviously
we have V (ε(t)) ≥ λmin(P)|ε(t)|2. By the given Eq. (13) we
have

ε(t − τ) = ε(t)−
∫ 0

−τ

dε(t + s)

= ε(t)−
∫ 0

−τ

α(t + s)Cε(t + s)ds

−
∫ 0

−τ

α(t + s)Eε(t + s− τ)ds

−α(t + s)
∫ 0

−τ

Ω̃ dW (t + s)

= ε(t)−
∫ 0

−τ

α(t + s)Cε(t + s)ds

−
∫ −τ

−2τ

α(t + s+ τ)Eε(t + s)ds

−α(t + s)Ω̃
∫ 0

−τ

dW (t + s).

Taking the stochastic derivative of the function V (ε(t)) yields
that

ℒV (ε(t))
∣∣
(13)

= α(t)εT(t)[P(C+E)+(C+E)TP]ε(t)

−2α(t)εT(t)PEC
∫ 0

−τ

α(t + s)ε(t + s)ds

−2α(t)εT(t)PEE
∫ −τ

−2τ

α(t + s+ τ)ε(t + s)ds

−2α(t)α(t + s)εT(t)PEΩ̃

×
∫ 0

−τ

dW (t + s)+α
2(t)Tr(PΩ̃Ω̃

T). (15)

Actually we have
∫ 0
−τ

dW (t + s) =
∫ t

t−τ
dW (u) = W (t) −

W (t − τ). Denote F =C+E, then we have

PF +FTP :=−Q =−
(

k(1− γ2)In −P̄
−P̄ 2γP̄

)
.

According to the Schur complement lemma, under the con-
dition (14), the matrix Q is positive definite. Letting
Φ = P−1, by the elementary inequality 2aTb ≤ εaTΦa +

ε−1bTΦ−1b(ε > 0) and with α(t)≤ µ , we have

−2α(t)εT(t)PEC
∫ 0

−τ

α(t + s)ε(t + s)ds

≤ τα(t)εT(t)PECP−1CTETPε(t)

+µ

∫ 0

−τ

α
2(t + s)V (ε(t + s))ds, (16)

−2α(t)εT(t)PEE
∫ −τ

−2τ

α(t + s+ τ)ε(t + s)ds

≤ τα(t)εT(t)PE2P−1(E2)TPε(t)

+µ

∫ 0

−τ

α
2(t + s)V (ε(t + s− τ))ds, (17)

and α2(t)Tr(PΩ̃Ω̃ T)≤ ρα2(t). Based on the above analysis,
then we have

ℒV (ε(t))
∣∣
(13)

≤ −α(t)εT(t)Qε(t)+ τα(t)εT(t)PECP−1CTETPε(t)

+µ

∫ 0

−τ

α
2(t + s)V (ε(t + s))ds

+τα(t)εT(t)PE2P−1(E2)TPε(t)

+µ

∫ 0

−τ

α
2(t + s)V (ε(t + s− τ))ds

−2α(t)α(t + s)εT(t)PEΩ̃ [W (t)−W (t − τ)]+ρα
2(t)

≤ −ρα(t)V (ε(t))+ρα
2(t)+µ

∫ 0

−τ

α
2(t + s)V (ε(t + s))ds

+µ

∫ 0

−τ

α
2(t + s)V (ε(t + s− τ))ds

−2α(t)α(t + s)εT(t)PEΩ̃ [W (t)−W (t − τ)]. (18)

Define the new Lyapunov function

U(t,ε) = exp
[

ρ

∫ t

t0
α(s)ds

]
V (ε), t ∈ R+,ε ∈ R2n,

then we can further derive that

ℒU(t,ε(t))
∣∣
(13)

≤ eρ
∫ t
t0

α(s)ds
[
ρα

2(t)+µ

∫ 0

−τ

α
2(t + s)V (ε(t + s))ds

+µ

∫ 0

−τ

α
2(t + s)V (ε(t + s− τ))ds

−2α(t)α(t + s)εT(t)PEΩ̃ [W (t)−W (t − τ)]
]
, (19)

thus by the familiar Dynkin formula and the fact E[W (t)−
W (t − τ)] = 0, we then obtain
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EU(t,ε(t))−EU(t0,ε(t0)) = E
∫ t

t0
ℒU(s,ε(s))ds

≤
∫ t

t0

[
exp
(

ρ

∫ s

t0
α(r)dr

)(
ρα

2(s)+µ

∫ 0

−τ

α
2(s+θ)EV (ε(s+θ))dθ +µ

∫ 0

−τ

α
2(t + s)EV (ε(t + s− τ))dθ

)]
ds

≤ H(t)+µ

∫ t

t0
exp
(

ρ

∫ s

s−2τ

α(r)dr
)∫ 0

−τ

α
2(s+θ)EU(s+θ ,ε(s+θ))dθ ds

+µ

∫ t

t0
exp
(

ρ

∫ s

s−2τ

α(r)dr
)∫ 0

−τ

α
2(t +θ)EU(s+θ − τ,ε(s+θ − τ))dθ ds

≤ H(t)+µ

∫ t

t0
exp
(

ρ

∫ s

s−2τ

α(r)dr
)(∫ 0

−2τ

α
2(s+ l)dl sup

−2τ≤θ≤0
EU(s+θ ,ε(s+θ))

)
ds

+µ

∫ t

t0
exp
(

ρ

∫ s

s−2τ

α(r)dr
)(∫ 0

−2τ

α
2(s+ l)dl sup

−2τ≤θ≤0
EU(s+θ ,ε(s+θ))

)
ds

= H(t)+2µ

∫ t

t0
exp
(

ρ

∫ s

s−2τ

α(r)dr
)(∫ 0

−2τ

α
2(s+ l)dl sup

−2τ≤θ≤0
EU(s+θ ,ε(s+θ))

)
ds, (20)

where

H(t) = ρ

∫ t

t0
exp
(

ρ

∫ s

t0
α(r)dr

)
α

2(s)ds ≤ ρµ

∫ t

t0
exp
(

ρ

∫ s

t0
α(r)dr

)
α(s)ds

=
ρµ

ρ

[
exp
(

ρ

∫ t

t0
α(r)dr

)
−1
]
≤ H̃(t) =

ρµ

ρ
exp
(

ρ

∫ t

t0
α(r)dr

)
. (21)

This then leads to

sup
−2τ≤θ≤0

EU(t +θ ,ε(t +θ))

≤ EU(t0,ε(t0))+H(t)+2µ

∫ t

t0
exp
(

ρ

∫ s

s−2τ

α(r)dr
)(∫ 0

−2τ

α
2(s+ l)dl sup

−2τ≤θ≤0
EU(s+θ ,ε(s+θ))

)
ds,

Here we notice that sup−2τ≤θ≤0EU(t + θ ,ε(t + θ)) makes sense for t ≥ t0 due to the expansion of the initial function
mentioned above. Define an auxiliary function

φ(t) = µ

∫ t

t0

(
exp
(

ρ

∫ s

s−2τ

α(r)dr
)∫ 0

−2τ

α
2(s+ l)dl

)
sup

−2τ≤θ≤0
EU(s+θ ,ε(s+θ))ds,

then we have

sup
−2τ≤θ≤0

EU(t +θ ,ε(t +θ))≤ EU(t0,ε(t0))+H(t)+2φ(t), φ(t0) = 0, (22)

and in turn we can calculate and estimate that

φ
′(t) = µ

(
exp
(

ρ

∫ t

t−2τ

α(r)dr
)∫ 0

−2τ

α
2(t + l)dl

)
sup

−2τ≤θ≤0
EU(t +θ ,ε(t +θ))

≤ µ

(
exp
(

ρ

∫ t

t−2τ

α(r)dr
)∫ 0

−2τ

α
2(t + l)dl

)[
λmax(P)E|εt0 |

2
τ +H(t)+2φ(t)

]
.

where EU(t0,ε(t0))≤ λmax(P)E|εt0 |2τ is applied. The inequality can be rewritten as[
exp
(
−2µ

∫ t

t0
exp
(

ρ

∫ s

s−2τ

α(r)dr
)∫ 0

−2τ

α
2(s+ l)dl ds

)
φ(t)

]′
≤
[

exp
(
−2µ

∫ t

t0
exp
(

ρ

∫ s

s−2τ

α(r)dr
)∫ 0

−2τ

α
2(s+ l)dl ds

)][
λmax(P)E|ε0|2 +H(t)

]
,

which can be solved as

exp
(
−2µ

∫ t

t0
exp
(

ρ

∫ s

s−2τ

α(r)dr
)∫ 0

−2τ

α
2(s+ l)dl ds

)
φ(t)

≤
∫ t

t0

[
exp
(
−2µ

∫ v

t0
exp
(

ρ

∫ s

s−2τ

α(r)dr
)∫ 0

−2τ

α
2(s+ l)dl ds

)][
λmax(P)E|ε0|2 +H(v)

]
dv,
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or say

φ(t) ≤ exp
(

2µ

∫ t

t0
exp
(

ρ

∫ s

s−2τ

α(r)dr
)∫ 0

−2τ

α
2(s+ l)dl ds

)
×
∫ t

t0

[
exp
(
−2µ

∫ v

t0
exp
(

ρ

∫ s

s−2τ

α(r)dr
)∫ 0

−2τ

α
2(s+ l)dl ds

)][
λmax(P)E|εt0 |

2
τ +H(v)

]
dv, (23)

Then by V (ε)≥ λmin(P)|ε|2, the definition of U(t,ε) and

EU(t,ε(t)) ≤ sup
−2τ≤θ≤0

EU(t +θ ,ε(t +θ))

≤ E|εt0 |
2
τ + H̃(t)+2φ(t),

combined with α(t)≤ µ , we can obtain

E|ε(t)|2 ≤ exp
(
−ρ

∫ t

t0
α(s)ds

)[
E|εt0 |

2
τ

+ H̃(t)+2φ(t)
]
/λmin(P), (24)

or say E|ε(t)|2 ≤ η1(t)E|εt0 |2τ +η2(t)+η3(t), where

η1(t) = exp
(
−ρ

∫ t

t0
α(s)ds

)
/λmin(P), (25)

η2(t) = ρµ exp
(
−ρ

∫ t

t0
α(s)ds

)
×
∫ t

t0
exp
(

ρ

∫ s

t0
α(r)dr

)
α(s)ds/λmin(P)

≤ ρµ/(ρλmin(P)), (26)

by a simple calculation

η3(t) = exp
(
−ρ

∫ t

t0
α(s)ds

)
×exp

(
2µ

∫ t

t0
exp
(

ρ

∫ s

s−2τ

α(r)dr
)

×
∫ s

s−2τ

α
2(l)dl ds

)
×
∫ t

t0

[
exp
(
−2µ

∫ v

t0
exp
(

ρ

∫ s

s−2τ

α(r)dr
)

×
∫ s

s−2τ

α
2(l)dl ds

)]
×
[
λmax(P)E|εt0 |

2
τ +H(v)

]
dv/λmin(P). (27)

For convenience in further analysis, we denote η3(t) =
η31(t)+η32(t), where

η31(t) = exp
(
−ρ

∫ t

t0
α(s)ds

)
exp
(

2µ

∫ t

t0
exp
(

ρ

∫ s

s−2τ

α(r)dr
)∫ s

s−2τ

α
2(l)dl ds

)
×
∫ t

t0

[
exp
(
−2µ

∫ v

t0
exp
(

ρ

∫ s

s−2τ

α(r)dr
)∫ s

s−2τ

α
2(l)dl ds

)]
λmax(P)E|εt0 |

2
τ dv/λmin(P),

η32(t) = exp
(
−ρ

∫ t

t0
α(s)ds

)
exp
(

2µ

∫ t

t0
exp
(

ρ

∫ s

s−2τ

α(r)dr
)∫ s

s−2τ

α
2(l)dl ds

)
×
∫ t

t0

[
exp
(
−2µ

∫ v

t0
exp
(

ρ

∫ s

s−2τ

α(r)dr
)∫ s

s−2τ

α
2(l)dl ds

)]
H(v)dv/λmin(P).

Under our assumptions, we have limt→+∞ η1(t) = 0. Now
we estimate limsup

t→+∞

η32(t) and limsup
t→+∞

η31(t) which will lead

to the estimate limsup
t→+∞

η3(t). Assume that E|εt0 |2τ > 0.

Obviously if
∫

∞

t0 α2(s)ds = 0, then we α(t) = 0 almost
everywhere, which is a trivial case, and it is unnecessary to
consider this case. Now we denote

∫
∞

t0 α2(s)ds = h1(> 0),
then there is an instant T > t0 such that

∫ t
t0 α2(s)ds ≥ h1/2 for

t ≥ T . Accordingly, H(t)≥ ρh1/2 = : h.
At the same time, with 0 ≤ α ≤ µ , exchanging the order

of the iterated integrals, we have

µ

∫ t

t0
exp
(

ρ

∫ s

s−2τ

α(r)dr
)∫ s

s−2τ

α
2(l)dl ds

≤ µ e2τρµ

∫ t

t0−2τ

∫ t∧(l+2τ)

t0∨l
α(l)dsdl

≤ µ e2τρµ

∫ t

t0−2τ

∫ (l+2τ)

l
α(l)dsdl

= 2τµ e2τρµ

∫ t

t0−2τ

α(l)dl.

Denote

limsup
t→+∞

exp
(
−ρ

∫ t

t0
α(s)ds

)
× exp

(
4τµ e2τρµ

∫ t

t0−2τ

α(l)dl
)
= ϖ ,

which exists obviously, then we have

limsup
t→+∞

exp
(
−ρ

∫ t

t0
α(s)ds

)
× exp

(
2µ

∫ t

t0
exp
(

ρ

∫ s

s−2τ

α(r)dr
)∫ s

s−2τ

α
2(l)dl ds

)
≤ ϖ .

By the L’Hôpital’s rule, we can easily show that
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ϖ ≤ limsup
t→+∞

exp
(
−ρ

∫ t

t0
α(s)ds

)
exp
(

4τµ e2τρµ

∫ t

t0−2τ

α(l)dl
)

= limsup
t→+∞

exp
(

4τµ e2τρµ
∫ t

t0−2τ
α(l)dl

)
4τµ e2τρµ α2(t)

ρ eρ
∫ t
t0

α(s)ds
α(t)

= (4τ e2τρµ/ρ)ϖ ,

which leads to ϖ = 0 due to 4τ e2τρµ/ρ < 1 by the choice of τ . Thus we have

exp
(
−ρ

∫ t

t0
α(s)ds

)
exp
(

2µ

∫ t

t0
exp
(

ρ

∫ s

s−2τ

α(r)dr
)∫ s

s−2τ

α
2(l)dl ds

)
< 1,

for sufficient large t. We assume that this holds just for t ≥ T .
By all these and the notation cond(P) = λmax(P)/λmin(P) we can derive that

λmax(P)E|εt0 |
2
τ η32(t)−hη31(t)

≥ cond(P)E|εt0 |
2
τ exp

(
−ρ

∫ t

t0
α(s)ds

)
exp
(

2µ

∫ t

t0
exp
(

ρ

∫ s

s−2τ

α(r)dr
)∫ s

s−2τ

α
2(l)dl ds

)
×
{[∫ T

t0
exp
(∫ T

t0
exp
(
−2µ

∫ v

t0
exp
(

ρ

∫ s

s−2τ

α(r)dr
)∫ s

s−2τ

α
2(l)dl ds

)
[H(v)−h]dv

}
≥ −hcond(P)E|εt0 |

2
τ exp

(
−ρ

∫ t

t0
α(s)ds

)
exp
(

2µ

∫ t

t0
exp
(

ρ

∫ s

s−2τ

α(r)dr
)∫ s

s−2τ

α
2(l)dl ds

)
×
∫ T

t0
exp
(
−2µ

∫ v

t0
exp
(

ρ

∫ s

s−2τ

α(r)dr
)∫ s

s−2τ

α
2(l)dl ds

)
dv ≥−χ(T ),

where

χ(T ) = h
∫ T

t0
exp
(
−2µ

∫ v

t0
exp
(

ρ

∫ s

s−2τ

α(r)dr
)∫ s

s−2τ

α
2(l)dl ds

)
dv,

this leads to

η31(t)≤ h*η32(t)+χ(T )/h, t ≥ T, (28)

where h* = λmax(P)E|εt0 |2τ/h. Now, with the notation for H(t), we rewrite η32(t) as

η32(t) =
ρ
∫ t

t0

[∫ v
t0 exp

(
ρ
∫ s

t0 α(r)dr
)

α2(s)dsexp
(

2µ
∫ t

v exp
(

ρ
∫ s

s−2τ
α(r)dr

)∫ s
s−2τ

α2(l)dl ds
)]

dv

exp
(

ρ
∫ t

t0 α(s)ds
)

λmin(P)
.

Similarly we also have

µ

∫ t

v
exp
(

ρ

∫ s

s−2τ

α(r)dr
)∫ s

s−2τ

α
2(l)dl ds ≤ 4τµ e2τρµ

∫ t

v
α(l)dl,

then we can estimate η32(t)≤ η̄32(t), where

η̄32(t) =
ρ
∫ t

t0

[∫ v
t0 exp

(
ρ
∫ s

t0 α(r)dr
)

α2(s)dsexp
(

4τµ e2τρµ
∫ t

v α(l)dl
)]

dv

exp
(

ρ
∫ t

t0 α(s)ds
)

λmin(P)
.

Denote limsup
t→+∞

η̄32(t) = ν , then by the L’Hôpital’s rule again, then we can derive that

ν = limsup
t→+∞

ρ
∫ t

t0 exp
(

ρ
∫ s

t0 α(r)dr
)

α2(s)ds

exp
(

ρ
∫ t

t0 α(s)ds
)

α(t)λmin(P)
+ limsup

t→+∞

ρ
∫ t

t0

[∫ v
t0 exp

(
ρ
∫ s

t0 α(r)dr
)

α2(s)dsexp
(

4τµ e2τρµ
∫ t

v α(l)dl
)

α(t)
]

dv

ρ exp
(

ρ
∫ t

t0 α(s)ds
)

α(t)λmin(P)

≤ ρµ

ρλmin(P)
+4τµ e2τρµ

ν/ρ,

where the technique for estimating H(t) is applied again for the first term, this estimate then immediately leads to ν ≤ ν*, where
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ν
* =

ρµ

λmin(P)[ρ −4τµ e2τρµ ]
, (29)

namely we have limsup
t→+∞

η̄32(t) ≤ ν*, thus we can obtain

limsup
t→+∞

η32(t) ≤ ν* and limsup
t→+∞

η31(t) ≤ h*ν* + χ(T )/h. Fi-

nally we have limsup
t→+∞

η3(t)≤ (h*+1)ν*+χ(T )/h.

Based on the above analysis we finally gain the estimate

limsup
t→+∞

E|ε(t)|2

≤ ρµ/(ρλmin(P))+(h*+1)ν*+χ(T )/h, (30)

as required, this completes the proof.
Remark 4 Traditional research focuses on achieving

consensus in infinite time. However, finite-time control tech-
nique has became one of the most interesting topic in con-
trol theory. Finite-time consensus means that the trajectories
of states can be controlled to approach zero in a finite time
and to keep them there then after. The convergence time can
be shortened via finite-time control. In addition, as shown
in Ref. [20], the finite-time control techniques have demon-
strated better robustness and disturbance rejection properties.
On the other hand, the finite-time control could be realized by
non-smooth control techniques such as sliding mode control,
switching control and adaptive state-feedback control. Thus,
the proposed method could be further extended to finite-time
control problem, and next we would carry out the research on
this subject.

4. Simulation example
In this section a numerical example is presented to il-

lustrate the proposed control protocol. Consider a leader-

following multi-agent system consisting of a leader and 3 fol-
lowers. Assume the undirected communication topology is
fixed, which is described in Fig. 1.

Fig. 1. (color online) The topology of a multi-agent system.

The Laplacian matrix L and the leader adjacency matrix
B are given by

L =

 1 −1 0
−1 2 −1
0 −1 1

 , B =

 1
0

1

 ,

H = L+B =

 2 −1 0
−1 2 −1
0 −1 2

 .
The noises intensity is assumed to be ρi j = 1 when ai j =

1, i = 1,2,3, j = 0,1,2,3, and the initial conditions are x(t) =
(2,1,−1)T,v(t) = (−2,−2,2)T, t ∈ [−τ,0]. According to the
equation HTP̄+ P̄H = In, we can obtain the matrix

P̄ =

0.5379 0.5758 0.0227
0.5758 1.1667 0.0909
0.0227 0.0909 0.2500

 , P =


0.5379 0.5758 0.0227 −0.1076 −0.1152 −0.0045
0.5758 1.1667 0.0909 −0.1152 −0.2333 −0.0182
0.0227 0.0909 0.2500 −0.0045 −0.0182 −0.0500
−0.1076 −0.1152 −0.0045 0.5379 0.5758 0.0227
−0.1152 −0.2333 −0.0182 0.5758 1.1667 0.0909
−0.0045 −0.0182 −0.0500 0.0227 0.0909 0.2500

 .

By the condition inequality (14), we can easily calculate
the parameter λmax(P̄) = 1.5147. Then the control gain
k > 2.6297. In the control protocol (4) we choose α(t) =
1/(t +1), γ = 0.8, k = 5, µ = 1, the time delay as τ =

10−4 s. In addition, We introduce the quantity E(t) =√
∑

N
i=1 ‖xi(t)− x0(t)‖2/N, which is used to measure the qual-

ity of the bounded estimation of convergence. We can easily
calculate the bounded of convergence E(t) ≤ 0.3826. Then
we can choose the acceleration as a0(t) = sin t, the states er-
rors are shown in Fig. 2 and states graph in Fig. 3, respec-
tively. It shows that the stochastic bounded tracking consen-
sus is reached in mean square in a noisy measurement with the

designed protocol (4).
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Fig. 2. (color online) The states errors of agents in multi-agent system.
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Fig. 3. (color online) The states of agents in multi-agent system.

5. Conclusions

By combining the tools of algebraic graph theory, ma-
trix theory, and stochastic analysis, we have investigated the
stochastic bounded tracking consensus of multi-agent systems
with time-delays in a noisy environment and obtained the suf-
ficient conditions on stochastic bounded consensus. It is il-
lustrated that the stochastic bounded tracking consensus can
be reached with the designed protocol under a fixed topology
through a simulation example. The result can be extended to
the switching information topologies cases. In the future , we
can further introduce some control techniques such as pinning

control, sample control, and so on, to get better convergence
performance.
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