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Dynamical energy equipartition of the Toda model with
additional on-site potentials∗

Zhenjun Zhang(张振俊)1, Chunmei Tang(唐春梅)1, Jing Kang(康静)1, and Peiqing Tong(童培庆)2,3,†

1College of Science, Hohai University, Nanjing 210098, China
2School of Physics and Technology, Nanjing Normal University, Nanjing 210023, China

3Jiangsu Provincial Key Laboratory for Numerical Simulation of Large Scale Complex Systems, Nanjing Normal University, Nanjing 210023, China

(Received 19 April 2017; revised manuscript received 16 June 2017; published online 20 August 2017)

We study the dynamical energy equipartition properties in the integrable Toda model with additional uniform or
disordered on-site energies by extensive numerical simulations. The total energy is initially equidistributed among some
of the lowest frequency linear modes. For the Toda model with uniform on-site potentials, the energy spectrum keeps its
profile nearly unchanged in a relatively short time scale. On a much longer time scale, the energies of tail modes increase
slowly with time. Energy equipartition is far away from being attached in our studied time scale. For the Toda model
with disordered on-site potentials, the energy transfers continuously to the high frequency modes and eventually towards
energy equipartition. We further perform a systematic study of the equipartition time teq depending on the energy density ε

and the nonlinear parameter α in the thermodynamic limit for the Toda model with disordered on-site potentials. We find
teq∝ (1/ε)a(1/α)b, where b≈ 2a. The values of a and b are increased when increasing the strengths of disordered on-site
potentials or decreasing the number of initially excited modes.
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1. Introduction
Since the pioneering work of Fermi, Pasta and Ulam

(FPU)[1] revealed that recurrence of the energy on the ini-
tial excited modes prevented energy equipartition in the FPU
model, there have been large activities for many years in the
study of the temporal evolution of an initially localized energy
excitation in various nonlinear systems.[2–27] For the FPU-α
model, two stage dynamics are found at weak nonlinearity.[23]

At the first stage of the dynamics, the energies of the unex-
cited modes grow with time for a certain time scale. Af-
ter that, the energy spectrum keeps its profile nearly un-
changed. At the second stage of the dynamics, the energies
of tail modes increase and eventually move towards energy
equipartition. Further studies find that the equipartition time
teq depends on the energy density ε and nonlinear parameter
α in the thermodynamic limit satisfies a power law behav-
ior, teq ∼ ε−9/4α−9/2.[22] Energy equipartition is also found
in other nonlinear lattices such as the ϕ4 model[6] and the
Frenkel–Kontorova model.[27] For the integrable Toda model,
the short time dynamic is found to be very similar to that of
the FPU-α model.[23,25] However, energy equipartition is sure
to not be reached due to the consequence of the system’s com-
plete integrability.[28]

The question we focus on in this paper is whether the
effect of on-site potentials may cause the dynamical energy
equipartition of the integrable Toda model. Therefore, we in-

vestigate the energy transport properties of the integrable Toda
model with additional uniform or disordered on-site potentials.
We organize the paper as follows. The model, and the method
of numerical experiments are introduced in Section 2. In Sec-
tion 3, we give the main numerical results. The conclusions
are shown in Section 4.

2. Model and method of numerical experiments
The Hamiltonian we discuss here is

H =
N

∑
n=1

p2
n

2
+

N

∑
n=0

HT (qn+1−qn)+
1
2

N

∑
n=1

Vnq2
n, (1)

where pn is the momentum of the n-th particle. qn is the
displacement that corresponds to the equilibrium position of
the n-th particle. The number of particles of the system is
N + 2. For uniform on-site potentials, Vn are identical con-
stants for all n. For disordered on-site potentials, Vn are ran-
domly chosen values in some field. The boundary condition is
q0 = qN+1 = 0. The Toda energy HT is

HT(qn+1−qn) =
e2α(qn+1−qn)−1−2α(qn+1−qn)

4α2 . (2)

Expanding the exponential in Eq. (2), one can write

VT(qn+1−qn) =
1
2
(qn+1−qn)

2 +
1
3

α(qn+1−qn)
3

+
1
6

α
2(qn+1−qn)

4 + · · · ,
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where α is the nonlinearity parameter. The Toda energy is
identical to the FPU-α model up to third order. If Vn = 0 for
all n and α 6= 0, equation (1) is reduced to the integrable Toda
model.[29]

In the linear case (α = 0), equation (1) can be reduced
to the linear eigenvalues problem with −An+1−An−1 +(2+
Vn)An = λAn using qn = An e iωt . The eigenstates Ak

n are
extended modes for uniform Vn and are exponentially lo-
calized normal modes[30] for disordered Vn. The frequen-
cies ωk =

√
λk. The harmonic energy of mode k is Ek =

(1/2)(P2
k +ω2

k Q2
k), where Pk and Qk are the momentum and

amplitude of the k-th normal modes.
We define the time averaged energy spectrum Ek(t) up to

time t as
Ek(t) =

1
t

∫ t

0
Ek(P(t),Q(t))dt.

If energy equipartition is achieved, Ek(t) converges to the en-
ergy density ε = E/N, where E is the total energy of the chain.
Based on Ek’s, we now can define a physical quantity ξ (t)
which describes a distance to energy equipartition. The defi-
nition of ξ (t) is

ξ (t) =
eη(t)

N
. (3)

The definition of η(t) is

η(t) =−
N

∑
k=1

ρk(t) logρk(t),ρk(t) =
Ek(t)

∑
N
j=1 E j(t)

. (4)

If the system approaches energy equipartition completely, then
the value of ξ reaches 1.0.

At first, some of the lowest frequency normal modes are
excited, with identical energy. The Hamilton equation of mo-
tion is solved numerically with the help of the SABA2C sym-
plectic algorithm.[31] The SABA2C integration scheme pre-
serves the energy of the system quite well. For example, the
relative error of the energy keeps smaller than 10−5 for all our
studies here with the typical integration time step ∆t = 0.1.

Because of the disorder nature, the evolution of ξ (t) differs
slightly from one disorder realization to another realization.
For this reason, ξ (t) are averaged over 10 different disorder re-
alizations. The averaged results of ξ (t) are denoted by 〈ξ (t)〉.
ξ (t) are also averaged over more than 10 different disorder re-
alizations. We find the differences of 〈ξ (t)〉 can be negligible.

3. Main results
3.1. Energy transport results

The results of the time averaged energy spectrum Ek(t)
at different times t for the Toda model are shown in Fig. 1(a).
One can see that except the initial excited modes, only a little
of new low frequency modes are excited. The energy of high
frequency modes remains very small and keeps unchanged all
the time. When uniform on-site energies are added to the Toda
model, the energy transport behavior becomes very different.
The results of the time averaged energy spectrum Ek(t) at dif-
ferent times t for the Toda model with uniform on-site energies
are shown in Fig. 1(b). In a relatively short time, the energy
spectrum keeps its profile nearly unchanged. However, this
state is only quasi-stationary. On a much longer time scale, the
energies of tail modes increase with time. The process of en-
ergy transfer to high frequency modes is very slow and energy
equipartition is far away from being attached in our studied
time scale. The process of energy transfer to high frequency
modes becomes slower as the values of Vn are increased. The
results of the time averaged energy spectrum Ek(t) at different
times t for the Toda model with disordered on-site energies
are shown in Fig. 1(c). One can see that the energy of the high
frequency modes grows continuously with time. Especially,
the energy of the modes around k/N = 0.6 grows faster than
others. When the time goes up to t = 107, an energy equiparti-
tion state is nearly attached. Therefore, the integrable property
of the Toda model is destroyed and the energy transfers to the
high frequency modes with the effect of uniform or disordered
on-site energies. The results of ξ (t) are shown in Fig. 1(d).
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Fig. 1. (color online) (a) Ek(t)/ε versus k/N for the Toda model at different times t with N = 1024, ε = 0.01, and α = 1.0. (b) Ek(t)/ε vs. k/N for the Toda
model with uniform on-site energies at different times t for N=1024, ε = 0.01, α = 1.0. Vn = 0.1 for all n. (c) Ek(t)/ε versus k/N for the Toda model with
disordered on-site energies at different times t for N=1024, ε = 0.01, and α = 1.0. Vn are chosen randomly from the interval (0.5,1.5). (d) The red curve is the
result of ξ (t) with the same parameters as those in panel (a). The green curve is the result of ξ (t) with the same parameters as those in panel (b). The blue curve
is the result of ξ (t) with the same parameters as those in panel (c). For all cases, the lowest 10% of frequency modes are initially excited.
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One can see from Fig. 1(d) that the quantity ξ (t) asymp-

totically approaches a constant which is less than 0.6 as the

time is increased for the Toda model. For the Toda model with

uniform on-site energies, ξ (t) nearly keeps the initial value

0.1 and does not grow with time in our studied time scale. The

reason is that although the energies of high frequency modes

grow with time, these energies are much smaller than those of

the initial excited modes and the contribution of these energies

to ξ (t) is thereby negligible. For the Toda model with disor-

dered on-site energies, ξ (t) grows gradually from 0.1 to 1.0.

Therefore, the process of the energy transport is much faster

for the Toda model with disordered on-site energies than that

with uniform on-site energies.

3.2. Energy equipartition properties for the Toda model
with disordered on-site energies

Figure 2(a) shows the dependencies of 〈ξ (t)〉 on time t for
different values of ε . One can see that the profiles of all curves
are very similar to each other. We rescale 〈ξ (t)〉 for differ-
ent ε as the time is divided by a suitable factor so that they
superpose at 〈ξ (t)〉 = 0.5. The rescaled results are shown in
Fig. 2(b). One can see that all curves nearly coincide with each
other. Now, we can define the equipartition time teq. Generally
speaking, one should define the time when the value of 〈ξ (t)〉
reaches a value ξeq that is very close to 1.0 as the equiparti-
tion time teq. However, teq is quite insensitive to the value of
ξeq here due to the profiles of 〈ξ (t)〉 being very similar to each
other. Therefore, we choose ξeq = 0.5 as the equipartition time
teq in this paper.
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Fig. 2. (a) The results of 〈ξ (t)〉 for N = 1024, α = 1.0, and different ε . From right to left, the curves are for ε = 0.005, 0.007, 0.01, and 0.02, respectively.
For all cases, Vn are chosen randomly from the interval (0.5,1.5) and the lowest 10% of frequency modes are initially excited. (b) The curve of ε = 0.007 is
kept fixed. The other curves are rescaled as the time is divided by a suitable factor so that they superpose at 〈ξ (t)〉= 0.5.

In the following, we turn to clarify the equipartition time
teq depending on the energy density ε and the nonlinear pa-
rameter α in the thermodynamic limit.
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Fig. 3. The dependencies of teq on ε for different N and α . For all cases,
Vn are chosen randomly from the interval (0.5,1.5) and the lowest 10% of
frequency modes are initially excited.

Firstly, we study the dependence of teq on ε for fixed α .
The results are shown in Fig. 3. One can see that teq is in-
creased when decreasing ε . It indicates more time is needed
to reach energy equipartition for smaller ε . The reason is as
follows. The strength of nonlinearity is the key factor affect-
ing the process of thermalization. More time is needed to
achieve energy equipartition for weaker nonlinearity. When
decreasing ε , both the energies in linear and nonlinear parts
are decreased. While the linear terms are quadratic, the non-
linear terms are greater than quadratic. Therefore, the pro-
portion of the energy in nonlinear parts decreases; i.e., the
strength of nonlinearity decreases as ε is decreased. Therefore,
it needs more time to approach energy equipartition for smaller
ε . From Fig. 3, we also find that teq depends on the length N
when N is small for fixed α . teq decreases as N is increased
until N reaches 2048. Therefore, the thermodynamics limit is
attached when the length N is no less than 2048 in our studied
range of ε . Moreover, teq depends on ε in the thermodynam-
ics limit and satisfies a power law behavior, teq ∼ (1/ε)a. The
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exponent a is found to be 2.28. We also study the dependence
of teq on ε for different α . It is clearly seen that the value of a
is independent of α in the thermodynamics limit.
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t
e
q

.       .      .     .    .   . 
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ε=0.015

ε=0.01

α−4.54

Fig. 4. The dependence of teq on α in log–log scale with N = 4096, and
different values of ε . For all cases, Vn are chosen randomly from the interval
(0.5,1.5) and the lowest 10% of frequency modes are initially excited.

Secondly, we study the dependence of teq on α for fixed ε .
Figure 4 shows the results of teq versus α for different values of
ε . One can see that teq is increased when decreasing α for fixed
ε . Thus, it needs more time to reach energy equipartition for
smaller α . The reason is that α is the nonlinear parameter and
represents the strength of nonlinearity directly. When decreas-
ing α , the nonlinearity becomes weaker and the time needed
to achieve energy equipartition is thereby increased. We also
find that teq versus α for fixed ε in the thermodynamics limit
shows a power law behavior, teq ∼ (1/α)b. The exponent b
is found to be 4.54, and is nearly independent of the value ε .
Therefore, the dependence of equipartition time teq on energy
density ε and nonlinear parameter α in the thermodynamics
limit, is

teq ∼
(

1
ε

)a( 1
α

)b

. (5)

When Vn are chosen randomly from the interval (0.5,1.5),
the values of exponents are a = 2.28 and b = 4.54. We find
b ≈ 2a. This relationship is very similar to that of the FPU-α
model.[22] For that model, it is found that teq ∼ ε−9/4α−9/2.

Thirdly, we study the values of a and b depending on the
strengths of disordered on-site potentials. Figure 5(a) gives the
results of teq as functions of ε at α = 1.0 for different values of
N and different strengths of disorder. One can see that teq ver-
sus ε for different strengths of disorder in the thermodynamics
limit all display power law behaviors. When Vn are chosen
randomly from the interval (0.7,1.3) and (0.3,1.7), the values
of exponent a are found to be 1.71 and 2.50, respectively. It
indicates that the value of a increases as the strength of dis-
ordered on-site potential is increased. Figure 5(b) gives the

results of teq as functions of α at ε = 0.015 for different val-
ues of N and different strengths of disorder. Also, teq versus
α for different strengths of disorder in the thermodynamics
limit display power law behaviors. When Vn are chosen ran-
domly from the interval (0.7,1.3), the value of exponent b is
found to be 3.44. When Vn are chosen randomly from the in-
terval (0.3,1.7), the value of exponent b is found to be 4.99.
Therefore, the relationship b≈ 2a is still satisfied for different
strengths of disorder.
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Fig. 5. (a) The dependence of teq on ε with N = 4096, and 8192 for Vn
chosen randomly from the interval (0.7,1.3) and with N = 2048, and 4096
for Vn chosen randomly from the interval (0.3,1.7). For all cases, the lowest
10% of frequency modes are initially excited and the nonlinear parameter
α = 1.0. (b) The dependence of teq on α with N = 4096, and 8192 for
Vn chosen randomly from the interval (0.7,1.3) and with N = 2048, and
4096 for Vn chosen randomly from the interval (0.3,1.7). For all cases, the
lowest 10% of frequency modes are initially excited and the energy density
ε = 0.015.

Finally, we study the values of a and b depending on dif-
ferent initial conditions in the thermodynamics limit. The re-
sults of teq as functions of ε for different initial conditions are
shown in Fig. 6(a). One can see that when the lowest 20%,
10%, and 5% of modes are initially excited, the exponent a
is found to be 1.99, 2.28, and 2.55, respectively. It indicates
that the value of a increases as the number of initially excited
modes is decreased. The results of teq as functions of α for
different initial conditions are shown in Fig. 6(b). When the
lowest 20%, 10%, and 5% of modes are initially excited, the
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value of exponent b is found to be 3.92, 4.54, and 5.16, respec-
tively. Also, the relationship b ≈ 2a is satisfied for different
initial conditions.

.                    .        . 
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ε−2.55

α−5.16

α−4.54
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Fig. 6. (a) The dependence of teq on ε with N = 4096, α = 1.0, and different
initial conditions. The circles, squares, and triangles are the results for the
lowest 20%, 10%, and 5% of modes initially excited. For all cases, Vn are
chosen randomly from the interval (0.5,1.5). (b) The dependence of teq on
α with N = 4096, ε = 0.01, and different initial conditions. The circles,
squares, and triangles are the results for the lowest 20%, 10%, and 5% of
modes initially excited, respectively. For all cases, Vn are chosen randomly
from the interval (0.5,1.5).

4. Conclusion
In summary, we studied the energy equipartition prop-

erties in the integrable Toda model with additional uniform
or disordered on-site energies by extensive numerical simula-
tions. Some of the lowest frequency normal modes are initially
excited, with identical energy. Due to the integrable property
of the Toda model, the energy of high frequency modes re-
mains very small and does not grow with time. The energy
equipartition state is sure to not be attached. However, the en-
ergy transport behavior becomes very different for the Toda
model with uniform or disordered on-site energies. For the
Toda model with uniform on-site energies, the energy spec-
trum keeps its profile nearly unchanged for a certain time
scale. After that, the energies of tail modes increase with
time. The process of energy transfer to high frequency modes
is very slow and energy equipartition is far away from being
attached in our studied time scale. For the Toda model with

disordered on-site energies, the energy of the high frequency
modes grows continuously with time and eventually towards
energy equipartition. Therefore, the integrable property of the
Toda model is destroyed and the energy transfers to the high
frequency modes with uniform or disordered on-site energies.
Moreover, the process of energy transport is much faster for
the Toda model with disordered on-site energies than that with
uniform on-site energies. We further studied the equipartition
time teq that depends on the energy density ε and the nonlinear
parameter α in the thermodynamic limit for the Toda model
with disordered on-site potentials. We found that teq versus ε

and α in the thermodynamics limit is teq ∝ (1/ε)a(1/α)b. The
values of a and b are increased when increasing the strengths
of disordered on-site potentials or decreasing the number of
initially excited modes. For all cases, we find b ≈ 2a. This
relationship is very similar to that of the FPU-α model.
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