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We investigate the prominent impacts of coupling strengths on the evolution of entanglement and quantum discord
for a three-qubit system coupled to an XY spin-chain environment. In the case of a pure W state, more robust, even larger
nonzero quantum correlations can be obtained by tailoring the coupling strengths between the qubits and the environment.
For a mixed state consisting of the GHZ and W states, the dynamics of entanglement and quantum discord can characterize
the critical point of quantum phase transition. Remarkably, a large nonzero quantum discord is generally retained, while the
nonzero entanglement can only be obtained as the system-environment coupling satisfies certain conditions. We also find
that the impact of each qubit’s coupling strength on the quantum correlation dynamics strongly depends on the variation

schemes of the system-environment couplings.
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1. Introduction

Quantum correlations rooted in the superposition princi-
ple of quantum mechanics, constitute a fundamental resource

U-51 As a measerment

for the quantum information processing.
of the quantum correlation, quantum discord®! can demon-
strate more general nonclassical correlation than the quantum
entanglement, and therefore has been attracted much atten-
tion. For the quantum states coupled to external environments,
quantum discord may be nonzero in separable states and has
been used to implement some quantum tasks, such as quantum
remote state preparation,!”! quantum phase transitions (QPTs)

(8-131 and various other quantum systems.[!4-17]

detections,

Generally the quantum correlations of a qubits system
are fragile and will eventually vanish on account of the exter-
nal environments. Such decoherence processes are the main
obstacle in the development of quantum technology. Thus
many researchers have studied the dynamics of quantum cor-
relations under the influence of various environments, ! =221 in
order to keep the quantum correlation by tailoring the system-
environment coupling. In a multi-body environment, such as
a spin-chain system, the QPTs may dominate the decoherence
process. Therefore, much attention has been paid to study the
decoherence of a quantum system coupled to a spin environ-
ment with QPTs.[11:12:17-2023-30] Eor the two-qubit and three-
qubit systems coupled to the anisotropic XY chain, the dynam-

ical processes of entanglement and quantum discord have been
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discussed at the critical points of QPT. The results show that
the decoherence processes of quantum correlations are accel-
erated by the quantum criticality, which are significant to wit-
ness the critical point of QPTs and understand the dynamics
of quantum correlations. In particular, some researchers?’30]
revealed that the entanglement and quantum discord of three-
qubit system coupled to XY spin-chain environment generally
decay to zero at the QPT under weak coupling regime. They
also pointed out that the W state is a decoherence-free state
when the coupling strengths are uniform. Motivated by this,
we realize that the coupling strengths between each qubit and
environment may dominate the dynamical behavior of quan-
tum correlations. We investigate, in details, the role played by
coupling strengths in the evolution of entanglement and quan-
tum discord for the pure W and the mixed state (GHZ and W
state) under an XY quantum-critical environment. We demon-
strate that a remarkable quantum correlation can be retained at
a certain configuration of the three coupling strengths.

This paper is organized in the following way. In Sec-
tion 2, we briefly introduce the physical model and corre-
sponding Hamiltonian evolution. In Section 3, we firstly
present the measurement formulae of the entanglement and
quantum discord for three-qubit system. Then by means of
two variation modes of three coupling strengths, the evolu-
tions of entanglement and quantum discord for the three-qubit
system coupled to an XY spin-chain environment are investi-
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gated at the critical point of the QPT. Finally, we summarize
our results in Section 4.

2. Physical model and Hamiltonian evolution

The total Hamiltonian of three-qubit system?’3! trans-
versely coupled to an XY spin-chain environment includes two
parts, H = Hg + Hj, they take the following expressions (we
takei=1)

+Y _x —Y
HE:_Z<2 1+1+ >

o) G,H +/101> , (D
[

N
Hy = — (40} + 8805 +8c0%) Y, 07 2)

1
Hg, describes the self-Hamiltonian of the XY spin-chain en-
vironment, and Hj represents the interaction Hamiltonian be-
tween the three-qubit system and the spin chain. The Pauli

operators Oy , - and 6,

are used to describe the three-qubit
system and the spin-chain environment. The parameter A char-
acterizes the strength of the transverse field, N is the total num-
ber of the sites of the spin chain, 7 is the anisotropy parameter,
and g4 g c are coupling strengths between the each qubit and
the environment.

By successively using Jordan—Wigner, Frouier and Bo-
goliubov transformations, we diagonalise the projected Hamil-

tonian Hé“ as
A A 1
H* =Y E* (blt,?uubkvlu - 2) : 3)
k

with k = — M, and M = (N—1)/2, the E:L” rep-
resents energy spectrum. On the other hand, the eigen-
states of the operator g40; + gp0j + gcof can be denoted
by [¢u)(n=1,2,...,8), and written by |000), |001), ...,
|111). Then the total Hamiltonian is rewritten as H =
Lyt [9u) (Sul ®H*, and Ay = A + gy can be expressed as

M l+(gA+gB+gc), l=2A+(ga+gs—8c),
+(ga—gp+8c), M=A+(ga—gB—8c),
—(gA—gB— 8c), Ae=2A—(84—8B+8c),
—(ga+gs—8c), As=A—(ga+gs+gc). 4

We suppose the density matrix of the total system is p'®* (0) =
pABC(0) @ pE (0), where pABC (0) is the initial density matrix
|G, ) (G, ] is the initial den-
sity matrix of the XY spin-chain environment, and |G),) is the

of the three-qubit system, p% (0) =

ground state of Hg % The subsequent time evolution of the to-
U(t)p (0)UT (). One

can obtain the reduced density matrix of the three-qubit sys-
ABC( ) —

tal system is determined by p' (r) =

tem by tracing over the environment, denoted by p
Trg [p™ (r)]. We can give the following equation

P (1) = (G |UE™ () U™ (1)) € (0), (5

A
where Ué 2 (r) = exp (—iHé“
lution operator.
T(Av A
(Gl U™ U™ (01G2) (v =12,....8)
we can analyze the evolution of entanglement and quantum

t) is the projected time evo-
The decoherence factor is Ryy(f) =

Therefore,

discord for the three-qubit system by means of the reduced

density matrix pA8€ (1).

3. The evolution of entanglement and quantum
discord

For the three-qubit system, the GHZ state and W state
are often selected as valuable examples to study the signifi-
cant properties of various physical quantities.*!-33! Hence we
set the initial state of three-qubit system as W state and mixed
state (i.e., W and GHZ states) in this paper. For the GHZ state,
we can find that the parameters A; and Ag only depend on the
sum of three coupling strengths and do not perceive the dif-
ferences between any pair of the parameters g4, gp, and gc.
Hence, the internal changes of three coefficients cannot af-
fect the dynamics of quantum corrections. On the contrary,
the parameters A, A3, and A5 are quite sensitive to the differ-
ences among g4, gg, and gc¢, then the inhomogeneity of the
system-environment coupling must make a large effect on the
evolution of the quantum correlations for W and mixed state
under the XY quantum-critical environment. Therefore, for
three-qubit system coupled to spin-chain environment, we dis-
cuss the effect of the internal change of three coupling param-
eters with fixed sum on the evolution of the entanglement and
quantum discord for the pure W state and the mixed state. It
is worth noting that we only study the dynamics of tripartite
quantum correlations at the critical point of quantum phase
transition for the spin environment.

We firstly present the measurement formulae of the entan-
glement and quantum discord for the three-qubit system. For
the multipartite entanglement, several references proposed the
lower bounds of concurrence to characterize the entanglement
of multipartite states.>*3% For a three-qubit system, a lower
bound of concurrence can be expressed as!!

7 (p"5)
12
18 123\ 2 1312\ 2 2311\ 2
Lty @) o
where each term C”lk is expressed as C[mk =

max {0,4) — A7 — A7 — /14} A% are the square roots of
nonzero eigenvalues of the matrix p = pS’ ‘kp*S” % in de-

creasing order.[?9-33]

Furthermore, Rulli and Sarandy have
proposed a global quantum discord by means of a systematic
extension of the bipartite quantum discord.*®! For a three-

qubit state, the global quantum discord has the following
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expression,

D(p) = min {S[p@(pnzs[mncﬂ” (pn]}

{61,91} =1

~ {g;g}}{smm]—s<p>—s[pA||<I><A> (pa)]

=5 |psl|@® (ps)| =S [pcl| @ (pc) |}, D

with the angles 6, € [0,7) and ¢; € [0,27), the [ = 1,2,3
correspond to subsystems A, B, and C, respectively. pa, P,
and pc are the reduced density matrices of three-qubit system,
S(p)=—Tr[plog, p] is the von-Neumann entropy of the den-
sity matrix.

(i) The W state

We assume that the initial state is W state |Hy (0)) =
i (| 100) + |010) 4+ /2001 >) , which has the maximum tripar-
tite coherence. 33! According to Eq. (5), we can obtain the re-
duced density matrix of the three-qubit system. Making use of
the definition of the lower bound of concurrence from Eq. (6),
we can obtain

1/2
7 (pw (1)) = ? (|R23 ()2 + [Ras (1) + % IR35 W) .8

We take into account the definition of the global measure of
quantum discord in three-qubit system from Eq. (7). For the
pure W state, because the S (pw (¢)) has no analytical solution,
we can only give the form of quantum discord as

D(pw (1)) = 5~ S (pw 1), ©

Many investigations indicate that the lower bound of
concurrence and quantum discord can witness the quan-
tum criticality of the spin environment under weak-coupling
regime as the three-qubit system is coupled to spin-chain
environment./?’=% The coupling strengths characterize the
details of interaction between the central system and surround-
ing environment, so they affect directly the dynamical pro-
cess of the quantum system. Hence, we assume the sum of
three coupling parameters is constant and give two variation
modes of three coefficients, mode 1: g4 = go, g5 = go — 4,
gc=g8o0+A, and A € [—go,g0]; mode 2: g4 = go1, g8 =
82— A, gc =80 +A, A € [—g02,80], and go1 < 2g¢2, where
go1 +2g02 = 3g0. With these two tailoring schemes, all the
possible variations of the coupling strengths can be set by
changing four parameters. We obtain some interesting results
from this scenario.

Figure 1 shows the dynamics of quantum correlations for
W state at critical point (i.e., A = A. = 1) with the first varia-
tion mode with go = 0.04 and A € [—0.04,0.04]. If A =0, then
84 =gp =gc =0.04, and |Ro3 ()| = |Ros (1)| = [R35 ()| = 1,
the W state can be regarded as a decoherence-free state, [27-301
the entanglement is 73 (pw (t)) = 1/5/6 and quantum discord

is D(pw (¢)) = 3/2. When the absolute value of A becomes
larger, the entanglement and quantum discord vanish quickly
at the critical point of QPT. We can conclude that quantum
correlations become more robust as the system—environment
coupling is more homogeneous, but will eventually decay to
zero for long enough time except three coupling coefficients
are identical. In this case, the dynamical behaviors of both
entanglement and quantum discord are completely symmetric
(see also Fig. 4). The coupling parameters gp and g¢ have
equal-weighted effect on the dynamics of the entanglement
and quantum discord.

Fig. 1. (color online) The lower bound of concurrence (LBC) and quan-
tum discord (QD) of the W state as a function of time ¢t and A with
the mode 1. The other parameters are set to N = 601, y=1, A =1,
g0 =0.04 and A € [—0.04,0.04].

Figure 2 illustrates the dynamics of quantum correlations
for W state at critical point (i.e., A = A. = 1) with the second
variation mode: go; = 0.02, gg» =0.05, and A € [—0.05,0.05].
Firstly, one can observe similar dynamical process for the
lower bound of concurrence and quantum discord, each quan-
tum correlation dynamics shows three peaks as A = —0.03,
A =0.0, and A = 0.03. The peaks do not evolve with time.
We take entanglement for example to analyze the reason for
When A = 0.0, we can get
gp = gc = 0.05, i.e., the B and C qubits are coupled to envi-

large nonzero entanglement.

ronment with the same coupling strengths. Then |Ra3 (¢)| = 1
for arbitrary time ¢, while the other two decoherence factors
|Rys (2)| and |R3s (¢)| will decay to zero with time. The final
peak value is v/3 /3 by calculating Eq. (8). In the same way,
the other two peaks are v/3 /3 and V3 /6 for A = —0.03 and
A =0.03. The above discussions are also used to explain the
dynamical behavior of quantum discord. Figure 3 shows the
more detailed information about A = —0.03, A = 0.0, and
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A = 0.03, which correspond to three different combinations
of g4, gp, and gc. It is found that two quantum correlations
firstly undergo a rapid decay in a short time and then become

LBC

Fig. 2. (color online) The lower bound of concurrence (LBC) and quan-
tum discord (QD) of the W state as a function of time 7 and A with mode
2. The other parameters are set to N =601, y=1, 1A = 1, go; = 0.02,
go2 = 0.05, and A € [—0.05,0.05].

LBC

QD

0.2 ]

Fig. 3. (color online) The lower bound of concurrence (LBC) and quan-
tum discord (QD) of the W state versus time 7 as A = —0.03,0.0,0.03,
respectively. The other parameters are set to N =601, y=1, 1 =1,
801 = 002, 802 = 0.05.

nonzero constants. In a word, we conclude that the coupling
strengths between qubits system and XY spin chain strongly
impact the quantum correlations dynamics. We can obtain the
nonzero quantum correlations when any two of the three cou-
pling strengths are identical.

1.0 T T T

0.8f

0.6

LBC

0.4f

0.2¢

0

—0.04 —0.02

1.5F

1.0}

QD

0.5f

0

—0.04 —0.02 0 0.02 0.04

A

Fig. 4. (color online) The lower bound of concurrence (LBC) and quan-
tum discord (QD) of the W state versus the variable A for three cases of
the variation mode 1. The other parameters are set to t =5, N = 601,
y=1, and A = 1. The blue solid line depicts the case of g4 = 0.04,
g5 =0.04—A, and gc = 0.04+ A. The green dashed line denotes the
case of gg = 0.04, gc =0.04 — A, and g4 = 0.04+ A. The red dotted
line represents the case of gc =0.04, g4 =0.04— A, and gg =0.04+A.

In addition, we also test whether three coupling param-
eters play the equivalent role in the evolution of the entan-
glement and quantum discord. We exchange and shuffle the
three coupling strengths. For example, with respect to the
first variation mode of three coupling strengths, we consider
the other two cases: gg = g0, gc(ga) = go F A, and g¢ = go,
ga(gB) = go F A. For three cases of the first variation mode,
figure 4 shows that two quantum correlations show unimodal-
ity and good symmetry at = 5 (These results are the same for
other time). There is a slight deviation for the case gc = go,
ga(gB) = go F A from the other two cases for two quantum
correlations. In a word, three coupling strengths have an ap-
proximate equal-weighted effect on the evolution of entangle-
ment and quantum discord for the first variation mode. In the
same way, we make the same investigation about three cases
of the second variation mode, their results deduced from three
cases are presented in Fig. 5. One can find that three coupling
parameters play the different roles in the evolution of entan-
glement and quantum discord. This is because three cases of
the second variation mode lead to the change of parameters
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A2, A3, and As, and the decoherence factors |Ry3 (¢)], |Ras (7)),
and |R3s (t)|. In view of Eq. (8), we know clearly the reason
of the shift of peaks for the entanglement. The above reason is
suitable to explain the dynamical behavior of the quantum dis-
cord. In these cases the exchanges only happen in the positions
of the peak but the shapes and peak values are not changed. In
short, we can conclude that the role of each coupling param-
eter in the quantum correlations dynamics strongly depend on
the variation mode of three coupling coefficients.

0.6F

0.5f

0.4f

0.3F

LBC

0.2f

0.1f

0.7F
0.6
0.5F
0.4F
0.3F
0.2F
0.1F

QD

—0.04 -0.02 0 0.02  0.04

Fig. 5. (color online) The lower bound of concurrence (LBC) and
quantum discord (QD) of the W state versus A for three cases of the
variation mode 2. The other parameters are set to t = 15, N = 601,
y=1, and A = 1. The blue solid curve depicts the case of g4 = 0.02,
gp =0.05—A, and gc = 0.05+4+ A. The green dashed curve denotes
the case of gg = 0.02, gc = 0.05— A, and g4 = 0.05+ A. The red
dotted curve represents the case of gc = 0.02, g4 = 0.05—-A and
g =0.05+A.

(ii) The mixed state

We assume that the three-qubit system is initially in
the mixed state which consists of the GHZ state and W
state (Pmix (0) = p [Hw) (Fw |+ (1 — p) [¥onz) (Fonz|, pis the
probability of the mixed state being in the W state). Taking
into account the definition of lower bound of the concurrence
from Eq. (6), we can obtain the analytic expression,

s (orin (1)) = { IRis ()] (1 - )2

2 Rac (1) 2 1/2
+ 2 (R F +1Ros 0P+ 2PN 10
According to Eq. (7), we can obtain the lowest value
of the quantum discord by Y7 | [S(®'(p;))—S(p1)] =
0 (I=A,B,C) and S[®(pmix(t))] = 1+ 5 — plog,p —

(1—p)log, (1 — p). We can only give the form of the quantum
discord as
p
D (pwix (1)) = 147 —plogy p— (1 = p)logy (1 - p)
=S (pmix (1)) - (1D

In Fig. 6, the lower bound of concurrence and quantum dis-
cord of the mixed state as a function of the magnetic intensity
A and time ¢ are plotted. One can observe that the entangle-
ment and quantum discord decay more sharply at the critical
point of the QPT (i.e., A = A = 1). However, compared to
quantum discord, the effect of quantum criticality on the evo-
lution of entanglement can be concentrated in a narrower re-
gion near the critical point, which indicates that the evolution
of entanglement witnesses the quantum criticality of the spin
environment more efficiently. It is then natural to ask what
dynamical behavior the quantum correlations show at the crit-
ical point of QPT when the probability of the system being in
the W state changes. So we will discuss quantum correlations
dynamics at the critical point of QPT for arbitrary probabil-
ity parameter p. Figure 7 shows the concurrence and quantum
discord of the mixed state as a function of time ¢ and probabil-
ity parameter p. We find that the entanglement and quantum
discord are sustained longer for the larger probability parame-
ter p, which manifests that the W state is more robust than the
GHZ state under the spin environment. For the lower bound
of concurrence, it is found that initial entanglement is mini-
mum as the probability parameter p is about 0.55, while for
the quantum discord, the initial value changes from 1.0 to 1.5
with the increasing of the probability parameter p.

LBC

P} 1
A

Fig. 6. (color online) The lower bound of concurrence (LBC) and quan-

tum discord (QD) of the W state as a function of magnetic intensity A

and time ¢. The other parameters are set to N = 601, y =1, g4 = 0.01,
g5 =0.02, gc =0.04, and p =0.5.
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LBC
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Fig. 7. (color online) The lower bound of concurrence (LBC) and quan-
tum discord (QD) of the W state as a function of time # and probability
parameter p. The other parameters are set to N =601, y=1, A =1,
g4 =0.01, gg =0.02, and g¢ = 0.04.

LBC

t 10 —0.05

Fig. 8. (color online) The lower bound of concurrence (LBC) and quan-
tum discord (QD) of the W state as a function of time ¢ and A with the
mode 2. The other parameters are setto N =601, y=1,A =1, p=0.5,
go1 = 0.02, goo = 0.05, and A € [—0.05,0.05].

In the following section, we investigate the effect of
the different variation modes of three coupling parameters
on the quantum correlations dynamics of the mixed state.
For the variation mode 2, (go; = 0.02, gg» = 0.05, and A €
[—0.05,0.05]), we can see from Fig. 8 that there is a com-
pletely different dynamical behavior for the lower bound of

entanglement and quantum discord at the critical point of QPT.

Here, we set the probability parameter p to 0.5, then the evolu-
tion of the quantum discord becomes insensitive to the variable
A. The nonzero quantum discord are always retained regard-
less of the coupling strengths between the qubits system and
spin-chain environment, while the nonzero entanglement can
only be obtained with two identical coupling strengths, such as
A =0.0 (gp = gc). It indicates that quantum discord may be
nonzero even for separable states at the probability parameter
p=0.5.

LBC

QD

Fig. 9. (color online) The lower bound of concurrence (LBC) and
quantum discord (QD) of the W state versus A with mode 2 for dif-
ferent probability parameters p. The other parameters are set to r = 15,
N=601,7y=1,4=1,g0 =0.02, gor = 0.05, and A € [~0.05,0.05].
Let us turn to study the effects of the other probability
parameters p on quantum correlations dynamics. In Fig. 9,
we set the time as r = 15 and plot the lower bound of the en-
tanglement and quantum discord of the mixed state as a func-
tion of the variable A for four different probability parameters
(p = 0.0 represents GHZ state). The entanglement and quan-
tum discord show different dynamical behaviors for the same
probability parameter p. Firstly, for the entanglement, three
peaks become larger with the increasing of the probability pa-
rameter p, which can be seen from Eq. (10). Again, the entan-
glement will vanish with time except the cases of two identi-
cal coupling strengths. It implies that three peaks will become
narrower along the time. On the other hand, there is a conver-
sion of valleys to crests with the increasing of the probability

parameter p for the quantum discord. Most of all, although the
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quantum discord of the mixed state is oscillatory with differ-
ent variable A, it finally retain a stable nonzero quantum cor-
relation which is immune to the spin chain environment. For
example, when the probability parameter p is equal to 0.8, we
have plotted the quantum discord versus time ¢ for five differ-
ent values of variable A (A = —0.03, —0.015, 0.0, 0.015, and
0.03), we find that the quantum discord of the mixed state al-
ways retain a stable nonzero quantum correlation (QD =0.551,
0.334, 0.551, 0.334, and 0.4).

0.8F T T T]
——p=0.8

0.6

0.4

LBC

Fig. 10. (color online) The lower bound of concurrence (LBC) and
quantum discord (QD) of the W state versus the variable A for different
values of probability parameter p (p = 0.0 represents GHZ state), for
the mode 1. The other parameters are set to t = 10, N =601, y =1,
A =1,80=0.04, and A € [-0.04,0.04].

We also make an investigation about the effect of the
first variation mode (go = 0.04, and A € [—0.04,0.04]) on the
quantum correlations dynamics. In Fig. 10, we can observe
that there is a single crest for the entanglement and quantum
discord as three coupling strengths take the same value and
the peak becomes larger with the increasing of the probabil-
ity parameter p. Taking into account the initial entanglement
and quantum discord from Fig. 7, we can see that the mixed
state is not a decoherence-free state any more. Remarkably,
we once again find that quantum discord of the mixed state
finally retain nonzero value regardless of the interaction be-
tween the central qubits system and environment, while the
entanglement will decay to zero except the condition that three

coupling strengths take the same value. Namely, the quantum

discord of disentangled mixed state can keep nonzero con-
stants. Therefore, we make sure that the quantum discord is
more robust than entanglement for the mixed state exposed to
the spin environment. The non-vanishing quantum discord is

an important resource for quantum information processing.

4. Conclusion

In conclusion, we have studied the effect of coupling
strengths on the quantum correlations dynamics of a three-
qubit system at the critical point of QPT in spin-chain envi-
ronment. We demonstrate that the behavior of the quantum
correlation dynamics strongly depends on the variations of the
three coupling strengths. For the pure W state, the entangle-
ment and quantum discord can last longer when three coupling
strengths are more close. Especially, large nonzero quantum
correlations can be retained as any two of the three coupling
strengths are equal. On the other hand, for the mixed GHZ
and W states, the evolution of lower bound of concurrence
and quantum discord can both characterize the critical point of
QPT. However the entanglement witnesses the critical point
more efficiently than the quantum discord. We also find that
the quantum discord can retain a considerable nonzero value
no matter how the qubits and the environment are coupled.
We expect that our analysis can be useful for the experimental
measurements of multipartite quantum correlations dynamics

in a correlated environment.
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