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Local structure-preserving methods for the generalized
Rosenau—RLW-KdV equation with power law nonlinearity”
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Local structure-preserving algorithms including multi-symplectic, local energy- and momentum-preserving schemes
are proposed for the generalized Rosenau—RLW-KdV equation based on the multi-symplectic Hamiltonian formula of the
equation. Each of the present algorithms holds a discrete conservation law in any time—space region. For the original
problem subjected to appropriate boundary conditions, these algorithms will be globally conservative. Discrete fast Fourier
transform makes a significant improvement to the computational efficiency of schemes. Numerical results show that the
proposed algorithms have satisfactory performance in providing an accurate solution and preserving the discrete invariants.
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1. Introduction

A nonlinear wave phenomenon is one of the important
areas of scientific research. There are various mathematical
models describing the wave behaviors. The well-known KdV
equation was put forward as a model for small-amplitude long
waves on the surface of water in a channel and the RLW equa-
tion was originally introduced to describe the behavior of the
undular bore. Both KdV and RLW equations have been well

1121 Since the case of

studied theoretically and numerically.
wave—wave and wave-wall interactions cannot be described
by the KdV equation, the Rosenau equation was proposed,
which describes the dynamic of a dense discrete system.[]
For the further consideration of nonlinear waves, the viscous
terms Uy and uyy; need to be included in the Rosenau equa-
tion respectively. The resulting equations are usually called
Rosenau-KdV and —-RLW equations, respectively. The ini-
tial boundary value problems have been studied numerically
in the past few years.[*! In this paper, we are interested in
developing numerical methods for the following generalized
Rosenau—-RLW-KdV (GR-RLW-KdV) equation with a power

law nonlinearity
Uy + Kty — Oty + bilyyy + Qs + ﬁ (up)x =0, (D

subjected to an initial condition u(x,0) = ug(x), x € [x,x/]
and periodic boundary conditions, where p is a positive inte-
ger. The parameter b = 0 gives the generalized Rosenau—RLW
(GR-RLW) equation and parameter o = 0 reads the general-
ized Rosenau—KdV (GR-KdV) equation. Since the GR-RLW-
KdV equation includes a power law nonlinearity, to simulate it
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well, the numerical method should have some excellent prop-
erties such as good accuracy in solution and long-term stabil-
ity. To the best of our knowledge, there are few numerical
methods for the equation in the literature.

Generally, the performance of a numerical method is af-
fected by not only the accuracy of the method but also other
factors such as the conservative approximation property of
the method. Better solutions can be expected from numer-
ical schemes which have effective conservative approxima-
tion properties rather than the ones which have nonconserva-

[10-13] Some conservative methods have been

tive properties.
proposed for the Rosenau-type equations.!>8 The preserv-
ing discrete global conservation laws of these methods depend
on the boundary conditions. That is, if the original problem
does not have appropriate boundary conditions, these conser-
Actually, the GR-

RLW-KdV equation admits local conservation laws, such as

vative methods cannot be applied to it.

the multi-symplectic conservation law, local energy conser-
vation law, and momentum conservation law. These conser-
vation laws are independent of the boundary conditions and
can produce richer information of the original system. Nat-
urally, it is desired to develop numerical methods preserving
the discrete version of the local conservation laws. Note that
as the boundary conditions are appropriate, these methods will
be globally conservative. The main purpose of this paper is to
develop some local structure-preserving methods for the GR-
RLW-KdV equation based on its multi-symplectic Hamilto-
nian formula, and carry out some numerical experiments.

To show the derivation of the schemes conveniently, we
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describe the computational grid and give some definitions of
finite difference operators. Consider a mesh x; = xp < x1 <
y..y < Xxj_1 < Xx;j =X, as a uniform partition of the solution do-
main [x;,x,] by the knots x; with h =x; 1 —x;, j=0,1,...,J.
Let u} be a numerical approximation to u(xj,nt) where 7 is

an increment in time. Define shift operators Tiu; = u’}

J+
T = u?“ and finite difference operators
Sut = 1 n+1 n
5 n__ 1 n n
Uj = z(”jﬂ —uf),
1
A} = 5(”?+”?+1)v
Al = l(u”—i—u”“)
1) N\ jo

For simplicity, in most of the equations we present, notation
u;’ is replaced by u, and one of the indices is held constants, in
which case, we drop it from the notation.

2. Structure-preserving algorithms

By introducing some intermediate variables, the GR-
RLW-KdV equation can be written into a multi-symplectic
form

Mz +Kzy = VS(2), 2
where
1
S(z) = %d)rfuvfwv— xu® /2 — BuPT ) (p+1)

is a scalar-valued smooth function, z = (W, u,v,w,v,¢,r) €
R’, and the two skew-symmetric matrices M = (mij), K =
(kij) € R™7 with non-zero entries are given by mj, =

conservation laws,['*] namely multi-symplectic conservation
Jaw (MSCL)

dw+dx =0, w=zdzAM,dz, y =dzAK,dz, (3)
local energy conservation law (LECL)
GE+dF =0, E=S(z)4+27 Kz, F=—2K;z, (4
and local momentum conservation law (LMCL)
H+3.G=0, G=S)+z Mz, I=—2M,z, (5
where splitting matrices M and K satisfy

M=M;+M_,
MY =-M_,

K=K, +K_,
Kl =-K_. (6)

It is obvious that the three conservation laws are local, i.e.,
they are independent of the boundary conditions. With ap-
propriate boundary conditions such as periodic/homogeneous
boundary conditions, integrating them over the spatial region
gives global conservation laws. Since the local conservation
laws are more essential than the global ones, we propose some
methods preserving the discrete version of MSCL, LECL, and
LMCL, respectively.

The concepts of the multi-symplectic structure and the
multi-symplectic integrator were introduced in Ref. [14],
which have wide applications.!'>~11 Multi-symplectic (MS)
box/Preissman integrator

M&Az+ K8:Aiz = VS(AAs2) (7

is very popular for the multi-symplectic Hamiltonian par-
tial differential equation (PDE). Applying it to the multi-

—mp 1 =—1/2,my4=—ms4r=—0/2,mys=—mgs=—1/2, symplectic Hamiltonian formulation of the GR-RLW-KdV
kig=—ks1 =1, kya =—ksp=b/2, ks = —ksp =1, and equation, and then eliminating the auxiliary variables gives a
ka7 = —k74 = —1/2. The system (2) possesses three local scheme
|
A U+ KA 8 A U — 68,82A%u+ DA, 83 Au+ a8, 5 u+ BSA2(AA )P =0. 8)

The scheme (8) possesses a discrete MSCL &, @ + 8y = 0
where w = dA,z AM dA,z and ¥ = dA;z A\ K dA;z, which is
a discrete version of the MSCL (3).

Next, we are interested in developing schemes possessing
the discrete version of LECL (4) and LMCL (5) for the GR-
RLW-KdV equation. We discretize the system (2) as follows:

M8Az+ K8 Az =V'S(ATz,Az), 9)

where V' represents a discrete gradient method in time. By
some simple derivations, we prove that the scheme (9) pre-

serves a discrete LECL
66 +6.F =0,
& = S(A2) + (8:2)TK Az,
F =—(82)"K Az (10)
Also, we make a discretization
M8 Az +K8A iz =V"S(ATz,A2), (1D

for the system (2) where V¥ is a discrete gradient method in
space. The scheme has a discrete LMCL

5[% + 6)(% = 0,
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G = S(Az) + (82) "M Az,

I =—(8:2)"M A,z (12)

In this paper, the discrete gradient method is taken as the

AU+ KA 8 A U — 68,82A%u+ DA 82 Au+ a8, 8 u+ BSAf(ATu,Aut) = 0,

and local momentum-preserving (LMP) scheme

A U+ KA, 8 A U — 68,82A%u+ DA, 83 Au+ b, 5 u+ BSA2f(A Teu, Aju) =0,

where

T (s,

b (S T ) =
Remark 1
(i) The difference of the schemes (8), (13), and (14) is in
the nonlinear term.
(i1) Different discrete gradient methods in scheme (9) or
scheme (11) may lead to different local energy-/momentum-

preserving methods.

3. Conservative properties and fast computation

Assume that the GR-RLW-KdV equation is imposed on
periodic or homogeneous boundary conditions. Then the LEP
and LMP schemes conserve discrete global energy and mo-

mentum conservation laws respectively, i.e., &" = el =
coo=&%nd 1= 1 =... = 79 where

J—1
E"=nYy (pf_l(Axu)P“ - g(Axu)z - lz’(&xu)l) ,

I"=hY ((Au)*+0(8u)* + a(87uj—1)?).
j=0
By summing the schemes (8), (13), and (14) over all index Js,
we prove that the schemes have the same discrete mass con-

J—1
servative law .#" = --- = .#° where 4" =h ¥, u.
j=0
For the GR-RLW-KdV equations with periodic boundary
conditions, all the proposed structure-preserving algorithms

can be written in a form of

Au™ = Bu" + N(u" "), (15)
where both A and B are constant circulant matrices. The
nonlinear system (15) can be solved by a fix-point iteration
method with initial iterative vector 110 = u', ie.,

A D — Byt NS Y k=12, (16)

Note that the constant circulant matrix A can be represented as

A=F"'AF, (17)

averaged vector field.”! Applications of LECL (9) and
LMCL (11) integrators to the multi-symplectic formulations
of the GR-RLW-KdV equation give respectively the follow-
ing local energy-preserving (LEP) scheme

13)

(14)

where [ is the matrix of discrete Fourier transform coefficients
with entries given by [F], = (e 27/) i = /=1, [F~!],s =
(1/J)(e2®/7)s and the diagonal matrix A = Ff with f =
([Al1.1,[Al2.15---,[A]ls1)T. The property (17) is very helpful
to improve the computational efficiency of equation (16), i.e.,
it can be solved explicitly.

4. Numerical results

In the following, we carry out some numerical experi-
ments to show the performance of the proposed schemes in
term of the accuracy of solution and preservation of the dis-
crete invariants.

Example 1: (GR-RLW equation)

As the parameter b = 0, the GR-RLW-KdV equation de-
generates to the GR-RLW equation which has an analytic soli-
tary wave solution

u(x,1,x0) = Asech® "~V (B(x — Ct — x)),

where

1
Aexp(

p—1
VApP+8p+20°
Pt +4pP+14p? +20p +25
T pr+4p3+10p2 +12p+21°

and xo represents the initial center of the single solitary wave.

L (PH3)Bp+1)(p+ 1))
2(p*+3)(p*+4p+7) )’

Consider the problem with initial data uo(x) = u(x,0,0), x €
[—60,120], and periodic boundary conditions. The maximal
errors in solution for different values of p at time T = 40 with
7 =0.1 and 7 = 0.5 are reported in Table 1. One can see that
calculated numerical results of the present schemes are satis-
factory and the result of the LMP scheme is smallest. Figure 1
shows the performance of the proposed schemes in preserving
the discrete invariants as simulating the GR-RLW-KdV equa-
tion with p = 16. The results confirm that the MS scheme
is mass-preserving, the LEP scheme is mass- and energy-
preserving, and the LMP scheme is mass- and momentum-
preserving.
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Table 1. Comparison of maximal error norms for the GR-RLW equa-
tion with different values of p: T=0.1and 2 =0.5.

p Ms/1073 LEP/1073 LMP/1073 Ref. [6]/10~2
1.58 1.54 1.42 279
5.24 5.13 2.83 2.95
16 6.21 6.11 3.84 225
47 . Cl A‘ 1 ,'.. ‘/A ¢ ” -"}“‘ N f,v“ 3 »A
P TN TGRS P A Y
fikhy Q‘\,W !l'Lr.i"'\' o N ()
10—16 1 1 I
0 10 20 30 40
10-° T T T T T T T
-
10—15 I I I I 1 1 1
0 10 20 30 40
10710 F
10-15 . . . . . . .
0 10 20 30 40
t

Fig. 1. (color online) The changes in discrete mass (top), energy (mid), and
momentum (bottom). Solid line: the MS scheme; dashed line: the LEP
scheme; dotted line: the LMP scheme.

Example 2: (GR-KdV and GR-RLW-KdV equations)

The GR-RLW-KdV equation possesses a solitary wave
solution u(x,,x0) = Asech® (P~1)(B(x — Cr — xy)), where xo
is an arbitrary constant,

A= {(D— Ka(p2+2p+5))(p+3)(3p+ 1)
[16B(p+1)(—8cab(p+1)*

1/(p—1)
+a<D—m(p2+zp+s>><p2+zp+s>)r1} ,

_p—l\/D—K(x(p2+2p+5)
p+l 32ab ’
b(p—1)

C:
—o(p—1)2+4aB*(p* +2p+5)’

D= \/K2e2(p? +2p+5)2 + 160b(b + kG) (p+ 1)

We consider first the parameter 6 = 0. The GR-RLW-
KdV equation reduces to the GR-KdV equation. Our simu-
lations are done with x =1, a =1, b =1, B = 1/2, initial
data ug(x) = u(x,0,0), x € [-70,100], T = 0.1, and h = 0.1
up to T = 40. The results listed in Table 2 indicate that the
proposed schemes provide satisfactory solutions and preserve
the discrete invariants well throughout computations. Also,

the results of the present schemes are better than those of the
existing method.”!

Table 2. The results for the simulation of the GR-KdV equation with differ-
ent values of p.

p  Method L./107% |#"—#° |9"—9° |&"—&0)
MS 2.39 79%x107°  8.6x107% 8.5x107°
LEP 2.38 79%107°  13x107% 3.1x107°
LMP 2.38 79%107°  9.0x107° 89x1071°
Ref. [7] 0.188 1.2x107° - 1.5x107*

16 MS 0.161 26x107%  4.0x107% 97x10°8
LEP 0.148 26x107%  1.6x1077  1.9x10°8
LMP 0.147 26x107%  1.1x1077  6.8x107°

Second, we solve the GR-RLW-KdV equation with k¥ =
l,o0=1,b=1,a=1,  =1/2, various values of p, and initial
data uo(x) = u(x,0,0) over region [—50,50]. The simulations
are carried out with 7 =0.05 and 4 = 0.1 up to T = 30. Fig-
ure 2 displays the variation of the maximal errors in solution
as the value of p increases. One can see that the error of every
scheme grows as the value of p increases. One can also see
that the maximal error norms of the three schemes are almost
the same for the case of p = 2, but as the value of p increases,
the difference in maximal error norms becomes much more
apparent. To show the ability of the present schemes in pre-
serving the discrete invariants, we simulate the problem with
p = 20. The changes in mass, energy, and momentum are all
in the scale of 1.0 x 1078 (the results are not shown here).

2.0

1.8

1.6 |

1.4F

1.2 F

1.0

0.8

Maximal error solution/10-2

0.6 [

0.4}

0.2

0 5 10 15 20
p

Fig. 2. (color online) The maximal error in solution at 7 = 30 versus the
values of p.

5. Concluding remarks

The GR-RLW-KdV equation can be reformed into a
multi-symplectic Hamiltonian formula, which admits MSCL,
LECL, and LMCL. These conservation laws are local, i.e.,
they are independent of boundary conditions. For the prob-
lem with appropriate boundary conditions, one can obtain
global conservation laws. Therefore, the local conservation

100202-4



Chin. Phys. B Vol. 26, No.

10 (2017) 100202

laws can produce more information of the original problem

than the global ones. In this work, we proposed some local

structure-preserving algorithms preserving the discrete ver-
sion of MSCL, LECL, and LMCL respectively for the GR-
RLW-KdV equation. With periodic/homogeneous boundary

conditions, the present schemes are globally conservative. By

the discrete fast Fourier transform, the computational effi-

ciency of the proposed schemes is improved. Some numerical

experiments are carried out to test the numerical performance

of the present schemes.
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