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This paper investigates asymptotic bounded consensus tracking (ABCT) of double-integrator multi-agent systems
(MASs) with an asymptotically-unbounded-acceleration and bounded-jerk target (AUABJT) available to partial agents
based on sampled-data without velocity measurements. A sampled-data consensus tracking protocol (CTP) without velocity
measurements is proposed to guarantee that double-integrator MASs track an AUABJT available to only partial agents.
The eigenvalue analysis method together with the augmented matrix method is used to obtain the necessary and sufficient
conditions for ABCT. A numerical example is provided to illustrate the effectiveness of theoretical results.
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1. Introduction
Recently, cooperative control of MASs has been

widely studied because of its broad applications in-
cluding swarming,[1] flocking,[2,3] rendezvous,[4] formation
control,[5,6] target pursuit,[7,8] and automated highway sys-
tems. As a fundamental problem in cooperative control of
MASs, consensus means that all agents under properly dis-
tributed control inputs, called a consensus protocol, converge
to a common value. Many consensus protocols have been
proposed for single-integrator MASs.[9–15] However, many
agents such as underwater robots are controlled to achieve a
desired motion by their accelerations rather than their veloc-
ities in reality. Therefore, there is a need to investigate con-
sensus of double-integrator MASs. For many existing con-
sensus protocols for double-integrator MASs, the eventual
value to be reached is a function of all agents’ initial states,
which is unknown in advance. This is often called the χ-
consensus problem.[16] However, in some practical applica-
tions, all agents might be required to track a common mov-
ing target. This is often called the consensus tracking (CT)
problem. Since the protocols about the χ-consensus cannot
be directly used to solve the CT problems, proper consensus
tracking protocols (CTPs) for double-integrator MASs should
be proposed. Considerable efforts have been made on the
CT of double-integrator MASs, where main topics include
delays,[17–19] robustness,[19–21] finite-time convergence,[21–23]

and containment control.[24,25]

References [17] and [25] about the CT of double-

integrator MASs assumed that continuous-time CTPs are used
to guarantee the CT of double-integrator MASs. However,
in many cases, when a continuous-time system is equipped
with digital sensors and controllers, only sampled-data can
be used to synthesise the control laws. Hence, it is impor-
tant to consider sampled-data-based CT of double-integrator
MASs. Recently, references [26]–[32] investigated sampled-
data-based CT of double-integrator MASs. Particularly, it
was proved in Ref. [32] that when a communication topol-
ogy is undirected and fixed and there are paths from the tar-
get to all agents, choosing an appropriate sampling period can
guarantee double-integrator MASs to track an asymptotically
unbounded-acceleration and bounded-jerk target (AUABJT)
available to only partial agents by using the proposed sampled-
data CTP. It is easy to see from the sampled-data CTP pro-
posed in Ref. [32] that each agent needs to know its own and
neighbours’ positions and velocities. However, in some prac-
tical situations, to save hardware costs, an agent is often not
equipped with a velocity sensor. For an agent without a veloc-
ity sensor, its velocity information cannot be measured and is
thus unavailable to itself and its neighbours. In this case, the
sampled-data CTP in Ref. [32] cannot be directly applied to
the CT of double-integrator MASs with an AUABJT available
to only partial agents based on sampled-data without velocity
measurements. Therefore, a question arises that how we can
devise a sampled-data CTP without velocity measurements
to guarantee that double-integrator MASs track an AUABJT
available to only partial agents.
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To answer the above question, we propose a sampled-
data CTP without velocity measurements by using the numer-
ical derivatives of an agent’s and an AUABJT’s positions to
estimate their velocities. We have theoretically proved and
numerically illustrated that the proposed sampled-data CTP
without velocity measurements is effective to guarantee that
double-integrator MASs with an AUABJT available to only
partial agents achieve asymptotic bounded consensus tracking
(ABCT).

2. Preliminaries and problem formulation
2.1. Algebraic graph theory and some notations

Consider a weighted undirected graph G = (V,E,A),
where V = {v1,v2, . . . ,vN}, E ⊆ V ×V with edge elements
ei j = (vi,v j) and A = [ai j] with nonnegative adjacency ele-
ments ai j are the node set, the edge set and the weighted ad-
jacency matrix, respectively. Assume that ei j ∈ E ⇔ ai j > 0
and aii = 0, ∀i ∈ I , {1,2, . . . ,N}. The neighbour set and
the degree of node vi are denoted by Ni = {v j ∈ V : ei j ∈ E}
and di = ∑

j∈Ni

ai j, respectively. 𝐿 = diag(d1,d2, . . . ,dN)−𝐴

is the Laplacian matrix of G. Certainly, all row sums of L
are zero and thus 𝐿1N = 0N , where 0N = (0,0, . . . ,0)︸ ︷︷ ︸

N

T and

1N = (1,1, . . . ,1)︸ ︷︷ ︸
N

T.[33] A path from node vi to node v j is a

sequence (vi,vk1),(vk1 ,vk2), . . . ,(vkl ,v j) composed of distinct
edges. A graph is said to be connected if there exists a path
between any of its two distinct nodes.

Following are some notations used in this paper. ON

and IN represent the N-dimensional zero matrix and the N-
dimensional identity matrix, respectively. The 2-norm and the
transpose of a vector or matrix 𝑀 are denoted by ‖𝑀‖2 and
𝑀T, respectively. The eigenvalues, the largest eigenvalue,
the spectral radius and the determinant of an N-dimensional
matrix 𝑀 are denoted by λi(𝑀), i ∈ I, λ̄ (𝑀), ρ(𝑀), and
det(𝑀), respectively.

2.2. Consensus tracking protocols and some lemmas

Consider MASs with N agents, where each agent’s dy-
namics is {

ẋi(t) = yi(t),
ẏi(t) = ui(t),

i ∈ I, (1)

where xi(t)∈ R, yi(t)∈ R, and ui(t)∈ R represent the position,
the velocity, and the control input of the i-th agent, respec-
tively. The target’s dynamics to be tracked is{

ẋ0(t) = y0(t),
ẏ0(t) = a0(t),

where x0(t) ∈ R, y0(t) ∈ R, and a0(t) ∈ R are the position, the
velocity, and the acceleration of the target, respectively.

To better introduce the issue to be considered, we provide
the following definition and assumptions.

Definition 1 We say that the systems (1) achieve ABCT,
if there are Cxeub > 0 and Cyeub > 0 such that[32]

{
limt→∞ ‖xi(t)− x0(t)‖2 ≤Cxeub <+∞,

limt→∞ ‖yi(t)− y0(t)‖2 ≤Cyeub <+∞,
∀i ∈ I.

Assumption 1 The communication topology consisting
of N agents is undirected and fixed, only partial agents can di-
rectly obtain the information of the target and there are paths
from the target to all agents.[32]

Assumption 2 The target’s dynamics satisfies
limt→+∞ |a0(t)| = +∞ and |ȧ0(t)| ≤ ξ < +∞, t ∈ R, where
ξ > 0.[32]

In Ref. [32], the authors proved that under Assumptions 1
and 2, the systems (1) using the protocol

ui(t) =
yi(kh)− yi(kh−h)

h
−βδi

[
(xi(kh)− x0(kh))

+γ(yi(kh)− y0(kh))−η(yi(kh−h)− y0(kh−h))
]

+ ∑
j∈Ni

ai j
[
(x j(kh)− xi(kh))+ γ(y j(kh)− yi(kh))

−η(y j(kh−h)− yi(kh−h))
]
,

t ∈ [kh,kh+h), k = 0,1,2, . . . ; i ∈ I (2)

can achieve ABCT, provided the sampling period is appropri-
ately chosen, where h > 0 represents the sampling period, all
of β > 0, γ > 0, and η > 0 represent feedback gains, δi = 1 if
the i-th agent can directly obtain the target’s information and
δi = 0 otherwise.

The protocol (2) requires that each agent can obtain the
positions and velocities of itself, its neighbours and the target
if the target is available to the agent. To deal with the case
when the velocity cannot be measured, inspired by Ref. [34],
we propose the protocol without velocity measurements

ui(t) =
xi(kh)−2xi(kh−h)+ xi(kh−2h)

h2

−βδi

[
(xi(kh)− x0(kh))

+γ

(xi(kh)− xi(kh−h)
h

− x0(kh)− x0(kh−h)
h

)
−η

(xi(kh−h)−xi(kh−2h)
h

− x0(kh−h)−x0(kh−2h)
h

)]
+ ∑

j∈Ni

ai j

[
(x j(kh)−xi(kh))

+γ

(x j(kh)− x j(kh−h)
h

− xi(kh)− xi(kh−h)
h

)
−η

(x j(kh−h)−x j(kh−2h)
h

− xi(kh−h)−xi(kh−2h)
h

)]
,

t ∈ [kh,kh+h), k = 0,1,2, . . . ; i ∈ I. (3)

It can be seen from the protocol (3) that each agent only
uses the position information from itself, its neighbours and
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the target if the target is available to it for constructing its con-
trol input. Thus, the protocol (3) is independent of velocity
measurements.

To derive the main results, we provide the lemmas below.
Lemma 1 All roots of z4 + a3z3 + a2z2 + a1z+ a0 = 0

with a0,a1,a2,a3 ∈ R are within the unit circle if and only if
1+ a3 + a2 + a1 + a0 > 0, 1− a3 + a2− a1 + a0 > 0, |a0| <
1,
∣∣a2

0−1
∣∣ > |a0a3−a1|, and

∣∣∣(a2
0−1

)2− (a0a3−a1)
2
∣∣∣ >∣∣(a2

0−1
)
(a0a2−a2)− (a0a3−a1)(a0a1−a3)

∣∣ are satisfied
simultaneously.[35]

Lemma 2 If there exist paths from the target to all agents,
H , β diag(δ1,δ2, . . . ,δN)+L is a positive definite matrix.[17]

Lemma 3 For a square matrix 𝑀 , all of its eigenvalues
are within the unit circle if and only if there exists a matrix
norm ‖·‖∗ such that ‖𝑀‖∗ < 1.[33]

3. Convergence analysis
In this section, we theoretically demonstrate the effective-

ness of the protocol (3). Main results are provided below.
Theorem 1 Under Assumptions 1 and 2, the systems (1)

using the protocol (3) achieve ABCT if and only if

0 < ηhλi (H)< 3, ∀i ∈ I, (4)∣∣ ηλ
2
i (H)h3 +

(
ηγλ

2
i (H)−λi (H)

)
h2

+(γλi (H)−5ηλi (H))h+3
∣∣

<−η
2
λ

2
i (H)h2 +2ηλi (H)h+3, ∀i ∈ I (5)

and∣∣ (η3
λ

4
i (H)+η

2
γλ

4
i (H)+2ηλ

3
i (H)

)
h4

−
(
η

4
λ

4
i (H)+6η

2
λ

3
i (H) −η

2
γ

2
λ

4
i (H)

−2ηγλ
3
i (H)+2λ

2
i (H)

)
h3

+
(
8η

3
λ

3
i (H)+2ηγ

2
λ

3
i (H)−6η

2
γλ

3
i (H)

−15ηλ
2
i (H)+ γλ

2
i (H)

)
h2

−
(
13η

2
λ

2
i (H)+12ηγλ

2
i (H)− γ

2
λ

2
i (H)−24λi (H)

)
h

+42ηλi (H)−6γλi (H)
∣∣

< −η
2
λ

4
i (H)h5 +

(
−2η

2
γλ

4
i (H)+2ηλ

3
i (H)

)
h4

+
(
−η

2
γ

2
λ

4
i (H)+η

4
λ

4
i (H)+10η

2
λ

3
i (H)−λ

2
i (H)

)
h3

+
(
10η

2
γλ

3
i (H)−2ηγ

2
λ

3
i (H)−4η

3
λ

3
i (H)

−16ηλ
2
i (H)+2γλ

2
i (H)

)
h2

+
(
−27η

2
λ

2
i (H)+4ηγλ

2
i (H)− γ

2
λ

2
i (H)+6λi (H)

)
h

+42ηλi (H)−6γλi (H) , ∀i ∈ I (6)

hold simultaneously.
Proof Employing the period sampling technology and

zero-order hold circuit, we obtain the discrete-time dynamics
of the systems (1) xi(kh+h) = xi(kh)+hyi(kh)+ h2

2 ui(kh),
yi(kh+h) = yi(kh)+hui(kh),
k = 0,1,2, . . . ; i ∈ I.

(7)

Denote

𝑥(t) = (x1(t),x2(t), . . . ,xN(t))T,

𝑦(t) = (y1(t),y2(t), . . . ,yN(t))T,

𝑥̃(t) = 𝑥(t)− x0(t)1N , 𝑦̃(t) = 𝑦(t)− y0(t)1N ,

Γ (t,kh) =−x0(t)+ x0(kh)+(t− kh)y0(kh)

+
(t− kh)2

2h2

(
x0(kh)−2x0(kh−h)+ x0(kh−2h)

)
,

ϒ (t,kh) =−y0(t)+ y0(kh)+
t− kh

h2

(
x0(kh)

−2x0(kh−h)+ x0(kh−2h)
)
,

ϕ(t,kh) = (Γ (t,kh)1T
N ,ϒ (t,kh)1T

N ,0
T
N ,0

T
N)

T,

𝜒(kh) =
(
𝑥̃T(kh), 𝑦̃T(kh), 𝑥̃T(kh−h), 𝑥̃T(kh−2h)

)T
,

and

𝑃 =


3
2 IN− h(h+γ)

2 H hIN −IN + (γ+η)h
2 H 1

2 IN − ηh
2 H

1
h IN− (h+ γ)H IN − 2

h IN +(γ +η)H 1
h IN−ηH

IN ON ON ON

ON ON IN ON

 .

Combining Eqs. (3) and (7) and L1N = 0N , we obtain the
discrete-time dynamics of χ(kh)

χ(kh+h) = Pχ(kh)+ϕ(kh+h,kh). (8)

On the basis of the expression of 𝑃 , we have

det(z𝐼4N−𝑃 ) = Π
i∈I

[
z4 +

(h(h+ γ)

2
λi(H)− 5

2

)
z3

+
(h(h−η)

2
λi(H)+

3
2

)
z2

+
(1

2
− γh

2
λi(H)

)
z− 1

2
+

ηh
2

λi(H)
]
.

Hence, ρ(P)< 1 if and only if all roots of

z4 +
(h(h+ γ)

2
λi(H)− 5

2

)
z3 +

(h(h−η)

2
λi(H)+

3
2

)
z2

+
(1

2
− γh

2
λi(H)

)
z− 1

2
+

ηh
2

λi(H) = 0, i ∈ I (9)

are within the unit circle. It follows from Lemma 1 that all
roots of Eq. (9) are within the unit circle if and only if

1+
h(h+ γ)

2
λi(H)− 5

2
+

h(h−η)

2
λi(H)+

3
2
+

1
2

−γh
2

λi(H)− 1
2
+

ηh
2

λi(H)> 0, i ∈ I, (10)

1− h(h+ γ)

2
λi(H)+

5
2
+

h(h−η)

2
λi(H)+

3
2
− 1

2

+
γh
2

λi(H)− 1
2
+

ηh
2

λi(H)> 0, i ∈ I, (11)∣∣∣∣−1
2
+

ηh
2

λi(H)

∣∣∣∣< 1, i ∈ I, (12)∣∣∣∣(−1
2
+

ηh
2

λi(H)

)(
h(h+γ)

2
λi(H)−5

2

)
−
(

1
2
− γh

2
λi(H)

)∣∣∣∣
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<

∣∣∣∣∣
(
−1

2
+

ηh
2

λi(H)

)2

−1

∣∣∣∣∣ , i ∈ I (13)

and∣∣∣∣∣
((
−1

2
+

ηh
2

λi(H)

)2

−1

) ((
−1

2
+

ηh
2

λi(H)

)
×
(

h(h−η)

2
λi(H)+

3
2

)
−
(

h(h−η)

2
λi(H)+

3
2

))
−
((
−1

2
+

ηh
2

λi(H)

)(
h(h+ γ)

2
λi(H)− 5

2

)
−
(

1
2
− γh

2
λi(H)

))((
−1

2
+

ηh
2

λi(H)

)(
1
2
− γh

2
λi(H)

)
−
(

h(h+ γ)

2
λi(H)− 5

2

))∣∣∣∣
<

∣∣∣∣∣
((
−1

2
+

ηh
2

λi(H)

)2

−1

) 2

−
((
−1

2
+

ηh
2

λi(H)

)

×
(

h(h+γ)

2
λi(H)−5

2

)
−
(

1
2
− γh

2
λi(H)

))2
∣∣∣∣∣ , i ∈ I (14)

hold simultaneously. Equivalently simplifying (10) yields
h2λi(H)> 0, i ∈ I, which is naturally satisfied under Assump-
tion 1 and h > 0 with the help of Lemma 2. Equivalently sim-
plifying Eq. (11) leads to 4 > 0, i ∈ I, which naturally holds.
Equivalently simplifying (12) under Assumption 1 results in
(4). Equivalently simplifying (13) and (14) yields (5) and (6),
respectively. Therefore, all roots of (9) are within the unit cir-
cle if and only if (4)–(6) hold simultaneously. This indicates
that ρ(𝑃 )< 1 if and only if (4)–(6) hold simultaneously. From
Lemma 3 we derive that if and only if (4)–(6) are met, there
exists a matrix norm ‖·‖∗ such that

‖𝑃 ‖∗ < 1. (15)

Employing the matrix norms’ equivalence, we derive that there
are C2 > 0 and C∗ > 0 such that

‖·‖∗
C2
≤ ‖·‖2 ≤C∗ ‖·‖∗ . (16)

Using Taylor expansion, we deduce that there are θ1(k,h) ∈
(kh,kh + h), θ2(k,h) ∈ (kh− h,kh), θ3(k,h) ∈ (kh− 2h,kh)
and θ4(k,h) ∈ (kh,kh+h) such that

x0(kh+h) = x0(kh)+hy0(kh)+
h2

2
a0(kh)

+
h3

6
ȧ0(θ1(k,h)), (17)

x0(kh−h) = x0(kh)−hy0(kh)+
h2

2
a0(kh)

− h3

6
ȧ0(θ2(k,h)), (18)

x0(kh−2h) = x0(kh)−2hy0(kh)+2h2a0(kh)

− 4h3

3
ȧ0(θ3(k,h)), (19)

y0(kh+h) = y0(kh)+ha0(kh)+
h2

2
ȧ0(θ4(k,h)). (20)

Combining Eqs. (17)–(19) results in

Γ (kh+h,kh) = −x0(kh+h)+ x0(kh)+hy0(kh)

+
x0(kh)−2x0(kh−h)+ x0(kh−2h)

2

= −h3
(1

6
ȧ0(θ1(k,h))−

1
6

ȧ0(θ2(k,h))

+
2
3

ȧ0(θ3(k,h))
)
, (21)

which together with Assumption 2 leads to

|Γ (kh+h,kh)| ≤ h3
ξ , k = 0,1,2, . . . (22)

Combining Eqs. (18)–(20) results in

ϒ (kh+h,kh) = −y0(kh+h)+ y0(kh)

+
x0(kh)−2x0(kh−h)+ x0(kh−2h)

h

= h2
(1

3
ȧ0(θ2(k,h))−

4
3

ȧ0(θ3(k,h))

+
1
2

ȧ0(θ4(k,h))
)
, (23)

which together with Assumption 2 leads to

|ϒ (kh+h,kh)| ≤ 13h2ξ

6
, k = 0,1,2, . . . (24)

Combining (22) and (24) results in

‖ϕ(kh+h,kh)‖2 ≤
√

Nh2ξ
√

36h2 +169
6

, k = 0,1,2, . . . (25)

Considering (8), we have

χ(nh) = Pn
χ(0)+

n−1

∑
k=0

Pn−k−1
ϕ(kh+h,kh). (26)

This together with (16) and (25) leads to

‖χ(nh)‖2 ≤ ‖𝑃
n‖2 ‖χ(0)‖2 +

∥∥∥∥∥n−1

∑
k=0

𝑃 n−k−1
ϕ(kh+h,kh)

∥∥∥∥∥
2

≤ C∗ ‖χ(0)‖2 ‖𝑃 ‖
n
∗

+C∗

∥∥∥∥∥n−1

∑
k=0

𝑃 n−k−1
ϕ(kh+h,kh)

∥∥∥∥∥
∗

≤ C∗ ‖χ(0)‖2 ‖𝑃 ‖
n
∗

+C∗
n−1

∑
k=0

∥∥∥𝑃 n−k−1
∥∥∥
∗
‖ϕ(kh+h,kh)‖∗

≤ C∗ ‖χ(0)‖2 ‖𝑃 ‖
n
∗

+C∗C2

n−1

∑
k=0
‖𝑃 ‖n−k−1

∗ ‖ϕ(kh+h,kh)‖2

≤ C∗ ‖χ(0)‖2 ‖P‖
n
∗

+
C∗C2

√
Nh2ξ

√
36h2+169(1−‖𝑃 ‖n−1

∗ )

6(1−‖𝑃 ‖∗)
. (27)
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Combining (15) and (27) yields

limn→∞ ‖χ(nh)‖2 ≤C∗ ‖χ(0)‖2 limn→∞ ‖𝑃 ‖n
∗

+
C∗C2

√
Nh2ξ

√
36h2 +169(1− limn→∞ ‖𝑃 ‖n−1

∗ )

6(1−‖𝑃 ‖∗)

=
C∗C2

√
Nh2ξ

√
36h2 +169

6(1−‖𝑃 ‖∗)
,

which further leads to

limn→∞

∥∥∥∥( x̃(nh)
ỹ(nh)

)∥∥∥∥
2
≤ C∗C2

√
Nh2ξ

√
36h2 +169

6(1−‖𝑃 ‖∗)
<+∞.

(28)
The systems (1) under the protocol (3) become

xi(t) = xi(kh)+(t− kh)yi(kh)+ (t−kh)2

2 ui(kh),
yi(t) = yi(kh)+(t− kh)ui(kh),
t ∈ [kh,kh+h), k = 0,1,2, . . . ; i ∈ I,

(29)

which leads to

𝑥̃(t) =
(

IN− (t−kh)2

2 H− (t−kh)2

2h γH + (t−kh)2

2h2 IN

)
x̃(kh)

+(t− kh)IN ỹ(kh)

+
(
(t−kh)2

2h γH + (t−kh)2

2h ηH− (t−kh)2

h2 IN

)
x̃(kh−h)

+
(
− (t−kh)2

2h ηH+ (t−kh)2

2h2 IN

)
x̃(kh−2h)+Γ (t,kh)1N ,

𝑦̃(t) =
(
−(t− kh)H− t−kh

h γH + t−kh
h2 IN

)
x̃(kh)+ IN ỹ(kh)

+
(

t−kh
h γH + t−kh

h ηH−2 t−kh
h2 IN

)
x̃(kh−h)

+
(
− t−kh

h ηH + t−kh
h2 IN

)
x̃(kh−2h)+ϒ (t,kh)1N

t ∈ [kh,kh+h), k = 0,1,2, . . . ; i ∈ I.
(30)

With the aid of the similar analysis method in (22) and (24),
we deduce that under Assumption 2

|Γ (t,kh)| ≤ (t− kh)2
( t− kh

6
+

h
6
+

2h
3

)
ξ

≤ h3
ξ , t ∈ [kh,kh+h), k = 0,1,2, . . . (31)

and

|ϒ (t,kh)| ≤ (t− kh)
( t− kh

2
+

h
3
+

4h
3

)
ξ ≤ 13h2ξ

6
,

t ∈ [kh,kh+h), k = 0,1,2, . . . (32)

Combining (28), (30)–(32) leads to

limt→∞ ‖x̃(t)‖2 ≤ [3+h+(γ +η + h
2 )hλ̄ (H)]

×C∗C2
√

Nh2ξ
√

36h2 +169
6(1−‖𝑃 ‖∗)

+
√

Nh3
ξ

,Cxeub <+∞,

limt→∞ ‖ỹ(t)‖2 ≤ [1+ 4
h +(h+2γ +2η)λ̄ (H)]

×C∗C2
√

Nh2ξ
√

36h2 +169
6(1−‖𝑃 ‖∗)

+
13
√

Nh2ξ

6
,Cyeub <+∞.

According to Definition 1, the systems (1) under the pro-
tocol (3) achieve ABCT.

Remark 1 When the sampling period h is sufficiently
small, (5) and (6), respectively, degenerate into

|(γλi (H)−5ηλi (H))h+3|< 2ηλi (H)h+3, ∀i ∈ I (33)

and∣∣−(13η2λ 2
i (H)+12ηγλ 2

i (H)− γ2λ 2
i (H)−24λi (H)

)
h

+42ηλi (H)−6γλi (H)|
<
(
−27η2λ 2

i (H)+4ηγλ 2
i (H)− γ2λ 2

i (H)+6λi (H)
)

h
+42ηλi (H)−6γλi (H) , ∀i ∈ I.

(34)
Equivalently simplifying (33) yields

γ < 7η , (35)

(3η− γ)λi (H)h < 6, ∀i ∈ I. (36)

Equivalently simplifying (34) yields

(−20η
2
λi (H)−8ηγλi (H)+15)h > 6(γ−7η), ∀i ∈ I, (37)

7η
2
λi (H)+ γ

2
λi (H)+9 < 8ηγλi (H) , ∀i ∈ I. (38)

It can be verified that (35)–(38) hold simultaneously, provided
h, γ and η are appropriately chosen. For example, when h
is sufficiently small, γ = 4η and η2 > 1

λi(H) , ∀i ∈ I, (35)–
(38) hold simultaneously. On the basis of the above analy-
sis, there are appropriate h, γ and η such that (35)–(38) hold
simultaneously. Note that (4) holds when h is sufficiently
small. Employing the continuous dependence of (4)–(6) on h,
we infer that there are appropriate h, γ and η such that (4)–
(6) hold simultaneously. Therefore, we theoretically prove
that the protocol (3) is effective to guarantee that double-
integrator MASs with an AUABJT available to only partial
agents achieve ABCT.

4. Simulations
In this section, we provide a numerical example to

demonstrate the effectiveness of the protocol (3). Consider
MASs with five agents, whose communication topology is
provided in Fig. 1, where the target is labelled as 0.

012

3 4 5

Fig. 1. Communication topology.
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Without loss of generality, we assume that all weights of
edges are 1. The initial states of five agents are randomly set. It
can be verified that when (β ,γ,η ,h) = (1,10,5,0.01), (4)–(6)
hold simultaneously. Figure 2 illustrates the numerical results.

It is clear from Fig. 2 that the positions and velocities of
all agents converge to the position and velocity of the target
in the asymptotical and bounded sense. This means that the
systems (1) under the protocol (3) achieve ABCT. This nu-
merically illustrates the effectiveness of the protocol (3).
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Fig. 2. (color online) Positions and velocities of systems (1) under pro-
tocol (3) with (β ,γ,η ,h) = (1,10,5,0.01) and x0(t) = t3.

5. Conclusions
In this paper, we considered ABCT of double-integrator

MASs with an AUABJT available to partial agents based on
sampled-data without velocity measurements. We proposed a
sampled-data CTP without velocity measurements and proved
that the proposed protocol is effective to guarantee that double-
integrator MASs with an AUABJT available to only partial
agents achieve ABCT. In this paper, to overcome the difficul-
ties caused by the unavailability of velocity information we
used the numerical derivatives of an agent’s and an AUABJT’s
positions to estimate their velocities. Recently, some dis-
tributed estimation-based CTPs have been proposed to solve

CT of MASs with partial measurements.[36–39] Motivated by
the methods in Refs. [36]–[39], in the future we intend to de-
sign appropriately distributed estimation-based CTPs without
velocity measurements to deal with the issue considered in this
paper. In this paper, we assumed the communication topology
to be undirected and fixed. Considering that the communica-
tion topology might be directed and switching in some real
situations, we will extend this paper’s results to the case of a
directed switching communication topology.
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