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Semi-analytical method of calculating the electrostatic
interaction of colloidal solutions™

Hongging Tian(FHt/K) and Zengju Lian(ZEHE%5)
Faculty of Science, Ningbo University, Ningbo 315211, China
(Received 24 July 2016; revised manuscript received 31 October 2016; published online 22 December 2016)

We present a semi-analytical method of calculating the electrostatic interaction of colloid solutions for confined and
unconfined systems. We expand the electrostatic potential of the system in terms of some basis functions such as spherical
harmonic function and cylinder function. The expansion coefficients can be obtained by solving the equations of the
boundary conditions, combining an analytical translation transform of the coordinates and a numerical multipoint collection
method. The precise electrostatic potential and the interaction energy are then obtained automatically. The method is
available not only for the uniformly charged colloids but also for nonuniformly charged ones. We have successfully applied
it to unconfined diluted colloid system and some confined systems such as the long cylinder wall confinement, the air—water
interfacial confinement and porous membrane confinement. The consistence checks of our calculations with some known
analytical cases have been made for all our applications. In theory, the method is applicable to any dilute colloid solutions
with an arbitrary distribution of the surface charge on the colloidal particle under a regular solid confinement, such as
spherical cavity confinement and lamellar confinement.
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1. Introduction

Colloidal solutions have been studied intensively for a
long time because they are widely applied in industrial pro-
cesses, biotechnologies, foods, and so on. Assembling col-
loidal nanoparticles into ordered structures is essential to the
fabrication of nano-materials with high performance in opti-
cal, electrical, and mechanical properties. Such ordered struc-
tures normally are realized by self-assembly of nanoparticles
for the required motion to reach a minimum energy state due
to the small length scale and interaction energy. The final as-
sembling structure of the colloidal nanoparticles is greatly sen-
sitive to the environmental boundaries. For example, a face-
centered cubic (fcc) and/or hexagonal close packed (hep) crys-
tal structure may be stacked from a bulk colloid solution, =71
an equilibrium hexatic phase or two-dimensional colloidal
monolayer can be assembled of stably trapped colloidal par-

8-121 and more complex 3D

12-17]

ticles at the air-water interface!
structures are obtained by confinement of the cylinder.!
The mechanism of such self-assembling behavior greatly re-
lies on the effective interaction of the system. The fundamen-
tal element of this interaction is obviously the effective inter-
action between two individual colloidal nanoparticles and/or
between the particle and the confined wall.

18,19

Derjaguin et al.,!'®!°) in their pioneering work, showed

that the pair interaction between the charged colloids is dom-
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inated by the repulsive electrostatic interaction and the attrac-
tive van der Waals force (DLVO theory). Their theory has been
widely adopted for the modelling and interpretation of the
colloidal interactions and it has gained some extent success.
However, more in-depth theoretical and experimental studies
reveal that the DLVO theory works only for infinitely diluted
particle solutions and long inter-particle separation. Moreover,
there are experimental indications of an attractive long-ranged
lateral interaction which is intrinsically electrostatic rather
than a van der Waals nature.!?°-2?] These experiments ignited
intensive interest in the study of the electrostatic interaction
between like-charged colloids in bulk or confined conditions in
recent decades. Carnie ef al. calculated forces between iden-
tical or dissimilar spherical colloidal particles using nonlin-
ear/linear Poisson-Boltzmann theory (NPB/LPB).[>3-23] Sev-
eral years later, Ospeck and Fraden solved the NPB equation
using a similar method for two cylinders confined by two par-
allel charged plates and analyzed the confinement effects on
the electrostatic repulsion of the particles, the screen length,
and the effective surface charges on the particles.[’®! In the
same year, Bowen et al. investigated the solution with two
spherical colloids under cylindrical confinement and obtained
an attractive pair interaction. >’ However, it was soon proven
by Neu et al. that this model cannot predict attraction and there
must be a numerical error in Bowen’s calculation.[?3-3% AJl
the above calculations of the pair interaction between the col-
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loids are numerical. The non-linearized Poisson—Boltzmann
equation cannot be solved analytically for a spherical geome-
try or/and other nontrivial confinements. Even under the linear
Poisson—Boltzmann (LPB) approximation, it is still difficult to
obtain an analytical solution of the interaction energy between
two colloidal particles under confined conditions.

In the present paper, we present a semi-analytical method
of calculating the electrostatic interaction between colloidal
spheres under the LPB approximation and apply this method
to the unconfined system and confined systems such as cylin-
der confinement and air—water confinement. So far, in most
studies, the colloid is assumed to be with fixed surface charge
or even with fixed surface potential. While, many exper-
imental indications show that the colloids may be nonuni-
formly charged and this inhomogeneity may be one of the
important reasons inducing the anomalous “like-charged” at-
traction between colloids observed in experiments.!”-132) Qur
semi-analytical method is also available for this situation
and we will elaborate the nonuniformly charge-induced “like-
charged” attraction in Section 3.

2. The semi-analytical method

We consider a universal colloid system: two spherical
colloids with radius R; and R, immersed in an electrolyte un-
der a wall confinement with an arbitrary shape or trapped in
an interface. The electrolyte is defined by specification of a
temperature 7', a total volume V, and chemical potentials for
each kind of ion, y; (i is the i-th type of the ions). So, the en-
semble that we work in is the grand-canonical ensmeble with
the grand potential 2. For convenience, we divide the system
into two regions: one region is in the colloids and the other is
out of the colloids. In the remainder of the paper, we use an
“in” (“out”) index to refer to the evaluation in (out) of the col-
loids. We set two parallel spherical coordinate systems on the
center of two colloids, (r;,6;,y;), i = 1,2, and one cylindri-
cal coordinate system on the center of the confined boundary,
(p,¥,z). We present the formulation in a dimensionless way
unless explicitly specified. All the lengths are in units by one
of the colloid radius Ry, the charge is in units of the elementary
charge e and the electric potential is dimensionless by multi-
plying 1/eff = kgT /e with the Boltzmann constant kg.

The spherical colloids are assumed to be surface charged.
The distribution of the surface charge can be arbitrary. What-
ever it is, we can expand it in terms of the spherical harmonics,
ie.,

Z Z GV, (6 w),

s=0t=—s

0i(61, ;) = i=1,2. (1)

Since the charge is distributed only on the colloid surface, the
electrostatic potential inside the colloid satisfies the Laplace

equation,

V2 (r;) =0, i=1,2. )

Under the mean field approximation and a weak potential
limit, the electrostatic potential outside the colloids can be
well described by the linear Poinsson—Boltzmann theory. For
a symmetric 1 : 1 electrolyte system, it has the form of

V2 Dy (1) — K> Dou (1) = 0. 3)

Here k = \/2z2coAp with the Bjerrum length Ag = €28/ €ouR)
is the inverse screening length in the electrolyte. &, denotes
the dielectric constant of electrolyte, z is defined as the va-
lence of the ions in the electrolyte and ¢y is the dimensionless
concentration (in units of 1/ R?) of ions at the reference point
where Pgye(1) = 0.

Due to the linear approximation, the potential outside the
particles can be written as a superposition of three contribu-
tions: two charged colloidal spheres and the charged confined
boundary. After solving Egs. (3) and (2), we can obtain the
electric potential of every contribution inside and outside the
colloids expanded in terms of basis functions. Then, the po-
tentials of the system read

- Z Z rl St elvll,l) i:1727 (4)
s=01=—s
+oo 8
Dout (1) = Z Z AaRs(r1)Ye (81, 91)

s=0t=—s
+oo 5 +oo

+Y Y BaRs(rn)Yu(62, )+ Y, &
s=0f=—s m=—oo

—&v/ w2+K‘zz' &)

/ dwD,,

Here, I is the imaginary unit. The first two terms in Eq. (5)

W) (wp)e

denote the contributions from the surface charges on the parti-
cles as a function of the standard spherical coordinate, the last
term is the contribution from the charged confined boundary
expressed in the cylindrical coordinate with & = 1 for z > 0
and § = —1 for z < 0. Here, Ry(r;) =r;"*
stance (such as the air) and R(r;) = ks(kr;) for electrolyte

for nonpolar sub-

(such as the water) representing the modified spherical Bessel
function of the second kind. Y (6;,y;) is the spherical har-
monic function and Jj,, (wr) denotes the Bessel function.

The coefficients Cst, Ag, By, and Dy, are determined by
the boundary conditions of the electrostatic potential in the
system. In general, the boundaries should satisfy: (i) the
electrostatic potential should vanish at infinity, (ii) the elec-
tric potential should be continuous on all interfaces, (iii) the
associated electric displacements perpendicular to all the in-
terfaces correspond to the surface charge densities, and (iv)
the given confined boundary conditions. The first condition is

satisfied automatically by the electrostatic potentials expressed
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by Eqgs. (4) and (5). Thus, the coefficients are only determined
by the last three conditions. We can follow the process in
two steps. First, we express D,, as a function of Ay and By
based on the boundary conditions of the confinement by us-
ing a translation-rotation transformation of the spherical coor-
dinate and the orthonormality and closure of basis functions.
This calculation is an analysis process. Then, we give the val-
ues of Ci, Ay, and By, by applying the boundary conditions on
the colloid surfaces using a numerical “multipoint collection
method”.*3] We next describe the above process in detail.
After applying a translation transformation on the spher-
ical coordinate i to a new position which coincides with the

spherical coordinate j (j # i), the expression of the electro-

static potential outside the particles can be rewritten as

out Z Z stR T +BSfR (rt)>Yst(6i7Wi)
s=0t=-—s
oo
+ Z eImu// dwD,, J|m\(WP) \/W2-4-1<2z7
m=—oco
i=1or 2. (6)

Here 7A2X(r,-) = r;* for nonpolar substance and, for the polar
substance, 723.(r1) equals is(xry) for r; < d and equals k(Kr;)
for otherwise with the center—center distance, d. i;(kr) is the
modified spherical Bessel function of the first kind. B,, asso-
ciates with the coefficient B;. It has the form of

Bo_ ZLMBLMWLM,st']éL—s(d)YL—s,M—t(nia¢i)7 for nonpolar substance, 7
" Yomau BivWin s puRa (d) Yy (i, 8:),  for polar substance,
with
1
- 4mw(2L+1)! 2
Wimse = (—1)7F tL—sM—t|LM 8
Lt = (=1) {(21+1)!(2L—2s+1)!} (st L=sM=1|LM), ®
M s LA sL A
Wintsian = (—1)™\/4n(24 + 1)(2L+1)(25+ 1) (0 00 > <[ M) ©
\
Here, Ry(d) = d* for the nonpolar substance; for the polar  and {C%} are yielded
substance, R, (d) equals k,(kd) for r; < d, equals i;(xd) oth-
ance, Tl ) guals kied) fori < . equals (k) o FlAd) (Bu1 (CHLC)0) =0, (13)
erwise. (d,m;, ¢;) is a vector from the center of particle i to
the center of particle j with respect to the spherical coordinate F2({Aa}, {B}, {C 2 {C 1,601, y1) =0, 14
system (r;, 6;, ). F3({As},{Bs}, {C b {C },602,y2) =0, 15)
Substituting the electrostatic potential in Eq. (6) to the Fa({As},{Bs}, {C 1, {C 1,62,9) =0 (16)

given confined boundary conditions, we can express D,, pre-
cisely as a function of the coefficients A;,,, and By, ascribing to
the orthonormality and closure of the Bessel functions and/or
exponential functions.

Dy (w) = D,y (w,Ag, By ) JH(w). (10)

The right hand of the above equation is in general a standard
Hankel transform or Fourier transformation.

Now, we substitute the electrostatic potentials (4) and (6)
into the boundary conditions on the sphere surfaces,

¢iin(,r‘l') :¢Out<rl'>7 T[GS{, i= 1723 (11)
(tV P}, (11) — V Pou (7)) - 1 = A 0i(77),
reS, i=1.2, (12)

where S; represents the surface of particle i and n; is the outer
normal unit vector of S;. o;(r;) is the surface charged den-
sity of the i-th sphere. T = €&,/&u is the ratio between the
dielectric constants of the particle and the fluid. Four linear
functions associated with the coefficients {Ay}, {By}, {C}},

Using the so-called “multipoint collection method”, the
coefficients {Ay}, {By}, {CL}, and {C2} can be determined
by substituting a discrete set of points on the spherical bound-
aries. The equations are solved by an iterative method. First,
after an initial guess at the coefficients {Ay }, {By }, {CL}, and
{C2}, we get the value of D,, from Eq. (10) through a Han-
kel or Fourier transformation. Then, by applying the “multi-
point collection method” and inserting the obtained D,, into
Eqgs. (13)=(16), {As}, {By}, {CL}, and {C?} are then ob-
tained. These new results are used as input values for the next
iteration. It should be noticed that, in the complete expansion
in Eqgs. (13)—(16), there are infinite numbers of coefficients to
be determined, i.e., infinite numbers of points on the spherical
surfaces are needed in a numerical calculation. Fortunately, in
a real numerical calculation, the expansions can be truncated
at some finite value, i.e., Spax = N.

After obtaining the electrostatic potential of the system,
the grand energy of the system reads

pQ = %/‘/dre(ﬁ [IV @i (1)* + |V Do (1) ]
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drn;(logn: A3 —1)— drn;. (17
Jrjz;,:/v rn;(logn; ) BNJ%/V rn;j. (17)

Here, A and ny are the reduced thermal wavelength and di-
mensionless densities of positive and negative ions in the elec-
trolyte, respectively. The last two terms are the entropies as-
sociated with ion distributions. The interaction energy of the
system then can be obtained by minusing the energy when two
particles go to infinity, fQo, i.e., BQiy = BQ — Q. In the
linear screening approximation, for the asymmetric 1 : 1 elec-
trolyte system, the interaction energy can be rewritten as

B — i LZIZ / A4S Bout(r)5:(7)

+ / dSCCPOutGC(r)} — B, (18)

Here, S; and S, are the particle surface and the confined bound-
ary surface, respectively. o, (r) denotes the charge distribution
on surface S..

3. Application of the method
3.1. Unconfined system

We first apply the method to the electrostatic interaction
between two like-charged colloids in a dilute unconfined col-
loidal system. The colloids are nonuniformly charged with the

same radius R| = Ry = R. We consider a simple surface charge
distribution like

0; = 0p(1+ bocos(6y;)). (19)

Here, 6y, is the angle with respect to the i-th effective dipo-
lar moment. by and oy are two arbitrary constants. After a

Z Bllem,stJL,/Jkl (Kd)Yl,u (lev ¢j)
ImAp

0 2
|:ar1ks(Kr1)|r1=1 — TSks(K):| Ag+ Go(g\/ 37bo &1 10 +2v/T850,40)

rotation translation of o;, it can be expressed in (r;, 6;, ;) as

follows:
00[2v/7Y0,0(6;, ;)
+ﬁboY1,o(9i»%)]a i=1,
:(6) = 00[2v/7Y0,0(6;, ;) (20

4r
+?bo(Y1,o(Y, a)Y10(6;, ;)

Y11 (7, 00)Y1.1(6;, W)
Y11 (7, )Y1 —1(6, %)),

i=2.

O

Fig. 1. (color online) Sketch of the system with two like-charged parti-
cles immersed in an electrolyte. Two parallel coordinates are set on the
particle centers respectively. The effective dipolar moment of particle
1, p1, is along the z; axis and the dipolar vector p, for particle 2 is
denoted as (p,7, o) with respect to spherical coordinates 2.

In this unconfined system, D,,(w) = 0 in Eq. (5) which
profoundly simplifies the calculation. Due to the orthogonality
of the spherical harmonic function Y (6, y), the linear equa-

tions (13)—(16) can be simplified as follows:

d
TSiS(K) — Tmis(Krl)bl:l

Z Allem,stJL,/J kl (Kd)Yl,u (77[, ¢l>
ImAp

; ey

d 1 .
|:ar2ks(K‘r2)|r2=1 — TSkS(K'):| BS, + g\/ 67'[(70[?0(610‘5517,1_1 — 671a5517,«1) sy

d
TSiS(K) — Tmis(Krz)hZ:l

2
60(§v37fb0<305}’5s1,z0+2\/E5s0,z0)
T - L) |
Ly arzls 2 )|rn=1

(22)

d d 2
is(K)kas'(Krl)|r1:1 - ks(K)arlis(Krl)rll] Ayt is(K)GO |:3\/§b06s1,t0 + 2ﬁ5so,to

1
Co =
sTig(K) — =—is(K71) | =1

or

+ 5 , (23)
sTis(K) — afrlis(l(rl)blzl
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J 0 2
{is(K)grzks(KrZMrzl - ks(K)arzis(KFZ)rzl:| By + g\/ﬁGObOiS(K)(ssl.,ZO cosy

2 _
Cst_

+

is(x)op Bv 67ho(e'* 81,1 — e 1%851 1) siny+ 2ﬁ5&'0,t0:|

d
TSiS(K) — Trzis(’(r2)|r2:1

Tsig(K) — an

These four linear equations can be analytically solved as long
as the indices s and [/ can be truncated, i.e., spax = N; and
Imax = Na.

After solving the coefficients by the above four equations,
the electrostatic potential of the system and the instantaneous
interaction energy for a specified configuration of the two col-
loid spheres can be obtained by Egs. (4), (5), and (18). It
should be noticed that, in a real experiment, the colloid can
rotate due to thermal agitations. An instantaneous interaction
energy does not represent the experiment measured one. In
order to get the experimental comparable results, we have to
calculate the potential for all the possible orientations and av-
erage the results with a Boltzmann factor.

_ [dwpQe PO

BQin = Tdwe e = By, (25)

where @ denotes the angle position of the second sphere and
relative orientation of the two spheres.

—o—by=1

471)0:2
—6 ——by=3
° (d.) ﬂ*bo:4
3 4 5 3 4 5
d d

Fig. 2. (color online) The effective interaction energy as a function of
the reduced colloid—colloid separation for uniformly and nonuniformly
charged particles. The dashed lines in orange are the nonlinear fits with
the screened Coulomb potential. The radius of the particle R = 0.5 pm
and the total charges of one colloid Q = 500.

Figure 2 shows the results of the effective interaction be-
tween two like-charged colloid spheres after an average with
the Boltzmann factor as given by Eq. (25). From this figure,
we find that the interaction energy is sensitive to the distribu-
tion of the surface charge on the colloid. The electrostatic re-
pulsion decreases with the increase of by which characterizes
the surface heterogeneity. Only when by = 0, is the distribu-
tion of surface charge homogenous, otherwise, it is inhomoge-
nous. The effective dipolar moment of the surface charge with

(24)

is(Kr2)|r,=1

\
the distribution in Eq. (19) is ﬂbo7z:R3 op. Obviously, the ef-
fective dipolar moment increases linearly with bg. So, figure 2
indicates further that the electrostatic repulsion weakens with
the increase of the effective dipolar moment of the colloidal
particle. When the effective dipolar moment is large enough,
the electrostatic repulsion turns to attraction. This interesting
result illustrates that the “like-charged” attraction is possible
and it even exists in such an unconfined system as long as
the colloid is nonuniformly charged and its dipolar moment
is large enough. The critical value of the effective dipolar mo-
ment at which the interaction turns from repulsion to attraction
is affected by the screen length of the water. Figure 2 shows
that the critical dipolar moment is smaller for a shorter screen
length. Meanwhile, the colloid characters, such as the size and
the total charge, are other important roles in effect on the pair
electrostatic interaction. For a detailed illustration, we refer to
our early work.3%

The orange dash lines in the figure are the nonlinear fits
with the screened Coulomb potential for the case of the ho-
mogenously charged colloid. They fit well at the large col-
loidal separation which confirms the reliability of our calcula-
tion.

3.2. The colloid system with a cylinder confinement

Since the anomalous “like-charged” attraction is mostly
found in a confined system in real experiments, we extend
our calculation to the confined case and study the combined
effect of the nonuniform charge distribution and the confine-
ment on the interaction energy. Here, we consider a diluted
colloid solution confined in a long charged cylinder wall (see
Fig. 3).133] We still use the same distribution in the above
model in Eq. (19) to character the inhomogeneity of the sur-
face charge on the colloid.

chargedcylinderwall S,

the direction of effective
dipolar moment,
PO Y

/ \d
/the direction of effective
dipolar moment

Fig. 3. (color online) Sketch of the system with two charged spheres
immersed in electrolyte confined in a cylindrical wall.
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The boundary conditions of the cylinder wall are associ-
ated with its physical or/and chemical characters. Two kinds of
walls are usually used in the experiment: one is the glass*>~37]
and the other is a conductor.3®! These two walls can be mod-
eled by two simple boundaries: the fixed surface charge model
and the fixed surface potential model.

The calculation procedures of the interaction energy for
these two models are similar but they have different specific
formulaes for the D,,(w) in Eq. (10). For the model of the
fixed surface potential boundary of the cylinder wall, H(w)
and Dt (w, Ay, By,) have the forms of

Dm (W;Ast y Bst)

o 27
-7 dzdw[ZAsvtks(xn)Ys,t(el,un)lp:h
st

i zBs,,ksocrzm,,(ez,wz>|,,=h}
;

X e*(g\/ W2+K'21+Iml[1)7 (26)
H(w) = —47%J, (wh). 27)

While, for the fixed surface charge case, they read
Dm (WyAst s Bst)

o 21
= /0 b dZdW{ |:ZAs7tks(Krl)YS,t(617 IVI)'P:h
T

+ ZBs,tks(K"Z)Ys,t(eb IV2)|p:h:| TCaK\m|(Wp)/ap|p:h

st

— Kjpy (Wh) {ZAlsma[kl(Kra)Yl’m(cos Or V)] /9P pi

Im

Y A1 (7)Y (€05 0 W) /0P p—1 — oc} }

I,m
% e—(é vV w2+K2Z+Iml4/)’ (28)
Hw) = K (51)20,504) /9l
— Jj|(Wh) T 0K (WP) /P - (29)

Here, 7. is the dielectric constant ratio between the cylinder
wall and water. K,,(|w|p) is the modified Bessel function of
the second kind. The coordinates of two spherical systems and
the cylinder system have the relationship with

re=4/p%+(z+d)?, (30)
r=4/p*+(z—d)? 31

cos 0y = (z+d)/y/p*+ (z+4d)?, (32)

cos0, = (z—d)/\/p>+(z—d)%. (33)

In general, equations (26) and (28) are the two dimensions
Fourier transforms. When the effective dipolar moment of the
colloids are parallel with the symmetry axis of the cylinder

wall (parallel case), the system has a cylindrical symmetry.
Then, the Fourier transforms can reduce to one dimension.
Once getting the specific expressions of Dy, (w) and H(w), the
electrostatic potential and the interaction energy can be ob-
tained by solving Egs. (13)—(16) and (18).

A comparison of interaction energies with various
sphere—wall separations, /, is shown in Fig. 4. In the case
of the fixed potential model, the interaction energy increases
with & for the four different distributions of surface charges
on the spheres, bg =0, bg = 1, by = 1.7, and by = 2. While,
for the fixed charge density model, the situation is opposite.
Interestingly, whatever the boundary condition of the cylinder
wall is, the interaction energy tends to the unconfined case.
For the case of an unconfined system denoted by a solid line
and the case of & = 10 for both the fixed potential model and
the fixed charge density model, they are superposed and hardly
distinguishable. This provides a consistency check of our cal-
culations. Like the case of the unconfined system, the fig-
ure also suggests that the interaction energy changes quanti-
tatively and qualitatively with the heterogeneity parameter of
the surface charge on the particle, bg. It is most noticeable that
the reduction of the sphere—wall separation also qualitatively
changes the interaction energy for both by = 1.7 and by = 2
in Figs. 4(c) and 4(d). It suggests that the cylindrical confine-
ment is another important reason to cause the “like-charged”
attraction.

H w‘ OQI' fixed po'tcntial model
14 o h=2.0

' o =213
&% ke =25 1
L eeh=10.0
\ % fixed charge model
¥ &

W e h=12.0
o h =213 7]
X T+ h=2.5

8o > h =10.0
LRSS

®

IBQint
[\

ﬁQint

Fig. 4. (color online) The interaction energy of two spheres as a function
of the colloid—colloid distance with different sphere—wall separations &
for two models of the boundary conditions on the cylinder wall. The
solid line is the case of the unconfined system. The other parameters of
the system are R = 0.5 um, Q = 500, and k1 =0.846.
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3.3. The interfacial colloid system

The study of the system with colloidal particles trapped
at the air—water interface has caused intensive interest for a
long time because such system can easily assemble a colloidal
monolayer. This monolayer is an interesting model system for
exploring physical bases in reduced dimensions and because
they can be used to engineer novel materials.

After the pioneering work by Pieranski,?"!

it is widely
recognized that the electrostatic interaction between two par-
ticles trapped in an air—water interface involves mainly two
components: the Coulombic contribution and the dipolar
contribution. “%#!1 The former term arises from the overlap of
diffuse layers in the gap between neighboring particles. The
latter term is due to an asymmetric counterion cloud surround-
ing each particle as a consequence of the asymmetric dielec-
tric medium (air/water). After the assumption of point particle
and linear Poisson-Boltzmann approximation, Hurd*? gave

asymptotic forms of the inter-particle energy
BQiy =Ae * /d+Bd 3. (34)

Hurd’s calculation turns out that, for a large inter-particle sep-
aration (kd > 10), the power-law dipolar contribution domi-
nates the interaction and it decays asymptotically o< 1/d>. The
prefactors A and B in Eq. (34) determine the magnitudes of
the screened Coulomb interaction and the dipole—dipole inter-
action. They depend on the effective charges of the particles
and the effective dipole moments caused by their surrounding
counterions, respectively. The dipole moment caused by the
asymmetric dielectric medium is perpendicular to the inter-
face, thus B > 0. However, considering the nonuniform distri-
bution of the surface charge on the particle, the dipole moment
may orient diagonally with respect to the air—water interface
with an angle o. Unfortunately, this situation is rarely con-
sidered in either Hurd or others’ works. Noticeably, the coun-
terions associated with the particles can arrange themselves
and spread uniformly around the particle even though the par-
ticles are weakly nonuniformly charged. Thus, for weakly
anisotropic distribution of the surface charge on the colloid,
the corresponding effective dipole moment may still be per-

e.[*31 While, for strongly anisotropic

pendicular to the interfac
distribution of the surface charge, such as so-called “Janus-
like” charged colloids (positive and negative charges coexist
in different patches on the colloid surface), the possibility of
an effective dipole moment oriented diagonally with respect
to the interface is foreseeable. When the angle o reaches a
critical point at which the parallel dipole—dipole interaction
translates from the repulsion to the attraction, finally, the coef-
ficient B may be less than zero. This implies that the like-
charged particles trapped in the air—water interface may at-
tract each other. Such inter-colloidal attraction was also in-

dicated in the metastable mesostructures at the aqueous in-
terface in many experiments.[*1931441 Some researches at-
tributed this attraction to other reasons, such as, the capillary
interaction.[*>~*°1 However, a complete and final picture has
not yet been reached.

water (P_, €, K)

Fig. 5. (color online) Sketch of two charged spherical colloids trapped
in an air—water interface. Three coordinate systems are set in the sys-
tem: two parallel spherical coordinates whose origins are fixed on the
center of the colloids and one cylindrical coordinate whose origin is
fixed on the center of the first particle-interface intersecting plane. The
flat interface is on z = 0 and separates an upper air phase (dielectric con-
stant £, ) from a lower electrolytic phase (dielectric constant €_). Two
colloids are trapped in the air—water interface with a center—interface
distance & and the center—center distance d.

We apply the above semi-analytical calculation in an in-
terfacial system with two nonuniformly like-charged colloids
(see Fig. 5).5% The colloids are trapped in the air-water inter-
face with a center—interface distance h. The colloidal spheres
are assumed to be surface charged. The charges usually result
from the dissociation of chemical groups on the particles in
the polar substance. Thus, the distribution of the charges must
be asymmetric with respect to the reflection in the plane of the
interface since the chemical groups cannot dissociate in a non-
polar substance. Meanwhile, the charge on the water—colloid
surface is not always distributed uniformly for the possible
renormalizing of the chemical groups immersed in the water.
Moveover, negative and positive ions may be both dissociated
from different chemical groups (it is common for biocolloid).
It means that positive and negative patches may coexist on the
colloid surface forming so-called “Janus” particles. We as-
sume a simple form to describe this asymmetry,

o (R,6;, %) =0, r; €S/, (35)
o; (R,6;,y;) = 0p(1+6b1 +bicos26;)(1+bycosy;),
ri€s;, (36)

with ¢ = (143 cos B —2cos* B)/3(1+cosB) and sin B =h/R.
Here, c;ijE (R, 6;, ;) are defined as the surface—charge distribu-
tions on the particle i. In the remainder of the paper, the + (—)
index will refer to evaluation in the air (water) phase. §; repre-
sents the surface of particle i. oy is the average surface charge
density. b and b, are adjustable parameters characterizing the
surface heterogeneity. The additional term of ¢ ensures the
total charge of the particle is independent of the coefficients
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by and b,. Then, the total charge of the particle then can be
expressed as Q; = [ dSc;* (R, 6;, y;) = 2wR*>6(1 + cos B).

Because the system is divided into an air phase and a wa-
ter phase, the electrostatic potential outside the colloidal parti-
cles in Eq. (5) should be rewritten as follows:

oo g
Doi(r) = Y Y AGRY (r1)Yu (61, v1)

s=01=—s

oo §
+Z Z B;&R;‘:(FZ)YNI(B%WZ)

s=0t=—s

+oo oo
+ Z el’"‘”/ de,j,j(w)J|m|(wr)efwiz7 37)
0

m=—oo

with wy = &/w2+ k3. Here, R (r;) = r;* for the upper
region and R (r;) = ks(xr;) for the lower region. We as-
sume a neutrality condition on the air—water interface. Then
the boundary condition on the interface has the form of

D (1) = Py (1) =0, 17— oo, (38)
0D (r adt (r )

Oailgmzrawgiuzt()a T¢Via l:1,2, Z:07 (39)
Doy (r) = Pfy(r), T¢V, i=12, z=0. (40)

Here, 7, is the dielectric constant ratio between the air and
the water. Obviously, the boundary condition of Eq. (38) is
satisfied automatically for the potential with the above form of
Eq. (37). The conditions of Egs. (39) and (40) can be extended
to the region in the particles by continuing the outside field
¢, with a virtual solution into the interior of the particles and
making T,y = 1 in the particles. Thus, we can express D pre-
cisely as a function of the coefficients All:n and Blim in Eq. (10)
ascribing to the orthonormality and closure of the Bessel func-
tions {J},,(wr)} and exponential functions {e"¥}. Here,

Dy (w,Aj;, BE)

Im>

~+oo
= / er|m‘(wr)r
0
OP(z=ricos6 +h=0)

X Xz" |:Elm(r) 97

+GEW)Quu(r) Py (z=r1cosO; +h=0)|, (41)

with
Em(r) = [ Ee I e LR )+ B, R ()
Im 47r(l+m)’ aw\ A m N Im"™1
— (AR (N +B, Ry (1)), (42)
21+ 1)(I —m)! A
0n(r) = [y P LR )+ B R ()
— ARy (1) =B, Rp (), 43)
Gr(w) = Vw2 + 2, (44)
G (W) = Taww, (45)

H(w) = Vw24 K2+ Tyyw. (46)

Equation (41) is the standard Hankel transform. The rela-

QI+ 1)(I—m)! imy
all+m)] P (0)e™Y with

the standard Legendre function Py,,(6) is used in this equa-

tionship of ¥;,,(0,y) =

tion. When the colloids are both half-immersed in the air—
water interface, i.e., h =0, dP,,(z=ricos0+h=0)/dz =
0Py (61 =7/2)/06; and Py,(z = ricos@ +h = 0) =
P[m(e] = 71'/2).

60y "0b =0, by=0 ]
°by=1,b=0 -
Ab1:2,b2:0

40t bi=0, by=1 1
ﬁb1:0,b2:2 i

" fit equation:
= Ae*d/d+Bd—3

Fig. 6. (color online) The electrostatic pair interaction (hollow sym-
bols) of two like-charged particles trapped in the air—water interface as
a function of the dimensionless center—center distance d with differ-
ent surface distributions. The solid lines are corresponding nonlinear
fits (the fit equation is given in the inset). The other parameters are as
follows: particle radius R = 0.5 pum, total surface charge Q = 2000 (in
units of unit electric charge), T = 300 K, 2 = 0, and the screening length
k=1 = 1.06.

Figure 6 shows the calculation results (denoted by hollow
symbols) of the lateral pair interaction, fQ;,, between the par-
ticles with radius R = 0.5 um and the total charge Q = 2000
for different surface charge distributions. From this figure, we
find that the interaction varies quantitatively or even qualita-
tively with the surface charge distribution. For most situations,
there are pure repulsions between two like-charged colloids.
While, for the situation of by = 0 and b, = 2, a deep poten-
tial well emerges at d = 2.2, which indicates a considerable
attraction between the particles. It is an interesting result for
the potential application in expressing the experimental self-
assembly behaviors of the interfacial colloid system in recent
years. Ghezzi et al.!>*>1-53] ysing deionized water found that
the polystyrene spheres on a flat water—air interface exhibit
spontaneous formations of stable colloid cluster and compli-
cated metastable mesostructures. These experiments revealed
the presence of both an attractive primary minimum and an
attractive secondary minimum in the effective intercolloidal
potential at separations d < 3.0 and d ~ 3.0 ~ 10, respec-
tively. The weaker attraction with longer interacted range is
widely attributed to the long-range capillary force which de-
cays o 1/d for non-isolated system.[!%47435] The stronger
attraction is generally owing to the competition of the elec-
trostatic repulsion and the van der Waals force. According to
the results in Fig. 6, we can now expect that the electrostatic
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attraction induced by inhomogeneity of the surface charge on
the colloid may be another important reason to cause the pri-
mary minimum in the inter-colloidal potential.

As the inter-particle separation is large, the colloids can
be considered as point charges. In this situation, the pair inter-
action energy can be obtained by superpositing the screened
Coulomb interaction and the effective dipole—dipole interac-
tion of the counterionic cloud associated with the interfacial
colloidal particles. It should have an asymptotic form as re-
ported in Eq. (34) deduced by Hurd. For d > 2.8, our results fit
well with Hurd’s formula (see the solid lines in Fig. 6), which
confirms the reliability of our calculation.

3.4. The colloid-orifice member system

The study of the dynamical behavior of the colloid sus-
pension through an orifice or a porous medium, such as
electrophoresis and attachment, is of great significance in
industry, the environment field, as well as the biological
field. This colloid-orifice/porous member system is an in-
teresting model system for fundamental research in contam-
inant transport, soil profile development, subsurface migra-
tion of pathogenic microorganisms, transmembrane transport
of biomacromolecules, and so on.%%% The fundamental ele-
ment of the dynamical behavior of this colloid system is obvi-
ously the interactions of the colloids and orifice/porous mem-
ber.

The electrostatic interaction of a colloidal particle re-
stricted by an orifice in a large conducting plane has been in-
vestigated in the pioneering work by Keh and Lien.[®!] Un-
fortunately, this analysis was insufficient for the following ap-
proximations: i) an assumption of thin double layers adjacent
to solid surfaces; ii) neglecting the size effect of charged par-
ticle; and iii) a simply homogeneous boundary on the charged
particle surface. Now, using the Poisson—Boltzmann theory
and considering the size effect of the particle and the exact
boundary conditions of the particle surface, we make a sys-
tematic examination of the axisymmetric electrostatic interac-
tion of a charged particle creeping along the axis of an orifice
in an infinite plane.6%]

Figure 7 shows a simple model of a charged spherical par-
ticle with radius R in the vicinity of a plane with a circular ori-
fice of radius h. This particle can creep along the axis of the
circular orifice. The system is immersed in an electrolyte with
anion and cation of valence zy, modeled by a dielectric contin-
uum of dielectric constant &. For convenience of calculation,
we divide the area outside the particle into two parts: part I
corresponds to the region of the electric solution of z < 0, in-
cluding the colloidal particle; part II denotes the region of the
electric solution of z > 0. Here, the index I (II) will refer to
evaluation in the I (II) phase. We denote the boundary with
the Cartesian coordinate z =0, p > & by Sy, (not including the

circular orifice), the surface of circular orifice (z =0,p < h)
by So, and the surface of the particle by S,. Here, (p,z, V)
and (r,0,y) denote the circular cylindrical coordinates and
the spherical coordinates, respectively. The origins of these
two coordinates are fixed separately at the sphere center and
the orifice center.

—————————————— (15 ————
\_/SO

Sy 1’ d |
Sw

Fig. 7. (color online) A spherical particle creeping along the axis of a
circular orifice.

For simplification, we assume the particle to be uniformly
charged (the calculation method in the present paper is also
available to the nonuniformly charged particles, but we should
make a 3D calculation). Since the spherical particle is located
on the axis of the circular orifice and is uniformly charged,
the system is an axisymmetric one. That is to say, the electric
potentials of the system are independent of the rotation angle
y. Following an idea of the multipole expansion method, the
electric potentials &y and &y outside the particle and &;, in-
side the particle can be expanded in terms of basis functions,

oo
P = ZASkS(Kr)RY(cos 0)

5s=0
+ / F(w)wJo(wp)eV WK gy,
Jo

s=0,1,2,... 00, (47)

Py — / G(w)wlo(wp)e VW dy, (48)
0
—+oo

Dy = Y Cr'Py(cosB), s=0,1,2,...,00.  (49)
s=0

Two kinds of boundary conditions of the orifice plane are
considered in this paper. One is the fixed potential model (cor-
responding to a conducting plane), and the other is the fixed
charge model.

3.4.1. Fixed surface potential model for the surface of
the orifice plane

Since the plane extends to infinity and is an equipoten-
tial surface, we set the electric potential on S, as the elec-
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tric potential reference point. It should be noticeable that the
electric potential at the orifice (the surface of Sp) is not nec-
essary to be zero, which can be defined in a general form as
P[5, = Prils,. = f(p). Meanwhile, the current flux is con-
tinuous for p < h. The boundary conditions on the surface of
the orifice plane then can be summarized as follows:

Pi(r) = Pu(r) = {{;(”)’ :Egi (50)
V‘PI(’I") = V‘PII(’I")7 resSy. (51)

Substituting the electric potentials @ and &y into the
above boundary conditions and making an Hankel transform,
we can express the prefactors F(w) and G(w) as follows:

FO) == [0+ o). 62
Gw) = 3 i)~ st

Here,
Hi(w) = / Tdp Y Aks(kr)P, (cos8) plo(wp),  (54)
0 s=0

h (=]
H; (w) :/0 dp ZASPJ()(WP)(k;(Kr)KPS(COSG)COSG
5s=0

.9
"+ ky(k7) P (cos 6) 9), (55)
r

with r = \/d?>+p?, cos® = d/\/d*>+p?, Kki(kr) =

dks(x)/ dx|y=xr, and P}(cos 0) = dPs(x)/dx|x=cos -

3.4.2. Fixed surface charge model for the surface of
the orifice plane

In this case, the normal gradient of the electric potential

on the orifice plane is proportional to the surface charge den-

sity 0,,. The potential and current flux at the orifice are also

continuous.
Pi(r) = Py(r) =g(p), 7€ Sw,S, (56)
o A’BGMM rc Swv
(Vi) - ()~ { 27 7T 5

where n,, is an outer normal unit vector of surface G,,.
Similarly, we substitute ¢ and Py into the above bound-
ary conditions and obtain the precise expressions for F(w) and

G(w),

F(w) = 5 [H5 00) ~ Hi (0], (58)
GOw) = 5 [H5 () + H ()] (59)
Here,
H3 ) = s { 2 8(0) = ()] = H ) } . 60)

Hi(w) = /h “dp Y AspJo(wp) (k:,(Kr)KPY(cosG)cosG
s=0

. 2
+ky(kr) P, (cos §) Smr 9). 61)

Once getting the specific expressions of F(w) and G(w),
the electrostatic potential and the interaction energy can be ob-
tained by solving Egs. (13)—(16) and (18).

Figure 8 shows the interaction energy between the parti-
cle and the orifice plane as a function of the particle—orifice
distance d for different orifice radius 4. To be convenient for
comparison between the fixed potential model and the fixed
charge model of the orifice plan, we display the results of
these models in the same figure. The figure shows significant
difference between these two models. There is electrostatic
attraction between the particle and orifice plane for the fixed
potential model, while it is pure electrostatic repulsion for the
fixed charge model. It is a remarkable result because it opens
the possibility to manipulate particle—orifice interactions (ad-
sorption and desorption) in a reversible manner by switching
the orifice plane condition between fixed potential and fixed
surface charge. To check the consistency of our calculations,
the analytical result of the electrostatic energy for the same
particle normal to an infinite plane (it can be easily solved in
the bispherical coordinate) is compared with the results of the
limiting case as & — 0. Obviously, they agree well with each

other.
T T T T
OF
—2r —O0—h=02
= —O— h=0.5
& —¥—h=0.8
Q. —V—h=1.0
h=1.5
—4+ plane 47
B\, fixed charge model
Ok '
. . 1 2
_6l fixed potential mode d i
1 1 1 1
1.2 1.5 1.8 2.1
d

Fig. 8. (color online) Interaction energy of the charged particle and
the orifice plane as a function of reduced particle—orifice distance d
for different reduced orifice radius 4. Two kinds of boundary condi-
tions of the orifice plane are considered: the fixed potential model and
the fixed charge model (shown in the inset). The Debye screen length
k! =1.195.

Figure 8 also reveals that the attraction (repulsion) be-
tween the particle and the orifice plane for the fixed poten-
tial model (fixed charge model) is weakened with the increase
of the orifice size h. Obviously, the interaction vanishes as
h — oo. From our calculation, we can find that the interaction
is also sensitive to the total charge on the particle, the size of
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the particle, and the charge density of the orifice plan.[®?! The
increases of these parameters enhance the interaction. Mean-
while, the interaction range can be shortened by decreasing the
screen length of the water, which can be achieved by increas-
ing the ion concentration cq or/and the ion valence zq for their
relation of k1 204/¢0-

4. Summary

In this paper, we present a semi-analytical method to cal-
culate the electrostatic interaction of the spherical colloids
by combining the analytical expansion of the basic functions
and the coordinate translation-rotation transform and the nu-
merical multipoint collection method. We have successfully
applied the method into an unconfined diluted colloid solu-
tion and many confined cases such as long cylindrical wall
confinement, the air—water interfacial confinement and porous
membrane confinement. “Like-charged” attractions are found
between the particles when the particles were nonuniformly
charged for both unconfined and confined systems. Further-
more, we systematically analyzed the effectiveness of sensi-
tive parameters to the interaction energy of the system. For
every application, we have made consistence checks of our
calculation with some known analytical cases. The distribu-
tion of the charge on the particle surface can be uniform or
nonuniform in our given applications. In fact, our method has
no constraint on the surface charge distribution of the particle.
Moreover, in theory, the method in the present paper is avail-
able for any dilute colloid solution with a regular solid confine-
ment such as spherical cavity confinement and lamellar con-
finement. Consequently, there is still a wide potential applica-
tion in the colloidal system. Finally, we should note that the
colloid particle should be weakly charged in our method, such
that the superposition approximation applied in Egs. (4) and
(5) is reliable. However, for the strongly charged colloid or
the concentrated colloid solution, the nonlinear effect should
be considered in electrostatic potentials.
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