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Diverse features of magnetization curves of uniaxial crystals:
A simulation study
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We present a simulation of the magnetization curves, energy, probability, and torque landscapes of uniaxial systems
with up to five anisotropy constants. The total energy used in the simulation is the sum of the anisotropy and Zeeman
energies. The exchange interaction is not considered in the present work in which we treat single-domain-particle systems
within a classical mechanics-based model. Diverse features of the calculated magnetization curves are highlighted for the
studied systems. These diverse features are strongly dependent on the sign and magnitude of the simulation parameters.
The model is versatile enough to handle both hypothetical and real material systems, e.g. HoFe;;Ti and Y,Coy7.
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1. Introduction

We use the fundamentals of classical statistical mechanics
in constructing a model to calculate selected magnetic prop-
erties of uniaxial hexagonal and tetragonal systems. In this
method, we construct the partition function which is subse-
quently used to derive physical properties of anisotropic mag-
netic systems, !l such as magnetization and the most probable
orientations of the magnetization vector for different system
parameters.

One of the aims of the present study is to explore the role
that the magnetocrystalline anisotropy plays in the magneti-
zation process. This role is expected to result in very differ-
ent magnetization curves. Some ferromagnetic materials have
magnetic anisotropy constants which may span 1-2 orders of
magnitude, in addition to the diversity in the temperature de-
pendence of their anisotropy constants. (>3]

The first attempt, to present an analytical solution for
ferromagnetic systems with two anisotropy constants, has
been published by de Jesus et al.l*l Other researchers re-
ported on analytical works on systems with three anisotropy
constants.!>~7 Tt is hoped that simulating the magnetization
curves for more complex systems, i.e. systems described by
several (up to five) anisotropy constants, would be beneficial
in handling both real and hypothetical systems. For example,
unusual or peculiar temperature dependence of anisotropy has
been reported by Millev et al.,!®! Kaczmarek et al.,'%! Qian
et al.,"""! and Opahle e al.!'”! on hypothetical MCos com-
pounds.

There are different methods for calculating the magneti-
zation curves of magnetically ordered materials. One well-
known method is the energy-density minimization method.
This method basically depends on finding the magnetization
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angle at which the system’s energy is minimum. Conse-
quently, the field dependence of magnetization is determined
by calculating the magnetization component along the field di-
rection. Several authors have used this approach for calculat-
ing the magnetization curves.!'3-1%! In particular, theoretically
calculated magnetization curves have been obtained by John-
son et al."* for magnetic fields applied along different ori-
entations of a ferromagnetic cubic single crystal. Moreover,
Kim et al.!'> have used the same approach for calculating the
magnetization curves of the PrpFe4B compound in the two-
sublattice scheme.

Other methods have been reported for calculating the
magnetization curves.!!7~2% For example, Hatta ef al.!'’] have
used the Green’s function theory for calculating the magneti-
zation curves of Fe and Ni in high magnetic fields. An ap-
plication of the hyperbolic model of magnetization has been
presented by Meszaros.[!® Using the aforementioned model,
Meszaros calculated the normal magnetization curves of soft
magnetic iron—nickel and iron—silicon alloys. He concluded
that the calculated curves show good consistency with the
measured ones for all magnetic fields up to saturation. Further-
more, Zhdanova et al.l'”! have calculated the magnetization
curves for the orthorhombic FeB single crystal along the main
crystallographic directions. Their calculations, based on the
Neel theory of magnetic phases, showed a good agreement to
the experimental curves. Using this approach, they also deter-
mined the saturation fields along different principal axes and
the magnetocrystalline anisotropy constants.

Moreover, extensive theoretical calculations of the mag-
netization curves, which took both the crystal and exchange
fields into consideration, showed that this method is appro-
priate for describing the properties of the rare-earth transi-
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tion metal compounds, e.g., RyFe 4B,>!"231 R,Co4B,** and
HoFe; Ti under the effect of high pressure.?]

We adopt, in the present method, a dimensionless-
parameter approach. This approach takes into account the rel-
ative strength of the different anisotropy terms, and the Zee-
man energy compared to the thermal energy kg7 of the mag-
netic systems at thermal equilibrium assuming, of course, that
they are in thermodynamic equilibrium. Several normaliza-
tion options have been reported in the literature to suit the

6,7.26.271 For example, a normalization to the

methods used. !
first anisotropy constant K| was used for systems described
by only two anisotropy constants.?®! For systems with three
constants, however, the choice was to normalize to K[ or
K3.171 Our choice of normalizing relative to the thermal energy
has the versatility of carrying out the calculation of the mag-
netization curves without referring to a particular temperature-
dependence of the anisotropy constants. In addition, it demon-
strates the strong effect that the thermal energy has on the mag-
netization process of the systems studied. We have success-
fully applied the method described here to calculate the mag-
netization curves of compounds of diverse magnetic proper-
ties, e.g., SmyFe 7N, 1281 (Nd;_Pr,),Co14B with x = 0-1,[2%]
Y,Coy7, and GdyCoy7.139 It is planned to report on those ma-
terial systems in the near future.

2. Theoretical model and computation

It is known that the magnetic energy of magnetic ma-
terials may include different kinds of energies, e.g., magne-
tocrystalline anisotropy, shape anisotropy, magnetoelastic and
magentostrictive anisotropies. Each type of these anisotropies
participates differently in the total energy density for different
magnetic systems.31-32!

The total energy of any magnetic system, however, de-
pends on the model used to describe it. In this work, we focus
only on the magnetocrystalline anisotropy energy besides the
Zeeman energy. Therefore, we adopt the rigid model (a sin-
gle sublattice) for describing the energy density of the uniax-
ial magnetic systems under study. We also assume a single-
domain particle approach, i.e., no domain wall motion is con-
sidered. Therefore, the total energy density can be expressed

as follows: 33

E(TaHaema(Pin):Ea+E27 (1)

where E; is the Zeeman energy ( —H - Mj). In the spherical
polar coordinates, it takes the following form:

H - M = MH [sin 6, sin 6), cos(@,, — @p,) + cos 6,,cos 6] (2)

where subscripts m and h refer to the angular coordinates
of the magnetization and the external magnetic field, respec-

tively. The anisotropy energies E, for hexagonal and tetrago-

(33,34]

nal systems are respectively given by

E, = K;sin® 6, + K> sin* 6, + (K3 + K4 cos6¢,,) sin® B, (3)
E, = K;sin> 6, + (K> + K3 cos4qy,) sin* 6,,
+ (K4 + Kscosd@y,) sin® 6,,. )

The phenomenological energy expression we are using is
suitable for single-domain-particle systems. The magnitude of
the saturation magnetization is constant but its direction is de-
pendent on the external field strength and direction. In such
a case, no magnetization through domain wall motion is pre-
sumed. The very assumption of strictly parallel magnetic mo-
ments inside the particle, as a result of a large ferromagnetic
exchange interaction, means that this part of the energy is in-
dependent of the angular coordinates (6, ¢,) of the magneti-
zation vector.

Therefore including the exchange in the total energy den-
sity expression would not affect either a minimization pro-
cess to calculate M(H),B3*1435-39 or magnetization calcu-
lated within the framework of the present work, because cal-
culation of the isothermal magnetization curves from the par-
tition function is done on the magnetization angular coordi-
nates, the exchange interaction is independent of such coor-
dinates. Using this energy expression is not infrequent in the
literature, e.g., references [40]—[49] used it for systems with
collinear sublattice magnetizationml for RyFe 4B system.

Detailed analysis of the inter- and intra-sublattice interac-
tions, and their respective magnetization in an external mag-
netic field plus their anisotropy energies have been reported by

s.[15:20.33] Therefore, more involved Hamil-

numerous author
tonians that take into consideration the exchange and crystal
fields have been worked out. (223!

Now, multiply both sides of Egs. (1) and (2) by VS,
and introduce the following dimensionless parameters: €r =
VﬁE(TvHv Om, (Pm)’ & = VﬁEas Er = vﬁEb o= VBKI’ Y=
VBK,, 6 = VBK3, { = VBKy, 0 = VBKs, €2 =VEMH,
where V is the volume of a uniformly magnetized spherical
particle and 8 = 1 /kgT, with kg being the Boltzmann constant
and T the absolute temperature. The total energy densities of
the hexagonal and tetragonal systems respectively become

er = asin® 6, + ysin* 6, + (8 + { cos6¢,,) sin® 6,

— &, [sin 6,, sin 6, cos( @, — @) + cos B, cos 6], (5)
er = osin® 6, + (y+ dcosdp,,) sin* 6,,

+ (£ 4 o cos4@,)sin® 6,

— & [sin 6, sin 6}, cos( @y, — @p,) + c0s B, cos G;] . (6)

The classical partition function, in this case, is given by

2 1

|
Z(T,H) = E//exp(—eﬂsinemdemd(pm, %
00
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where er represents the ratio of the total energy density to the
thermal energy. Using this constructed partition function, we
can calculate the magnetization and the most probable angular
coordinates of the magnetization vector. ]

The magnetization normalized to the spontaneous mag-
netization My and the probability expressed in terms of the di-
mensionless quantities are given as

M JdnZ

M. 9e 3
e fr

P(SZ76m,§Dm)= 7 9

In addition, the three-dimensional (3D) plots of the mag-
netic energy surface, energy density, and torque landscapes are
important for correlating the magnetization curves with these
quantities. The torque on the magnetization vector due to the
magnetic anisotropy is derived as follows.The torque exerted
by an external field on the magnetization vector is given by

T, = m X Hey. (10)

The effective field due to the anisotropy only (&, = 0) can be

expressed as!>']

Heff: *Vmgaa an

where V,, is the gradient with respect to m. Consequently, the
torque due to the anisotropy is

Ta=—mMm X V,,&,. (12)

By combining Eqgs. (10) and (12), the total torque takes the
following form:

T=Ta+7,=-—-mX (V& — Hex). (13)

By using the spherical polar coordinates, the magnetization
vector can be written as m = m#,, and

1 de, 4 1 €,

e, L1 o9&
mao, " msinema(pm(pm'

Vin€a = %rm

Hence, the total torque acting on the magnetization vector can
be expressed as

aST n 1

_der, 1 derg
26, 7" 5in6,, don

O, (14)

T =

where er = &, + & is the total energy density.

3. Results and discussion

3.1. Easy, intermediate, and hard directions of magnetiza-
tion from energy consideration
It is known that, in the absence of an external field, the
anisotropy of the crystal exerts a torque that rotates the magne-
tization vector to a direction in which the energy of the crystal

is minimum.

For the hexagonal and tetragonal symmetries with €, =0,
equations (5) and (6) respectively become

er = asin’ 6, + ysin* 9m+(8+Ccos6(pm)sin6 6,,,(15)
er = asin® O+ (y+ Scosdo,,) sin* 6,
+ (& + o cos4@,,)sin® 6, (16)

It should be noted that only the x and z axes are chosen to
lie, respectively, along the a; and c axes of both the tetragonal
and hexagonal crystals. The y axis, however, in the tetragonal
structure is [010], but is [—120] for the hexagonal structure.>!!
However from now on, we will use the notation [010] to denote
the y axis for either symmetry.

Table 1. Easy and hard magnetization axes for hexagonal and tetragonal
crystals, for § = 0 and § = 0, where Egjo = E100.

a Y a-+7Y Minimum energy Easy axis Hard axis
+ +

+ - + Eoo1 < E100 (0o1) (100)
-+

+ —

- + - E100 < Eoor (100) (001)
+ —a 0 Eoo1 = E100 <100> and <001>

Table 2. Easy and hard magnetization axes for hexagonal and tetragonal
crystals, for 6 # 0 and § = 0, where Epj9 = E00-

o v O a+y+6 Minimumenergy Easyaxis Hard axis
+ + +

+ o+ -

+ -+

- + + + Eoo1 < E100 (001) (100)
+ — —_

- -+

— + —

+ + -

+ -+

-+ o+

+ - - - Eg0 < Eoo1 (100) (001)
- -+

— + —

The energies along the main directions [001], [010], and
[100] of the hexagonal crystal take the following forms for the
systems with four parameters:

Ego1 =0, an
Epjo=a+y+6-¢, (18)
E]()():(X+’)/Jr5+c. (19)

It is clear from Egs. (18) and (19) that Ey;p = E190 when § =0.
The energy analysis, for different signs of the three parameters
o, vand &, is presented in Table 1 for 6 = 0 and in Table 2 for
0 # 0. With the in-plane parameter ¢ included, the situation
becomes more complex. Table 3 shows the relative magnetic
hardness of the [001], [110], and [100] for different combina-
tions of the parameters o, ¥, 6 and (.
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In a similar way, the energies of the tetragonal crystal are

given by
Epo1 =0, (20)
Ejp=a+y-06+{—o0, (21
Ewwo=Epo=0+y+6+{+o. (22)

Without including the in-plane parameters 8 and o, the ener-
gies along the [100], [010], and [110] directions take the same

form
Ei00 =Eoi0 =Eio=a+y+¢. (23)

Our energy analysis is displayed in Tables 1-3, where the rela-
tive magnetic easiness/ hardness is assigned to particular crys-
tallographic directions for a given set of the system’s parame-
ters.

Table 3. Easy, medium, and hard magnetization axes in hexagonal crystal, with considering four parameters.

[24 Y o Ei00 Epio Minimum energy Easy axis Medium axis Hard axis
+ + + + + + Ego1 < Eo1o < Eioo (oot} (010) (100)
- - - - - - E100 < Eo10 < Ego1 <100> <010> <001>
+ + + - + + Eoo1 < E100 < Egio (001) <100> (010)
+ + + - - + E100 < Eoo1 < Eoro (100) (001) (010)
i_ + I i + 0 Eoo1 = Eo10 < E100 <001> and <010> <100>
+ + - -

+ - + - 0 + Eoo1 = E100 < Eoro (001) and <100> (010)

_ + + _

+ - - +

- - + 0 - E()|() < E()()] = E]()() <010> e (001) and (100>
- - + +

3.2. Magnetization curves of uniaxial crystals
3.2.1. Magpnetization curves for systems with one and
two parameters

The case of a single anisotropy constant, with no pecu-
liar temperature dependence, is straightforward. However an
unusual dependence was reported by Millev et al.l%! A poly-
nomial interpolation fitting of his data is shown in Fig. 1(a).

We calculated the normalized magnetization at selected
reduced temperatures, especially those corresponding to a
change in the anisotropy constant sign (e.g. 0.2, 0.4 and 0.5),
along and perpendicular to the ¢ axis (Fig. 1(b)). It is clear
from Fig. 1(b) that the system is an easy-axis system for posi-
tive k, and transforms to an easy-plane system at 7' /T > 0.29.
The simulated normalized magnetization as a function of the
reduced temperature is presented in Fig. 1(c). As shown in this
figure, the magnetization along the c axis decreases gradually
with increasing temperature. This trend is different along the
a axis where m increases up to 7' /T, = 0.29 at which it reaches
a somewhat round maximum before it saturates at m ~ 0.7.

Figure 2(a) shows the magnetization curves for a system
described by only two parameters « and ¥, where o/ /Y= —0.5.
The magnetization curves along and perpendicular to the ¢ axis
exhibit non-zero magnetization at zero field, namely, m ~ 0.87
and 0.49, respectively. This means that the system is an easy-
cone with a cone angle of ~ 29.3° off the ¢ axis. This an-
gle is in fair agreement with 6, = 30° calculated from the
relationship??! 6, = sin~! \/—a/27. Upon changing the sign
of o but keeping the same ratio o/y = 0.5, the system be-
comes an easy-axis system. The relative easiness of the ¢ axis
at &, = 0 is consistent with the energy consideration of Table 1,
i.e. Ego1 < Eqgo.

(©) |

*H=0.2||c
5 H=0.4|c
*H=0.5||c
L H=0.2]|a
v H=0.4||a
) ) ) ) :H:0<‘5Ha
0 0.2 0.4 0.6 0.8 1.0

Fig. 1. (color online) (a) Peculiar temperature dependence of anisotropy
constant from Ref. [6], (b) field dependence of normalized magnetiza-
tion at selected reduced temperatures, and (c) temperature dependence
of normalized magnetization along and perpendicular to the ¢ axis.
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4 . o a=—20,
S o6f A t Y =100, a
S §f 4 . "= e
- = — s
0.4 4 . a=—20,
y=-50, ¢
0.2 «a=—-20,
v=—-10, ¢
0 i Ak it - ik
0 50 100 150 100 250

€2

Fig. 2. (color online) Magnetization curve along and perpendicular to
the ¢ axis for different values of & and 7.

In case of Fig. 2(b), we have chosen o@ = —20 and set y
to have selected values in the range of —100 to —10. It is clear
that for all values of 7, it is easier to magnetize the crystal in
the basal plane (i.e., Ejg0 < Ego1). In addition, the magneti-
zation curves along the ¢ axis behave in a similar way for dif-
ferent y values (—100 and —50), where a sudden jump takes
place at some €. As the absolute value of Y increases, the
critical field, at which the magnetization jumps to saturation,
increases. However for |y| < a, no such discontinuous jump
takes place.

The main features of the magnetization curves shown
in Fig. 2 are present in the experimental magnetization
curves of easy-plane materials with hexagonal structure, e.g.,

0[100]

1= [010]
Joa=-80,y=10,6=—90
sa=280,v=—-150,6 = —30
{va=80,y=—150,6 = —10
(a) Joa=80,y=-150,6 =30

250

1.0 | jeauaances — F—
Q L B :
S v o .
-
.
.

200

0 50

100 150

€z

szFean,[Zg] YCO4B,[53] and szFel7.[54] The SmgFean
system, with different concentrations of interstitial nitrogen in
the range x = 0 — 2.94, transforms from an easy-plane system
for x = 0 to an easy-cone one for x = 0.4 and then to an easy-
axis one for x > 0.55. These transformations are accompanied
with changes in the signs of the anisotropy constants of this
system. The magnetization curves of the other two compounds
YCo4B and TbyFe7 along the hard direction (¢ axis) show a
discontinuity (interpreted as FOMP) at certain critical fields.
In addition, the in-plane anisotropy of the monocrystalline
YCo4B compound is predominant at temperatures 7 < 110 K,
while for the TboFe|7; compound, the anisotropy within the
plane is predominant in the whole temperature range. Accord-
ing to the signs and magnitudes of the first and the second
anisotropy constants of YCo4B and Tb,Fe 7, in the absence of
an external magnetic field, the magnetocrystalline anisotropy
perpendicular to the ¢ axis has negative values in the aforemen-
tioned temperature ranges. These results are in fair agreement
with the conditions set out in Table 1 that point to the presence
of an easy magnetization axis within the basal plane.

3.2.2. Magpnetization curves with three parameters and
no in-plane anisotropy

For systems with three parameters of different signs and
magnitudes (Fig. 3), the hard direction of magnetization is the
uniaxial direction (c axis). In addition, the magnetization for
different orientations within the basal plane, e.g., [100] and
[010], is completely isotropic, which indicates the absence
of magnetic anisotropy in this plane. This feature is consis-
tent with the absence of { term which influences the in-plane
anisotropy (Eq. (5)). We also notice from Fig. 3(a) that the
magnetization along the uniaxial direction shows a disconti-
nuity at certain &,.

« [100]

= [010]

e a=-80,v=—-150,5 = —10

a=-80,y=50=-2

ya=-80,vy=5,6=10

a=—-80,y=-5,6§=-10
=-80,y=5,=—-10

0 50 250

100 150

€2

200

Fig. 3. (color online) Magnetization curves along the [100], [010], and [001] (rest of symbols) directions for (a) different values of «,

¥, 6 and (b) different values of y and & with o equal to —80.

In addition, the magnetization curves along the [001] di-
rection (Fig. 3(b)) are characterized by different curvatures.
This behavior of magnetization is attributed not only to the
sign of & but also to the magnitude of y. For instance, for
oo=-80,y=5,8=10and a = —80, y=50, 6 = —10, the

magnetization has an upward curvature, while for o« = —80,

y=5,8=—10and o = —80, y= -5, 6 = —10, the mag-
netization has a downward curvature. However, for o« = —80,
Y =15, 6§ = —2, the magnetization increases almost linearly up
to saturation.

The compounds (Nd;j_,Pr,),Co14B?°! with x = 0-1,
(Nd;_,Pr,)oFe4B!3! with x = 0.2-1, and PryFe4_,M,B°
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with M = Si and Ga are selected examples of tetragonal real
materials that are described by three anisotropy constants,
have no in-plane anisotropy, and exhibited sudden jumps along
the ¢ axis.

3.2.3. Magpnetization curves with in-plane anisotropy

3.2.3.1. Magnetization curves for a hexagonal crystal
with four parameters

Now, we are going to study the effect of including the in-
plane parameter { in the total energy of a hexagonal system.
We divide the discussion in this section into two parts. Firstly,
we take all parameters equal to unity in order to understand the
effect of their sign changes (Figs. 4 and 5). Secondly, for con-
stant values of o, ¥, and & (Figs. 6 and 7), we study the case
of changing the value of {, with different signs, on the mag-
netization. Also, we study the behavior of the magnetization
by changing the value of § and keeping all other parameters
as constant with positive or negative signs (Figs. 8 and 9).

Firstly when the three ratios a, ¥, 8 have positive signs
and  has a positive or a negative sign (Fig. 4), the crystal is
always easier to magnetize along the ¢ axis and harder to mag-
netize in the basal plane. The sign of 6 only has an effect on
the hard direction of magnetization. For positive { (Fig. 4(a)),
[100] is the hardest, while [010] is the hardest for negative {

(Fig. 4(b)).

1.0}

0.8t (a) 1
a=1y=146=1¢§=1 ]

M/ M,

0.2

€z

0.8F (b) ]
a=1,vy=1,=1,({=-1

0.4f . [001] ]
= [100]
+ [010]

0 5 10 15 20 25 30
EZ

Fig. 4. (color online) Magnetization curves along the [001], [100], and
[010] directions for different signs of §.

This trend is completely reversed for a, ¥, and 8 with
negative signs and { with a positive or a negative sign, as
shown in Fig. 5. The c axis becomes the hardest magnetization
direction and the basal plane becomes the easy magnetization
plane. In the same way, the easiest magnetization direction in
the plane depends on the sign of {.

1.0

0.8} (a) ]

0.2 a:—177:—1,6:—17§:—1‘

€z

1.0f
0.8} (b) 1

0.6f a=-1,y=-1,6=—-1,£=1]
0.4f * [001]
= [100]
0.2 +[010]

M/ M,

0 5 10 15 20 25 30

€z

Fig. 5. (color online) Magnetization curves along the [001], [100], and
[010] directions for different signs of &, ¥, &, and §.

1.of
a=230,7=230,6=230,£=0
0.8 (a)
S 0.6
~
= 04
0.2
0 L
0 20 40 60
€2
o5 o =30,y=30,6=230,¢{=—10
St (b) 7
<06
~
= 04 ]
0.2
0 L L L L L L
0 20 40 60
€2
1.0f
a=30,v=30,6=230,¢6=—30
081 (c) ]
< 0.6
S
0.4 * [001]
0.2 = [100]
+ [010]
0 SO T TR S St
0 20 40 60
€,

Fig. 6. (color online) Magnetization curves along the [001], [100], and
[010] directions for different values of {.

Secondly, by taking @ = ¥y = & = 30, and varying the
magnitude and sign of { in the —80 to 80 range, we find
out that the crystal is easily magnetized along the [001] di-
rection and harder to be magnetized along the two other di-
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rections [100] and [010], as shown in Figs. 8 and 9. However,
for { = 0 (Fig. 6(a)), the basal plane is completely isotropic.
For lower values of {, e.g., { in the range of —5 to —30, the
in-plane magnetization curves become slightly different from
each other for €, > 25. We display here only two examples
for this trend (Figs. 6(b) and 6(c)). As { becomes more nega-
tive (Figs. 7(a) and 7(b)), the difference between the in-plane
directions becomes more evident. A change in the sign of
from — to +, keeping all other parameters the same, leads to
reversing the in-plane mid-hard and the hard axes, as shown in
Figs. 7(b) and 7(c).

1.0F
0.8} g
. Y (a
< o6} Y (a)
s -
0.4}
0.2 ]
o a=30,v=30,6=30,¢=—60
0 20 40 60
EZ
1.0f :
e e S S S S S e S o o o
0.8+ = (b)
S 0.6F
~
= 04
0.2 b ]
a=230,y=230,5 =30,£ = —80
0 " I L L 1 1
0 20 40 60
€.
1.0f
0.8¢ (C) 1
=00 o =30,y =30, =30, £ = 80!
= 0.4 «[001]
0.2 y = [100]
+ [010]
0 " L " 1 " n
0 20 40 60

€z
Fig. 7. (color online) Magnetization curves along the [001], [100], and
[010] directions for different values of {.

The case in Fig. 8 is that of an easy-plane system which
exhibits two directions of relative easiness, i.e., [100] and
[010], however the magnetic saturation is achieved at m = 1
and ~ 0.8 for these directions, respectively. Increasing 6 only
has an effect on the magnetization along the c axis, where rel-
ative easiness of magnetization develops along this direction
as § increases.

In Fig. 9, the opposite behavior of magnetization is ob-
served for ¢, 7, and § with the same values as those in Fig. 8
but with opposite signs, where the ¢ axis becomes the easy
magnetization axis. In addition, the anisotropy between the ¢
axis and the plane becomes more dominant when the & sign
changes from + to —.

081/ — _30,v = —30, 5 = —30, £ = —30]
S 0.6 (a) 1
~
= 04
0.2 ]
PPy
0 299¢%2% : 1 3 2
0 20 10 60

a=30,7=—30,6=30,¢&=—30 ]

(b) 4

20 40 60

€z

P aeaRassaanaas e 1

()

* [001]

= [100]
. [010] 1

o a=-30,v=—30,5 =60, & = —30
0 20 40 60

€2

Fig. 8. (color online) Magnetization curves along the [001], [100], and
[010] directions for different values of §.

The isothermal field dependences of magnetization at 4.2
K for Y,Co;7 and Gd;Co;7 hexagonal compounds have been

1.9 They had four anisotropy con-

measured by Matthaei et a
stants to calculate the magnetization curves for both com-
pounds. Figure 2 in their calculations shows the theoretical
beside the experimental curves. They found out that the ¢ axis
is the hard axis of magnetization in each compound, with a
discontinuity at a critical field of 1.17 T in the Gd;Co;7 com-
pound, while no such discontinuity appears for the Y,Co7

compound.

3.2.3.2. Magnetization curves for tetragonal crystal with
four and five parameters

The magnetization curves for a tetragonal crystal along
the [001], [110] and [100] directions by taking four and five
parameters into consideration are shown in Figs. 10 and 11.

Figure 10 displays an interesting case of a magnetization
jump that takes place to saturation along the ¢ axis of an easy-
plane system. The effect of changing only the sign of J, in
systems otherwise of the same parameters, is changing the
easiest in-plane direction from the [110] to the [100] or vice
versa, without changing the other features of the magnetiza-
tion curves (Figs. 10(b) and 10(c)).
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Fig. 9. (color online) Magnetization curves along the [001], [100], and [010] directions for different values of , ¥, &, and §.

From Figs. 10(a) and 11(a), we note that, for { = 30 and
with including another in-plane parameter o = —30, the mag-
netization along the [001] direction reaches saturation for a rel-
atively small value of &,.

For systems with the same values of &, v, 0 and different
values of ¢ and o (Figs. 11(b) and 11(c)), the magnetization
jump takes place along the [110] direction.

Magnetization curves of different materials, for in-

stance, some rare earth intermetallic compounds HoFe;; Ti,[®”]
Nd,Fe 4B, Nd,Fe4BH,7l and PryFe4B,P%%! display
transitions along one or two crystallographic directions within
the basal plane. For example, a discontinuity in magnetization
only appears along the [100] direction of the NdyFe 4B com-
pound. However, for the other three compounds HoFe;Ti,
Nd,Fe4BH, and PryFe 4B, the magnetization shows a discon-
tinuity along both of the [100] and [110] directions.

1.0F 1.0f
0.8 T 0.8 Tf (c) 1
* 0.6 o =—30,v=—30,5 =—30, 0.
= T 50" 506 a=-30,7=—30,8 = —5,
= 04 £=-
= 04 *[001]
0.2 0.2 =[100]
(a) +[110]
O 1 1 1 1 1 1 1 1 1 1 1 n n 4
0 40 80 120 0 40 80 120 % 40 80 120
€z €z €z

Fig. 10. (color online) Magnetization curves along the [001], [110], and [100] directions for different values of &.

(c)

*[001]
= [100]
+[110]

1.0 : 1.0
o = —30,~ = —30, 6 = —30,

0.8f £ =30,0=-30 e 0.8}

. I .
0.6 ] 0.6

= z
S 04 = 04
0.2 ] 0.2

(a)

Olasso®™ 0
0 20 20 120 0

€z

120

€z €z

Fig. 11. (color online) Magnetization curves along the [001], [110], and [100] directions for different signs of o, constant 8, and different values of 7, {, and ©.

We display in Fig. 12 one example for applying

our method to a real material, namely, the HoFe;Ti

[57) This compound has a tetragonal structure with

compound.
an easy-axis along the [001] direction and a hard basal plane.
The magnetization within the basal plane displays a disconti-
nuity along each of the [110] and [100] directions forg; ~ 80
and 100, which correspond to the critical fields of ~ 18.4 kOe
and 23 kOe at 4.2 K as reported by Nikitin et al. The
anisotropy field €2 along the [100] is about 75 kOe, which is in

good agreement with the anisotropy field (~ 75 kOe) reported

by Nikitin ef al.
L0 fssededesedecosssossisiatatatadaioiaiass
0.8} - ]
<oef r HoFe, Ti ]
~ i
E 0.4} ° [001]
Y i 7 = [110]
: // « [100]
0 i i '
0 100 200 300 400
€z

Fig. 12. (color online) Magnetization curves at 4.2 K along the [001],
[110], and [100] directions of HoFe; Ti.
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3.3. Probability landscapes
3.3.1. Probability landscapes for a hexagonal crystal
with four parameters

We calculated the probability angular distribution along
the main directions of the hexagonal crystal by taking four pa-
rameters @, ¥, 0, and { into consideration. In this section,
we give examples for only two different sets of parameters
a=—1,y=—1,6=—1,{=1(Fig. 13)anda=—1,y=—1,
6=-1,{=—1(Fig. 14).

Probabilityjgo1j/arb. scale

Probability(ip)/arb. scale

Figure 13 shows the probability plots at &, = 2 along
the [001], [100], and [010] directions. It is clear that all plots
display maxima at 6,, ~ 1.54 rad, but at different ¢,,, e.g., the
angular coordinates of the prominent probability peak along
the [010] direction are 6,, ~ 1.54 rad and ¢, ~ 1.5 rad, which
are close to the angular coordinates of the applied field. This
probability plot is consistent with the magnetization curve of
Fig. 5(b), which indicates that the system is an easy-plane sys-
tem.

Probabilityo10)/arb. scale

TR
AT
R
A,
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Ly - A, -,

\':.'~ LLALR
\

2,
RS K
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Fig. 13. (color online) Probability landscapes along the three main directions of a hexagonal crystal fora = —1,y=—1,6 =—1,{ =1,and g, = 2.

Probabilityjoi)/arb. scale

Probability[o10;/arb. scale

Probabilityoi0)/arb. scale

Fig. 14. (color online) Probability landscapes along the [010] direction of a hexagonal crystal foroc = —1,y=—-1,6 = -1, { = —1,
and different g;: (a) €, =0, (b) & =6, (c) &, = 30.

The angular dependence of the probability at different &,
along the [010] direction is presented in Fig. 14 for the same
set of parameters as that of Fig. 13 except of { = —1. The
probability landscape for &, = 0 (Fig. 14(a)) shows peaks at
6, ~ 1.54 rad for different ¢,,. With increasing &, to 6, the
probability landscape displays two peaks of an equal intensity
at @, ~ 1.5 rad and 2.5 rad (Fig. 14(b)). Furthermore, the
number of local maxima decreases as €, increases, where the
two peaks start to merge at € > 15 until they form a single
peak at &, = 30 (Fig. 14(c)).

3.3.2. Probability landscapes of a tetragonal crystal
with five parameters

The field-dependence of the angular location of the mag-
netization vector of an easy-axis tetragonal crystal is shown in
Figs. 15 and 16. A value of & = 20 along the [001] easy axis
orientates the magnetization vector rigidly along its direction
with high probability (Fig. 15(a)). Now applying a field with
increasing intensity in the basal plane along the [110] direction
(Figs. 15(b), 15(c), 16(a), and 16(b)) results in a gradual rota-

tion, against the uniaxial anisotropy, of m along the field di-
rection. Eventually, the most probable orientation is achieved
for &, = 55 at which 6,, = /2 and ¢,, = 7 /4.

3.4. Energy surface with in-plane anisotropy

3.4.1. Energy surface of a hexagonal crystal with four
parameters

The 3D plots of energy density, with the same set of pa-
rameters as that in Fig. 5(a), for different magnitudes of &,
along the [010] direction of the hexagonal crystal are presented
in Fig. 17. For g = 1, the energy surface displays minima
along different orientations within the basal plane as demon-
strated in Fig. 17(a). As g, increases, the energy density along
this direction decreases (Fig. 17(b)) until one minimum devel-
ops along the [010] direction for €, = 15 (Fig. 17(c)). This be-
havior is attributed to the torque exerted by the magnetic field
on the magnetization vector. Moreover, the non-isotropic sur-
face of energy (Fig. 17(c)) means that the magnetic saturation
is not achieved for &, = 15, as shown in Fig. 5(a).
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Fig. 15. (color online) Probability landscapes along the [001] and [110] directions of a tetragonal crystal for o =30, y=20, 6 = —30, { =1,

o = 50, and different &;: (a) &, = 20, (b) & = 20, (c) & = 30.

Probability(i10)/arb. scale

Probability(i10)/arb. scale
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Fig. 16. (color online) Probability landscapes along the [110] direction of a tetragonal crystal for o = 30, y =20, § = —30, { = 1, 0 = 50,

and different &;: (a) &, = 40, (b) &, =45, (c) &, = 55.

—

(b) =6 T~

Fig. 17. (color online) 3D energy surfaces for different values of &, along the [120] = [010] direction of a hexagonal crystal with the parameters

a=-1,y=-1,6=—-1,{=—1,@ & =1,(b) & =6, (c) & = 15.

3.4.2. Energy surface of a tetragonal crystal with five
parameters

Figure 18 shows the 3D energy surface plots for an easy-
plane tetragonal system, with the same parameters as those in
Fig. 11(b). The calculation was performed with &, along [001]
or [110] direction. For g, = 20, the energy surface displays one
minimum along the [001] direction, and four minima along
different in-plane directions, one of them is located along the
[110] direction (Fig. 18(a)). For the same value of &, = 20
along the [110] direction (Fig. 18(b)), the energy minimum is
located along the [110] direction. However, an g, = 45 along
the [110] direction is not high enough to cause a single mini-
mum as demonstrated in Fig. 18(c). This is consistent with the
magnetization curve along the [110] direction (Fig. 11(b)).

3.5. Energy density and torque landscapes of a tetragonal

crystal with five parameters

The energy and torque landscapes for a system whose pa-
rameters are those shown in Fig. 16, for constant & applied
along the [110] direction, are shown in Fig. 19. It is clear
from Fig. 19(a) that the energy density, for € = 45 along the
[110] direction, displays minima at the same angles at which
the probability maximizes (Fig. 16(b)), namely 6,, ~ 0.5 rad,
1.6 rad, and 2.6 rad for ¢, ~ 0.8 rad. These angular coor-
dinates are clearly shown in a 2D contour plot in Fig. 2(a).
Figures 19(b) and 19(c) display the torque curves along the B,
and — @, directions, respectively. In addition, the associated
contour plots of the torque along the aforementioned direc-
tions are shown in Figs. 20(b) and 20(c), respectively.
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Fig. 18. (color online) 3D energy surfaces of a tetragonal crystal for @ = 30, y =20, § = —30, { = 1, 6 = 50, and &, = 20 along the
(a) [001] and (b) [110] directions and (c) & = 45 along [110].

Fig. 19. (color online) (a) Energy and (b), (c) torque landscapes along the [110] direction of a tetragonal crystal for a = 30, y = 20,

5=-30,{=1,0=>50,and ¢, =45.
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Fig. 20. (color online) Contour plots of (a) energy density and (b), (c) torque for & = 45 along the [110] direction of a tetragonal

crystal with the same parameters as those in Fig. 19.

It is well known that the zero-torque corresponds to a
minimum as well as a maximum energy. Moreover, the easy-
and hard-axes of magnetization could be determined accord-
ing to the slope sign of the torque curve at T = 0. As man-
ifested from Fig. 19(c) that the torque curve along the —@,
directions has a negative slope at 6,, ~ 1.54 rad for different
¢ This means that the magnetization vector lies along a di-
rection within the basal plane. The contour plot of the torque
along the 6,, direction (Fig. 20(b)) clearly shows that the ¢,
at which the torque equals zero is ~ 0.8 rad. The values of
6, ~ 1.54 rad and @, ~ 0.8 rad correspond to the angular
coordinates of the probability maximum (Fig. 16(b)) and the
energy minimum (Fig. 20(a)).

4. Conclusion

We have calculated, using the basic laws of classical sta-
tistical mechanics, the magnetization curves of hexagonal and
tetragonal crystals with up to five anisotropy constants. The
energy used in constructing the partition function is the sum
of the Zeeman and anisotropy energies. The exchange en-
ergy is not considered in the present model which is applicable
to single-domain-particle systems or collinear magnetic sys-
tems. The system’s parameters are normalized to the thermal
energy, and the normalized anisotropy parameters are chosen
to cover a rather wide range of magnitudes and signs. Such
a choice enables us to simulate the magnetization curves of
either real material systems e.g., HoFe;;Ti, or hypothetical
systems. The main features of interest of the magnetization
curves, e.g., magnetization jumps along [100] or [110], and the

017503-11



Chin. Phys. B Vol. 26, No. 1 (2017) 017503

relative magnetic hardiness of the main crystallographic direc-

tions in the crystal systems studied have been successfully cor-

related to the magnetic field dependence of the energy, torque,

and probability landscapes.
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