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Diffraction properties of binary graphene sheet arrays∗
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We theoretically and numerically investigate the diffraction properties of surface plasmon polariton (SPP) in binary
graphene sheet arrays. The single SPP band splits into two minibands by alternatively arranging the graphene waveguides
with two different chemical potentials. Numerical simulations show that SPP beams in the array split into two different
paths due to the different diffraction relation.
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1. Introduction
The manipulation of light propagation by means of peri-

odic photonic structures is an important scientific idea, which
has great values for potential applications in various branches
of engineering. In particular, arrays of evanescently cou-
pled waveguides are unique structures that exhibit the pecu-
liar properties. The linear and nonlinear properties of uniform
waveguide arrays have been studied theoretically and exper-
imentally, such as anomalous discrete diffraction, Bloch os-
cillations, and discrete solitons.[1] In the last few years, the
investigation of nonuniform waveguide arrays has received in-
creasing attention, since a more complex engineering of the
periodic structure can provide further degrees of freedom. For
example, the zigzag waveguide arrays were proposed to ob-
tain diffraction management.[2] Moreover, binary arrays com-
posed of waveguides with alternating widths and spacings
have been thoroughly studied to exhibit double refraction and
gap solitons.[3–5] In the sub-wavelength regime, the plasmonic
waveguides provide a new way to break through the diffrac-
tion limit. However, plasmons in metals exhibit relatively
strong losses and cannot easily be controlled. Recently, the
graphene-supported surface plasmon polaritons (SPPs) have
drawn a great deal of attention due to their unique physical
properties.[6,7] Graphene exhibits a stronger SPP field con-
finement and lower propagation loss compared with metals.[8]

Moreover, the surface conductivity of graphene can be flex-
ibly tuned by chemical doping or external static electric and
magnetic fields. The above estimation highlights the poten-
tial of graphene plasmonics in new tunable optical devices at
nanoscale.[9,10]

In this work, we shall comprehensively study the diffrac-
tion properties of the graphene sheet arrays (GSAs) composed
of two types of graphene sheets with different chemical poten-
tials. The theoretical calculations are based on the transfer ma-

trix method (TMM)[11–13] and coupled-mode theory (CMT).
Furthermore, numerical simulations are performed to assess
the validity of the analytical treatment.

2. General properties of diffraction relation in
binary Graphene sheet arrays
The system consists of N-layer graphene sheets, which

is shown in Fig. 1. The position of graphene sheets is de-
noted by xn, where xn = . . . ,−d, 0, d, . . . . The materials sep-
arated by graphene sheets are dielectric and have the permit-
tivity of εd. The graphene surface conductivity σg is mod-
eled by the Kubo formula. When the chemical potential of
graphene µc is much larger than the interacting photon en-
ergy h̄ω , the surface conductivity of graphene has a Drude-like
form σg =

ie2µc
π h̄2(ω+iτ−1)

,[14] where e is the electron charge and
τ is the momentum relaxation time of electrons. The graphene
sheets possess different chemical potentials labeled as µA

c and
µB

c (µB
c > µA

c ), while the chemical potential difference be-
tween sheets A and B is ∆µc = µB

c −µA
c . The relaxation time

is set as 1 ps at room temperature T = 300 K.[15] In our study,
the incident wavelength λ = 10 µm and the interlayer space
d = 70 nm are initially considered. Here the interlayer space
is large enough, which suggests the weak coupling of adjacent
graphene sheets in the array.[16]

We only consider TM polarized SPPs propagating along
the z direction, and the magnetic field in the region between
the position of−d and d can be written as the superposition of
waves in opposite directions:

Hy(x,z, t) =


{Aexp[−κ(x+d)]+Bexp(κx)}
exp(ikzz)exp(−iωt) −d < x < 0,
{C exp(−κx)+Dexp[κ(x−d)]}
exp(ikzz)exp(−iωt) 0 < x < d,

(1)

where κ =
√

k2
z − εdk2

0 with kz the wave vector of SPPs in the
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z direction and k0 = 2π/λ the wave vector in air. A, B and
C, D are the amplitudes of the modes propagating in opposite
directions in the region of −d < x < d, shown in Fig. 1.
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Fig. 1. (color online) Schematic of binary GSAs, consisting of two
interleaved graphene waveguides A and B with different chemical po-
tential µA

c and µB
c , equally spaced by d.

According to Maxwell’s equations, the tangential electric
field reads as

Ez(x,z, t) =



− η0

iεdk0
{−κAexp[−κ(x+d)]+κBexp(κx)}

exp(ikzz)exp(−iωt) −d < x < 0,

− η0

iεdk0
{−κC exp(−κx)+κDexp[κ(x−d)]}

exp(ikzz)exp(−iωt) 0 < x < d,
(2)

where η0 is the impedance of air. We consider the boundary
conditions, which lead to the following equations:

Ez(x+,z, t) = Ez(x−,z, t),

Hy(x+,z, t)−Hy(x−,z, t) = σgEz(x,z, t). (3)

Finally, we arrive at the dispersion relation of the collective
modes in the binary GSAs

cos2(kxd) =

[
cosh(κd)− κξ1

2
sinh(κd)

]
×
[

cosh(κd)− κξ2

2
sinh(κd)

]
, (4)

where ξi =
η0σgi
iεdk0

(i = 1, 2) is the plasmonic thickness of
graphene sheet A or B, referring to the effective mode width
of the SPP mode.

To analyze the existence conditions of the surface modes,
we describe their formations based on coupled-mode theory.
By considering only nearest-neighbor couplings, the normal-
ized amplitudes of field distributions in binary GSAs obey the
coupled-mode equations[17,18]

i
dan

dz
=Cg(an−1 +an+1)+(−1)n

δan, (5)

where an represents the modal amplitude of SPP waves
trapped in the nth graphene sheet site, Cg and 2δ are

the coupling coefficient and the propagation constant mis-
match between two nearest-neighbor graphene sheet waveg-
uides. The dispersion relation of the structure can be ob-
tained from Eq. (5) by assigning to an the form an =

exp[in(2kxd)]exp(ikzz), which is written as

kz =
kza + kzb

2
± [δ 2 +4C2

gcos2(kxd)]1/2, (6)

where kza and kzb denote the real parts of propagation con-
stants for each waveguide of arrays A and B, and kx denotes
the Bloch wave vector along the x direction.[16] Now, the origi-
nal single SPP band splits into two minibands, where the +(−)
sign indicates the upper (lower) band. The two minibands are
separated by a gap of width 2δ at the edge of the Brillouin
zone.

The diffraction curves in the binary GSAs for d = 70 nm,
∆µc = 0.006 eV as µA

c = 0.15 eV are plotted in Fig. 2. The
binary GSAs support two minibands separated by a bandgap
2δ . In contrast with the metal-dielectric arrays, the bandgap
is determined at the edge of the Brillouin zone (kx = π/2d).
The curves obtained from Eq. (6) (blue curves) agree with the
TMM method (red curves), which verifies that the coupled-
mode model holds well in the binary GSAs structure.
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Fig. 2. (color online) Diffraction relations of the binary GSAs for
d = 70 nm and ∆µc = 0.006 eV as µA

c = 0.15 eV, comprising two bands
separated by 2δ . The red and blue curves are the results calculated by
the TMM method (Eq. (4)) and coupled-mode equation (CME, Eq. (6)),
respectively.

Dµc=0
Dµc=0.006 eV

Dµc=0.012 eV

-1.0 -0.5 0 0.5 1.0

kxd/π

R
e
(k

z
)/
m
m

-
1

46

44

42

40

38

36

Fig. 3. (color online) Diffraction relations of the binary GSAs in the
reduced Brillouin zone for d = 70 nm with different initial chemi-
cal potential difference between graphene sheets A and B (∆µc = 0,
∆µc = 0.006 eV, and ∆µc = 0.012 eV), as µA

c is fixed at 0.15 eV.
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The diffraction curves in the binary GSAs for different
∆µc as µA

c = 0.15 eV are plotted in Fig. 3. For ∆µc = 0, there
is no gap between two symmetric minibands (as shown by the
dotted curves). While for a finite difference of chemical poten-
tials, e.g., ∆µc = 0.006 eV, a gap opens at the edge of the Bril-
louin zone. As shown in Fig. 3, when ∆µc is changed from 0
to 0.012 eV, the bandgap enlarges as ∆µc increases. In the case
of discrete excitation with nonzero ∆µc, there should be two
propagating SPP fields inside the array with different diffrac-
tion relations k±z .

3. Simulation results
The steady electromagnetic field distributions are numer-

ically calculated to verify the above theoretical predictions.
The computations are performed by using the finite-difference
frequency-domain (FDFD) method,[19,20] where the graphene
sheets are assumed to be freestanding in air with εd = 1.
Graphene is equivalent to a very thin metal film with a thick-
ness of ∆ = 1 nm. Thus, we can define an equivalent bulk per-
mittivity for graphene given by εg = 1+ iσgη0/(k0∆) while
the air impedance η0 ≈ 377 Ω. The minimum mesh size
equals 0.2 nm in the FDFD calculation. To achieve the two-

way splitting of the input power in the binary GSAs effec-
tively, a TM-polarized Gaussian beam with a small tilt is inci-
dent into the binary GSAs. Under this condition, the incident
Bloch momentum is 0.25π . The full width at half-maximum
(FWHM) of the incident Gaussian beam is about 0.21 µm,
which excites mostly three waveguides. The distributions of
simulated electric field intensity (|E|2) of SPP beams at dif-
ferent ∆µc are shown in Figs. 4(a) and 4(b), and the input and
output field intensity distribution is shown in Fig. 4(c). When
∆µc = 0, the initial tilted input beam experiences discrete
diffraction in the homogeneous GSAs. When ∆µc = 0.012 eV,
the beam splits into two paths due to different refraction angles
of the two diffraction bands. The refraction angle could be ex-
pressed as θ = −arctan(dkz/dkx). According to the diffrac-
tion curves, the refraction angles have two different values
for ∆µc = 0.012 eV. In this case, the normalized transverse
intensity distributions at two different propagation distances,
z1 = 0.2 µm and z2 = 2 µm, are also depicted in Fig. 4(c),
respectively. Here the initial SPP beam (z1 = 0.2 µm) splits
into two beams belonging to the two bands of the array at the
propagation distance of z2 = 2 µm. The simulated results of
the SPP propagation behaviour coincide with our theoretical
predictions.
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Fig. 4. (color online) Steady electric field (|E|2) distributions of SPPs (a) in the homogeneous GSAs with ∆µc = 0 and (b) in the binary
GSAs with ∆µc = 0.012 eV, µA

c = 0.15 eV. (c) The input (blue line) and output (red line) field intensity from the FDFD simulation.

4. Conclusion
The diffraction properties of the binary GSAs are inves-

tigated by theoretical analyses and performing FDFD simu-
lations. The pair of graphene sheets with different chemical
potentials are stacked alternatively. Two diffraction bands are
separated by a bandgap at the edge of the Brillouin zone in
these binary GSAs, which are very sensitive to the chemical
potential difference between adjacent graphene sheets. The
splitting of the SPP beams in these GSAs has been found,
which is due to the two different diffraction bands. These sur-
face modes in binary GSAs could be used to manipulate SPPs
in the nano-optics devices.
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