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The spin-valley Hall conductivity (SHC-VHC) of two-dimensional material ferromagnetic graphene’s silicon analog,
silicene, is investigated in the presence of strain within the Kubo formalism in the context of the Kane–Mele Hamiltonian.
The Dirac cone approximation has been used to investigate the dynamics of carriers under the strain along the armchair
(AC) direction. In particular, we study the effect of external static electric field on these conductivities under the strain.
In the presence of the strain, the carriers have a larger effective mass and the transport decreases. Our findings show that
SHC changes with respect to the direction of the applied electric field symmetrically while VHC increases independently.
Furthermore, the reflection symmetry of the structure has been broken with the electric field and a phase transition occurs to
topological insulator for strained ferromagnetic silicene. A critical strain is found in the presence of the electric field around
45%. SHC (VHC) decreases (increases) for strains smaller than this value symmetrically while it increases (decreases) for
strains larger than one.
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1. Introduction
Significant interest has been attracted to study physical

properties of new two-dimensional (2D) materials with the
honeycomb lattice both experimentally and theoretically after
the discovery of the first real 2D-material graphene in 2004,[1]

for example, hexagonal boron-nitride (h-BN), MoS2, and re-
cently a monolayer of silicon, known as silicene. Although
these materials have a honeycomb lattice, their properties are
different.[2–7] Graphene is gapless and this creates a prob-
lem for using graphene as a highly motivated new electronic
device.[8–10] The band gap is a measurement of the threshold
voltage and on-off ratio of the field effect transistors.[11,12] It
is desirable to have a band gap in materials in addition to their
novel features. Unlike graphene, according to Fig. 1, silicene
has a hexagonal atomic arrangement but has a buckled con-
figuration because of its large ionic radius[13–16] such that its
sublattices (A and B) sit in two parallel planes with a vertical
distance 0.46 nm.[17,18] The low-energy dynamics of fermions
in graphene is described by the Dirac Hamiltonian in the vicin-
ity of K and K′ valleys, but in silicene, due to the strong spin–
orbit (SO) interaction, the carriers are massive with an energy
gap around 1.55 meV.[19,20] This gap can be modulated via an
applied perpendicular electric field to the layer, which leads
to many attractive properties of silicene.[21–28] On the other
hand, strain can change many features of 2D-materials.[29] In
graphene, the Dirac points remain at K and K′ under a biax-
ial strain, but they are affected by the strain along different
directions.[30–33] Contrary to graphene, both σ∗ and π∗ bands

of silicene are more sensitive to strain.[34–38] For example,
silicene becomes metallic under a biaxial strain smaller than
12%[34–36] and it turns into a metal under a strain larger than
12% (14%) along the AC (ZZ) directions.[38] As an important
point, the strong SO interaction in silicene couples spin and
valley degrees of freedom. Nowadays, spin and valley physics
has attracted the attention of researchers because of the spin-
tronic and valleytronic applications. Also the degeneration of
valleys in the limit of zero doping due to the time reversal sym-
metry causes the further investigation of spin and valley trans-
ports of Dirac fermions in 2D graphene-like materials.[39–45]

On the other hand, strain engineering is one of the impor-
tant topics as an effective case on the spin and valley proper-
ties of 2D-materials.[46–50] In silicene, a phase transition from
a quantum spin Hall state (for absolute value of energy gap
smaller than the SO strength) to a band insulating state (for
absolute value of energy gap larger than the SO strength) by
tuning the SO interaction strength and energy gap has been
observed.[51–56] It leads to the quantum spin Hall effect (SHE)
and quantum valley Hall effect (VHE), which are examined by
an ac electric field.[53,56] However, the SHC-VHC of silicene
under strain still remains to be studied.

In this work, we investigate the SHC-VHC of a ferromag-
netic silicene under strain at Dirac points. Our system is ferro-
magnetic with an exchange field M. Also at given strain mod-
ulus and direction of the applied strain, SHC/VHC are studied
with an electric field. The Kubo technique is carried out with
the Kane–Mele Hamiltonian. The outline of this paper is as
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follows. Section 2 describes the Hamiltonian and calculation
details. In Section 3, we show the SHC/VHC of the system un-
der strain. In Section 4, the numerical results are investigated.
Finally, Section 5 gives the summary of the paper.

Ez d

A

B

y

x

a
rm

c
h
a
ir
 d

ir
e
c
ti
o
n

zigzag direction

Fig. 1. (color online) Schematic illustration of silicene sheet. The A and
B sites are separated by a distance 2d in the electric field Ez.

2. The effective Hamiltonian model
In this section, we present the effective Hamiltonian

model to describe the low-energy dynamics of carriers in a
ferromagnetic silicene which is subjected to a perpendicular
uniform electric field[19,57]

Hτ,sz = h̄vF(kxσx− τkyσy)

−τsz∆SOσz +∆zσz−Msz. (1)

In our model, the wave functions in the sublattice pseudospin
space in terms of the A and B sublattice components can be
defined as Ψτ,sz = {ψA

τ,sz ,ψ
B
τ,sz}

T. The first term is the normal
graphene Hamiltonian (Dirac Hamiltonian) at the Dirac cone
approximation for both valleys K and K′, which is indexed by

τ = + (−), and vF is the Fermi velocity of silicene’s carri-
ers. The in-plane momentum 𝑘 = (kx,ky) measured from the
hexagonal first Brillouin zone and σi (i = x,y,z) are the Pauli
matrices. The second term is the Kane–Mele Hamiltonian for
the intrinsic SO coupling. For silicene, ∆SO = 3.9 meV[19] is
the SO coupling strength and sz =+ (−) is defined for spin up
(down). The third term describes the on-site potential differ-
ence between A and B sublattices with ∆z = Ezd, where Ez is
the applied perpendicular electric field and 2d = 0.46 nm is the
vertical distance of the sublattice’s planes, as shown in Fig. 1.
If silicene is deposited on the surface of a magnetic insulator
substrate, an exchange magnetization can be induced in sil-
icene with M = ∆SO/2 as the exchange field.[58,59] The effect
of strain on the Hamiltonian is given by the two-dimensional
reductions of the strain tensor[33,60]

ε = 𝜖

(
cos2 θ −ν sin2

θ (1+ν)cosθ sinθ

(1+ν)cosθ sinθ sin2
θ −ν cos2 θ

)
, (2)

where θ denotes the angle of the applied strain with respect to
the x axis direction, ε is the strain modulus, and ν = 0.62 is
Poisson’s ratio from ab initio calculations for silicene.[61] In
our calculations, θ = 0 refers to the strain along the AC direc-
tion. Thus, we have considered our calculations based on the
converted nearest neighbors vectors after strain.

The Hamiltonian under strain in Eq. (1) can be written as
Hτ,sz(𝑘) =U†(θ)H0

τ,sz(𝑘)U(θ), in which

U(θ) =

(
1 0
0 e−iθ

)
is the unitary matrix performing a rotation in the sublattice
space[62] and

H0
τ,sz(𝑘) =

(
∆z− τsz∆SO−Msz kx(1−λxε)+ iτky(1−λyε)
kx(1−λxε)− iτky(1−λyε) −∆z + τsz∆SO−Msz

)
,

where λx = 2.2 and λy =−1.3 are the logarithmic derivatives of the nearest-neighbor hopping with respect to the lattice parameter
(a = 0.386 nm) at ε = 0 along the x and y directions, respectively.[63] Finally, the effective Hamiltonian is given by

Hτ,sz(𝑘) =

 ∆z− τsz∆SO−Msz h̄vF e−iθ
(

kx(1−λxε)+ iτky(1−λyε)

)
h̄vF e iθ

(
kx(1−λxε)− iτky(1−λyε)

)
−∆z + τsz∆SO−Msz

 . (3)

The eigenvalues of the above Hamiltonian are described by the
following electronic bands:

E±τ,sz(k) =±
√

∆ 2
τ,sz +(h̄vFk)2−Msz, (4)

where + (−) refers to the conduction (valance) bands, ∆τ,sz =

∆z− τsz∆SO, and k =
√

k′2x + k′2y , with k′x = kx(1− λxε) and
k′y = ky(1−λyε). The corresponding wave functions are given

by

Ψ
±
τ,sz =

e i𝑘·𝑟√
2χτ,sz

( √
χτ,sz ∓∆τ,sz

±
√

χτ,sz ±∆τ,sz e−iτϕk

)
, (5)

where χτ,sz =
√

∆ 2
τ,sz +(h̄vFk)2 and ϕk = arctan(k′y/k′x). By

these expressions, SHC and VHC of this system are calculated
in the next section.
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3. Spin/valley Hall conductivity
The DC transverse Hall conductivity of doped ferromag-

netic silicene under strain σxy within the Kubo formalism can
be written as[64,65]

σ
τ,sz
xy = −i

e2h̄
A ∑

𝑘

f (E+
τ,sz)− f (E−τ,sz)

(E+
τ,sz −E−τ,sz)

2

×〈Ψ+
τ,sz |vx|Ψ−τ,sz〉〈Ψ

−
τ,sz |vy|Ψ+

τ,sz〉, (6)

where A = 1 is the area of the system in our calculations and
vx(y) are the velocity components that can be calculated from

vi = (1/h̄)(∂H/∂ki). Also

f (E±τ,sz) = 1/(1+ e(E
±
τ,sz−µ)/kBT )

is the Fermi–Dirac distribution function, where kB is the Boltz-
mann constant and µ is the chemical potential. The chemical
potential at zero temperature is equal to the Fermi energy. Our
investigations are carried out at zero temperature. The final
relation for the DC transverse Hall conductivity of this system
is obtained as

σ
τ,sz
xy =−τe2v2

Fh̄∆τ,sz ∑
𝑘

sinh{(
√

∆ 2
τ,sz +(h̄vFk)2)/kBT}

(χ3
τ,sz)

(
cosh{(

√
∆ 2

τ,sz +(h̄vFk)2)/kBT}+ cosh(Msz +µ)

) . (7)

After solving this relation for arbitrary parameters including
M, ∆z, µ , and ε , the SHC/VHC of this system can be obtained
as follows:[64–67]

σ
s
xy =

h̄
2e ∑

τ,sz

szσ
τ,sz
xy =

h̄
2e

(σ+,+
xy +σ

−,+
xy −σ

+,−
xy −σ

−,−
xy ), (8)

σ
v
xy =

1
2e ∑

τ,sz

τσ
τ,sz
xy =

1
2e

(σ+,+
xy +σ

+,−
xy −σ

−,+
xy −σ

−,−
xy ). (9)

In the next section, by setting kB = vF = 1, the results of SHC
and VHC are presented in detail.

4. Numerical results
The band structures of doped ferromagnetic silicene with

µ = ∆SO over the first Brillouin zone for K (K′) valleys under
strain ε with a given applied electric field, ∆z/∆SO = 0.75,
are shown in Fig. 2. Also different kinds of spin configu-
rations have been considered. Because of the unique band
structure of silicene, a symmetry between the results of val-
leys and spins is seen. Plots are reflected with respect to the
(E(k)± µ)/∆SO = 0 by exchanging the spin up and down.
The ε = 0 (black solid lines), ε = 5% (red dashed lines),
ε = 10% (green dotted lines), and ε = 15% (violet dotdashed
lines) are the various values of the strain modulus. In the pres-
ence of an applied external electric field, the slope of bands
is decreased with strain for all kinds of configurations, which
leads to the increase of electron and hole effective masses
(1/m∗ = h̄−1

∂ 2E(K)/∂ 2k) and the decrease of transport. Also
a non-vanishing density of states at the Fermi energy is found.
Surprisingly, the direct band gap due to the breaking of the
inversion symmetry remains at the Fermi level with respect to
the chemical potential, the system is a semimetal for all strains
in the presence of the electric field, and there is no transition
which is in qualitative agreement with the results of recent
works.[21,66,67] This can be understood from the fact that the
detected potentials by silicon atoms at the A and B sublattices

are different. In other works, a semimetal–metal transition oc-
curs in the absence of an electric field.[68,69] Spin splitting for
∆z/∆SO = 0.75 (∆z < ∆SO) occurrs in Figs. 2(a) and 2(b) for
valley K and Figs. 2(c) and 2(d) for valley K′, which is consis-
tent with the results by Nicol and Tabert.[70] These behaviors
can affect the SHC and VHC of the system.

In Fig. 3, the DC transverse Hall conductivity as a func-
tion of the electric field for various strain moduli is plotted at
a fixed doping µ/∆SO = 1. In Figs. 3(a) and 3(b), for val-
ley K with spin up (down), by increasing the strain for ∆z <

∆SO(−∆SO), the conductivity decreases due to the increase of
the effective mass of the carriers, and at ∆z = ∆SO(−∆SO), it
becomes zero and then increases; this can be analyzed from
the symmetry between spin up and down. Another point is re-
lated to the increase of the conductivity with the electric field.
The electric field acts as an external perturbation and leads
to the increase of the scattering rate of carriers and the con-
ductivity. For valley K′ with spin up (down), because of the
symmetry between valleys, an inverse result is expected. By
increasing the strain modulus, the conductivity increases for
∆z < −∆SO(∆SO) and goes to zero at ∆z = −∆SO(∆SO), then
decreases as shown in Figs. 3(c) and 3(d). On the other hand,
the conductivity decreases in valley K′ with the electric field.
These behaviors lead to a general treatment for SHC and VHC.
In Fig. 4, SHC is plotted as a function of the electric field and
decreases (increases) for ∆z < 0 (∆z > 0) due to the symmetric
direction of the applied electric field with respect to the spins.
Also when the strain modulus increases, because of the inver-
sion symmetry breaking between sublattices, at a given elec-
tric field, SHC decreases and has a stronger oscillation than
the noninteracting case. These results are in agreement with
the obtained results by Tahir et al.[71] The VHC increases with
the electric field, as shown in Fig. 5, but decreases (increases)
with the strain at ∆z < 0 (∆z > 0).
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Fig. 2. (color online) The energy spectrum of ferromagnetic silicene with M = ∆SO/2 and ∆z/∆SO = 0.75 for different strain modulus: ε = 0
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Fig. 3. (color online) The DC transverse Hall conductivity ((a) σ
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xy ) as a function of the applied electric field

for different strain modulus and all spin and valley configurations with µ/∆SO = 1.
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A plot of the band structure evolution around the K and K′

points for various ∆z/∆SO is shown in Fig. 6. Due to the sym-

metry between valleys, the spin labels switch at the K′ point.

For ∆z/∆SO = 0, in the presence of the strain ε = 0.07 = 7%,

the spin degeneration of all energy bands is broken and sepa-

rated by an insulating gap of ∆SO (black solid lines). By in-

creasing the electric field such that ∆z < ∆SO, the system be-

havior is similar to a topological insulator (TI) and the system

has two different behaviors for spin up and down at K and K′

valleys. For spin up (down) at K (K′), the gap decreases; and

for spin down (up) at K (K′), it increases with ∆z/∆SO. When

∆z reaches to ∆SO, i.e., ∆z = ∆SO, the band gap closes; by
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increasing ∆z further, a transition to the band insulator phase
occurs; then the band gap reopens, which is in agreement with
the mentioned work by Nicol and Tabert. It is necessary to
point out that this occurs only for valley K (K′) with spin up
(down) and this transition has a main role in the study of trans-
port properties. For valley K (K′) with spin down (up), the
band gap slightly increases with the electric field.

Figure 7 shows the behavior of the DC Hall conduc-
tivity with strain for various electric fields. For all cases,
the conductivity is symmetric about a critical strain around
ε = 0.45 = 45%. For valley K (K′) with spin up (down),
the conductivity increases (decreases) with the electric field
and is zero at ∆z = ∆SO due to the phase transition. Before
this critical strain, the conductivity decreases (increases) for
∆z < ∆SO and then increases (decreases) with the strain. On
the other hand, for valley K (K′) with spin down (up), the con-
ductivity increases (decreases) with the electric field slightly.
Furthermore, it increases (decreases) with the strain before
(after) the critical strain for valley K with spin down, while
its behavior is inverse for valley K′ with spin up. Contrary
to the case ∆z ≤ ∆SO, the conductivity has a positive value
for ∆z > ∆SO due to the mentioned phase transition for valley
K (K′) with spin up (down). According to the previous ex-
planations, SHC is zero for 2 < ε < −1 (the negative value
for ε means compressive) and is increasing with the electric
field as in the topological insulator state has a −h̄/2e value by
considering the arbitrary units for the DC Hall conductivity at
∆z = ∆SO, as shown in Fig. 8. Another point is related to the
SHC at ∆z = 0, which has the minimum value (−1.85h̄/2e)
in agreement with Refs. [22] and [56]. For ∆z > ∆SO in the
band insulator phase, SHC has a symmetric behavior with re-
spect to the critical strain and becomes zero near this critical
point. Also the VHC has the same behavior around the critical
strain with the electric field. It is zero at ∆z = 0 and 1/2e at
∆z = ∆SO, as presented in Fig. 9.
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Fig. 9. (color online) VHC as a function of the strain for different ap-
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5. Conclusion
Kubo formalism has been used to study the low energy

electronic structure and SHC-VHC of a doped ferromagnetic
silicene under strain in the presence of an electric field. It is
found that SHC symmetrically decreases (increases) with re-
spect to the direction of the applied electric field while VHC
increases independently. A phase transition from topologi-
cal insulator to band insulator occurs with the electric field
in the presence of a fixed strain. The same behavior is ob-
served for SHC with strain at a critical strain about ε = 45% =

0.45, while VHC symmetrically increases (decreases) with the
strain. Eventually, the phase transition for SHC and VHC is
confirmed here in comparison with the previous works.
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