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In order to calculate the electronic structure of correlated materials, we propose implementation of the
LDA+Gutzwiller method with Newton’s method. The self-consistence process, efficiency and convergence of calcula-
tion are improved dramatically by using Newton’s method with golden section search and other improvement approaches.
We compare the calculated results by applying the previous linear mix method and Newton’s method. We have applied
our code to study the electronic structure of several typical strong correlated materials, including SrVO3, LaCoO3, and
La2O3Fe2Se2. Our results fit quite well with the previous studies.
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1. Introduction

The density function theory (DFT) with local density ap-
proximation (LDA) have been successfully applied to calcu-
late the band structures and related properties of many ma-
terials. However, the LDA fails to capture the strongly corre-
lated nature of strongly correlated materials because it is based
on a single particle picture. In order to solve this problem,
several computational methods have been proposed, including
LDA+U , LDA+DMFT, and LDA+Gutzwiller.

LDA+Gutzwiller method has already been proposed and
successfully utilized to investigate many important strongly
correlated materials, such as ferromagnetic metals, iron super-
conductors, and topological Kondo insulators.[1,2,6,16] Com-
pared to LDA+DMFT, LDA+Gutzwiller is much faster and
cheaper. However, the convergence of the self-consistent pro-
cedure is the bottle neck for this method, which prevents it
from being applied to much bigger systems.

In this paper, we present an important improvement of the
Gutzwiller method by combining it with Newton’s method (a
numerical method to determine a function’s root) and golden
section search (a technique for finding the extremum (min-
imum or maximum) of a unimodal function). Our hybrid
method dramatically improves the convergence, and can make
the LDA+Gutzwiller calculations much faster and stable.

The rest of this paper is organized as follows. In Sec-
tion 2, the theory behind the Gutzwiller method is introduced.
In Section 3, implementation details are discussed, and the lin-
ear mix method and Newton’s method are compared. Section 4

details experimental results of our proposed method. Finally,
Section 5 lists a short summary of our findings.

2. LDA+Gutzwiller derivation
In this section, we present the basic derivation of the

Gutzwiller method. More detailed derivations and explana-
tions can be found in our previous paper.[1,2]

2.1. Hubbard model

In this section, we derive the basic equations of the
Gutzwiller approximation using the multi-orbital Hubbard
model. The Hubbard model can be divided into two parts,
one is the single particle (Hlda = Hkin +Hloc) part, which can
be obtained from LDA calculations, the other is the interac-
tion part (Hint), which describes the electron–electron interac-
tion by many-particle wave functions. Expanded expression is
given as follows:

H = Hkin +Hloc +Hint

= ∑
i6= j,αβ

tαβ

i, j f̂ †
i,α f̂ j,β +∑

i,α
tαα
i,i f̂ †

i,α f̂ j,α +∑
i

Hi,int, (1)

Hint = U1 ∑
m

n̂m↑n̂m↓+U2 ∑
m<m′

n̂m↑n̂m′↓

+ (U2− J) ∑
m<m′,σ

n̂mσ n̂m′σ

−J ∑
m<m′

(
f †
m↑ fm↓ f †

m′↑ fm′↓+ f †
m↑ f †

m↓ fm′↑ fm′↓+h.c.
)
.(2)

In Eq. (1), Greek letter subscripts denote a combined spin–
orbital index, and the operator f̂ †

i,α

(
f̂i,α
)

creates (annihilates)
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an electron on orbital α at site i. The first term of Eq. (1) de-
scribes electrons hopping between sites i and j, while the sec-
ond term describes electrons hoping on one site between dif-
ferent orbitals. The last term describes the electron–electron
interaction. In Eq. (2), m denotes strictly orbital index, while
σ denotes spin index. The former three terms are density–
density interaction terms: the first term describes interactions
between two electrons in the same orbital but with differ-
ent spins; the second term describes interactions between two
electrons on different orbitals with different spins (U2 < U1);
and the third term describes interactions between two electrons
with the same spin but on different orbitals (U2−J <U2 <U1).
The third term’s factor is the smallest, thus electrons with the
same spin tend to have lower system energy. This reflects
Hund’s rules. The fourth term describes interactions of spin
flipping and pair hopping.

In LDA + Gutzwiller method, two types of interaction
terms can be considered. One is called density–density
Gutzwiller interaction (ddgw), in which only the first three
terms in Eq. (2) are included. There are two parameters af-
fecting the energy band, the quasi-particle weight R and the
onsite energy revision Elm. R is between 0 and 1, and the
band is compressed according to R. Elm affects the shift of
the correlated bands. In this type, quasi-particle weight R and
on-site energy Elm are vectors Rα and Elmα . α is the local or-
bital index. The other type, rotational invariable Gutzwiller
interaction (rtgw), includes all interacting terms. In rtgw,
quasi-particle weight and on-site energy are matrix 𝑅α,β and
Elmα,β . α and β are local orbital index. In the present paper,
we will focus on the density–density type just for simplicity.
The generalization to the rotational invariant type is straight
forward. The result of the rotational invariant type is shown in
Section 4.2.

2.2. Gutzwiller variational wave function

The Gutzwiller wave function (GWF) |G〉[3] is a many-
particle wave function. We act the Gutzwiller projection op-
erator P̂ upon the Hartree uncorrelated wave function (HWF)
|0〉

|G〉= P̂|0〉. (3)

This operator P is composed by projector Pi

P̂ = ∏
i

P̂i, (4)

where i is the site index, and Pi projects the wave function to
many-particle configurations

P̂i = ∑
I

cI |I〉〈I|. (5)

Here, I denotes the Fock states, the parameters cI are vari-
ational parameters, which adjust the weight of each configura-
tion in the wave function. The GWF is obtained by setting the
proper parameters cI .

2.3. Variational problem constraints

There are two variational problem constraints. First, the
GWF |G〉 must be normalized as follows:

〈G|G〉= ∏
i
〈0|P̂iP̂i|0〉= 1. (6)

The other constraint is[3]

〈0|P̂†
i P̂i f̂ †

i,α f̂i,α |0〉= 〈0| f̂ †
i,α f̂i,α |0〉, (7)

and we denote

n0
α = 〈0| f̂ †

i,α f̂i,α |0〉, (8)

Nα = 〈0|P̂†
i P̂i f̂ †

i,α f̂i,α |0〉. (9)

2.4. Lagrange equation

The Lagrange function is F
(
cI ,ceff

nl ,λϕ ,λlk,λα

)
, in which

cI is the Lagrange variation parameter to determine the GWF.
ceff

nl is the Lagrange variation parameter to determine effective
one-particle wave function |l〉. |n〉 is the eigen wave func-
tion from LDA calculation, we use |n〉 as single particle basis.
λlk and λϕ are the Lagrange multipliers of the normalization
constraint for the effective one-particle wave function and the
GWF, respectively. λα is the Lagrange multiplier of the par-
ticle number operator constraint, and its physical meaning is
each orbit’s chemical potential.

F
(

cI ,ceff
nl ,λϕ ,λlk,λα

)
= ∑

i, j,α,β

tα,β
i, j 〈G| f̂

†
i,α f̂ j,β |G〉+ 〈G|Hint|G〉

−∑
lk

λlk (〈ψlk|ψlk〉−1)

−∑
α

λα

[
Nα −n0

α

]
−λϕ (〈ϕ|ϕ〉−1) . (10)

In this non-linear equation, both the effective single parti-
cle wave function ceff

nl and the many-particle wave function cI

are unknown, and they are related to each other. To solve this
equation, we designed a two-step self-consistent loop. First,
all parameters related to the many-particle wave function (Rα ,
Elmα ) are set as constants, and we can find a proper effec-
tive single particle wave function ceff

nl . Second, all param-
eters related to the single particle wave function (nα , Ekin

Rα
)

are set as constants, and we can constitute hamiltonian on
the non-interacting many-particle wave function and find the
proper variational parameters cI . The equation for the effective
single-particle part is as follows:

∂F
∂ceff∗

nl
= ∑

i, j,α,β

tα,β
i, j

∂ 〈G| f̂ †
i,α f̂ j,β |G〉

∂ceff∗
nl

+
∂ ∑α λα

[
n0

α −Nα

]
∂ceff∗

nl
−λlkceff

nl

017103-2



Chin. Phys. B Vol. 26, No. 1 (2017) 017103

= 0. (11)

The equation for the many-particle part is

∂F
∂cI

= ∑
i, j,α,β

tα,β
i, j

∂ 〈G| f̂ †
i,α f̂ j,β |G〉
∂cI

+
∂ 〈G|Hint|G〉

∂cI

−
∂
(
∑α λα

[
Nα −n0

α

])
∂cI

−λϕ ∑
I

2cI〈0|I〉〈I|0〉

= 0. (12)

3. Implementation and optimization
In this section, we focus on implementation details and

optimization techniques applied to the Gutzwiller method. We
introduce the interface of LDA + Gutzwiller method. Then
outline the two self-consistent loops (outer loop and inner
loop), and compare the linear mixed method and Newton’s
method. Lastly, we discuss the golden section search method
used in the inner loop.

3.1. Interface of LDA+Gutzwiller

The Gutzwiller method requires two input files. One
is the eigenvalue of each k point Enk, which results from
LDA calculation. The other is the overlap matrix 𝑆α,n(k),
Sα,n(k) = 〈φαk|ψnk〉. |ψnk〉 is the eigenfunction from LDA
calculation. |φαk〉 is the local orbital. In our method, strong
correlation confined to each site is required, therefore local or-
bitals between neighbor sites should not be overlapped. The
local orbital can be a Wannier function[4,5] of the LDA bloch
wave, or atomic local orbitals.

Tight binding Harmiltonian can be built on local orbital
basis. Since some tight binding models are provided in real
space, the Hamiltonian is H(r), and it is better to transform to
reciprocal space H(k) by Fourier transformation, to facilitate
the effective single particle calculation. Details on building
local orbital and projection can be found in previous paper.[6]

3.2. Two-step loop of Gutzwiller method

In the sigle-particle part (Section 3.3), with given in-
put Rinput

α and Elminput
α , we can find proper ceff

nl . Then we
can calculate parameters related with ceff

nl , such as occupa-
tion number nα and derivative ∂Ekin

∂Rα
. In the many-particle

part (Section 3.4), with occupation number nα and derivative
∂Ekin
∂Rα

from single-particle part, we can find proper cI . The in-
ner self-consistent loop is only related to many-particle part
(Eq. (12)). In the inner loop, with given occupation num-
ber nα and derivative ∂Ekin

∂Rα
, we need to find proper chemi-

cal potential λα of each orbit to meet the constraint condition
(Eq. (7)). Then we use occupation number nα , derivative ∂Ekin

∂Rα

and chemical potential λα (from inner self-consistent loop) to
find proper cI . Then we can calculate the output Routput

α and
Elmoutput

α . The two-step loop is shown in Fig. 1.

input value of Gutzwiller: 
Enk and Sαn↼k↽

Heff|ψnk>=εnk|ψnk>

construct Gutzwiller effective

construct Hamiltonian HB

new input:

Rα and Elmα

new input: λα

solve Kohn-Sham-like
equation

HB|φG>=EG|φG>

Nα=nα?

solve equation

calculate Rα and Elmα

 Rα and Elmα

self-consistant?

calculate quantities:
total energy......

clculate    and na

Hamiltonian Heff 

DE
DRa

Fig. 1. (color online) Flow chart of the two-step self consistent loop.

3.3. Effective single-particle equation

From Eq. (11), we get an effective single particle Hamil-
tonian

Heff(k) = ∑
αβ

R†
α tα,β

k Rβ |kα〉〈kβ |

+ ∑
α

(
1−∑

α

R2
α tα,α

k

)
|kα〉〈kα|

+ ∑
α

Elmα |αk〉〈αk|, (13)

Elmα =
∂Ekin

∂Rα
∑
II′

cIcI′Sα

II′√
nα (1−nα)

nα −0.5
nα (1−nα)

+λα , (14)

Rα = ∑
II′

Sβ

II′cIcI′√
n0

β

(
1−n0

α

) . (15)

Rα is quasi-particle weight, Elmα is the chemical potential of
local orbital α . Both are functions of cI . nα is the occupation
number of local orbital (nα = 〈0| f̂ †

α f̂α |0〉), dE
dRα

is the kinetic
energy, and fnk is the Fermi dispersion of the effective single
particle wave function. Sα

II′ is either one or zero, which de-
notes eliminating an electron on orbital α in Fock state I′, and
then mapping to Fock state I (Sα

II′ = 〈I| f̂α |I′〉).
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3.4. Many-particle equation

From Eq. (12), we obtain a many-particle Hamiltonian
written on the basis of Fock states,

(Hm)II′ = ∑
α

∂Ekin

∂Rα

Sα

II′ +Sα†
II′√

n0
α

(
1−n0

α

) +2HI
intδII′

−2∑
α

λα Nα
I δII′ , (16)

nα = ∑
l,k

w(k) flk〈ψlk|αk〉〈αk|ψlk〉, (17)

∂Ekin

∂Rα

= ∑
k

∑
β

Rβ tβα

k χk,αβ +∑
β

Rβ tαβ

k χk,βα

−2Rα tαα
k χk,αα , (18)

where

χk,αβ = 〈0| f̂ †
k,α f̂k,β |0〉= ∑

n
fnk〈ψnk|kα〉〈kβ |ψnk〉. (19)

∂Ekin
∂Rα

and nα are two input parameters gotten from the effective
single particle equation. Nα

I denotes the electronic occupation
on orbital α in the Fock state I (Nα

I = 〈 f̂ †
i,α f̂i,α〉I). The ground

state eigen vector of Hm is the Lagrange variational parameter
cI . Then we can calculate Nα (Nα = ∑I Nα

I c2
I ) to see whether

the constraint has been met (Nα = nα ). Then we adjust λα to
meet the constraint condition given by Eq. (7).

3.5. Outer self-consistent loop and Newton’s method

Each self-consistent loop was separated into two parts.
In the effective single-particle equation, input is quasi-particle
weight Rα and on-site energy Elmα , output is kinetic energy
∂Ekin
∂Rα

and effective occupation number nα . Conversely, in the

many-particle equation, input is kinetic energy ∂Ekin
∂Rα

and oc-
cupation number nα , output is quasi-particle weight Rα and
on-site energy Elmα . The two parts constitute a complete self-
consistent loop. We can view the loop as function of 𝑔, with
input 𝑅in and Elmin, and function results of 𝑅out and Elmout.
For convenience, input parameters are called in, while the out-
put parameters are called out

𝑔R(𝑅in,Elmin) =𝑅out,

𝑔Elm(𝑅in,Elmin) = Elmout. (20)

This equation is simplified as

𝑔(in) = out. (21)

Previously, we use linear mix method, that is,

in1 = λ𝑔(in0)+(1−λ )in0, (22)

where λ is a real number between 0 and 1.
To make this self-consistent procedure more efficient, we

then applied Newton’s method. Using this method, the self-
consistent problem (function g) is changed to a root finding

problem (function f ) and defined as

𝑓(in) = 𝑔(in)− in. (23)

The self-consistent point 𝑔(inr) = inr is the point 𝑓(inr) = 0.
Taking the derivative at point in0, which is near the root point
inr, we get

𝑓(inr)−𝑓(in0) =
∂out
∂ in

(inr− in0). (24)

Taking 𝑓(inr) = 0, in0 becomes the next input point for
our consistent loop. This equation becomes

−𝑓(in0) =
∂out
∂ in

(inr− in0), (25)

and the next input point is

inr = in0−

(
∂out
∂ in

∣∣∣∣
in0

)−1

𝑓(in0), (26)

∂out
∂ in is the Jacobi matrix. To apply Newton’s method, we must

derive the Jacobian: ∂Rout
∂Rin

, ∂Rout
∂Elmin

, ∂Elmout
∂Rin

and ∂Elmout
∂Elmin

. In or-
der to get this Jacobi matrix, we break it into two parts: the

effective single particle part ∂𝑛
∂𝑅in

,
∂

d𝐸
d𝑅

∂𝑅in
, ∂𝑛

∂Elmin
,

∂
d𝐸
d𝑅

∂Elmin
(see

Appendix A), and the many-particle part ∂𝑅out
∂𝑛

, ∂Elmout
∂𝑛

, ∂𝑅out

∂
d𝐸
d𝑅

,

∂Elmout

∂
d𝐸
d𝑅

(see Appendix B).

In the many-particle part, there is a intermediate variable
𝜆, and we need ∂𝜆

∂𝑛
and ∂𝜆

∂
d𝐸
d𝑅

to yield the Jacobi matrix for the

many-particle part. The details for these derivatives are shown
in Appendix C.

3.6. Inner self-consistent loop and Newton’s method

The inner self-consistent loop corresponds to the many-
particle part outlined in Section 3.4. The purpose is to find
the proper 𝜆 in Eq. (16). In this loop, the parameter of many-
particle Hamiltonian Hm is the chemical potential 𝜆, 𝑛, and
d𝐸
d𝑅 are given by single-particle part (Eq. (11)). With given 𝜆,
we can get Hamiltonian Hm. Diagonalizing this Hamiltonian
yields the ground state wave function CI and the correspond-
ing Nα , Nα = ∑I Nα

I c2
I . We define a function 𝑔, where input is

𝜆 and output is 𝑁 , 𝑔(𝜆) =𝑁 .
To meet the constraint 𝑁 = 𝑛, we define a new function

𝑓(𝜆) = 𝑔(𝜆)−𝑛. (27)

The Jacobi matrix for the inner loop is ∂𝑁
∂𝜆

. For derivation
details, please refer to Appendix C and Eq. (C10).

3.7. Golden section search with Newton’s method

We also apply golden section search[24] to improve the
convergence of our code. Newton’s method sets direction in
the parameter space, and then golden section search sets the
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step length. Newton’s method is very sensitive to the starting
point. In some situations, it can cost more steps or cannot find
solution, if Newton’s method starts with a bad point. With the
technique of golden section search, in each step, we can find
the point nearest to the solution on the step’s Newton’s line,
which is a better starting point for next step, thus it can im-
prove the convergence. Results are shown in Section 4.3.

4. Example
In this section, we show results from SrVO3, LaCoO3

and La2O3Fe2Se2, and compare the LDA and LDA+G band
structures. We will also compare our method to the traditional
Gutzwiller method. Convergence behavior will be shown with
respect to convergence steps.

4.1. SrVO3

SrVO3 is a 3d orbital correlated metal. Its simple cubic
perovskite structure and non-magnetic electronic state make it
an ideal test material.[5,7,8] The LDA result is inconsistent with
experiments.[9–11] These features can be understood through
our LDA+Gutzwiller calculations. We choose a 3dt2g Wan-
nier function as the interacting local orbits with interaction en-
ergy U = 5 eV, Jz = 1.0 eV. Figure 2 shows the band structure
calculated by LDA+Gutzwiller. The band width using our
method is reduced by 30%. These results are in good agree-
ment with previous experiments.[9–11]

The results of quasi-particle weight and on-site energy by
our new application are all well in comparable with the tradi-

tional application. Figure 3 shows convergence behavior of the
two methods in case of SrVO3. Case far away from the tran-
sition point (U = 1.0 eV, J = 0.0 eV ) and near the transition
point (U = 6.0 eV, J = 0.0 eV) are shown in upper and lower
part respectively. In both cases, applying Newton’s method
reduces the number of convergence steps.

SrVO3 showed one electron in the 3d orbitals, consistent
with previous findings.[13] The Brinkman–Rice transition[14]

occurred at certain combination of U and J. As shown in
Fig. 4, the Gutzwiller method can converge into two differ-
ent results, which is also consistent with previous research.[15]

The previous linear mix application cannot find self-consistent
solution for branches with small quasi-particle weight. The
application of Newton’s method can improve the convergence
of the Gutzwiller method.
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Fig. 2. (color online) The band structure of SrVO3 from the LDA and
the LDA+Gutzwiller result. U = 5 eV and Jz = 1.0 eV.
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Fig. 4. The quasi-particle weight R[12] with respect to U . From right to
left, J/U = 0.2, 0.1, 0.0.

4.2. LaCoO3

LaCoO3 is a typical correlation material. Since there are
two strongly correlated atoms in one cell, and each atom has
10 local orbitals, convergence of this case is more difficult
than SrVO3. We calculated bulk LaCoO3

[16] band structure
with LDA and LDA+G (rtgw). We applied rotational invari-
ant code for this case. The Gutzwiller method adjusted crys-
tal field splitting between t2g and eg due to the effect of on-
site energy Elm, and renormalized t2g and eg bandwidth using
quasi-particle weight R. LDA and LDA+G bands are plotted in
Fig. 5. The Gutzwiller method shows that LaCoO3 is semicon-
ductor, while LDA calculation suggests it is metal. The band
gap was approximately 0.36 eV, which is in good agreement
with experiments.[17–19]
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Fig. 5. (color online) LaCoO3 band structure with interaction U = 7.0 eV,
Hund’s rule coupling J = 0.6 eV.

4.3. La2O3Fe2Se2

La2O3Fe2Se2 is considered a strongly correlated material
and is claimed to be a semiconductor and Mott insulator.[20]

We consider the magnetic order of La2O3Fe2Se2. Each cell
has 16 strongly correlate atoms, and each atom has 10 local
orbitals. This makes convergence very difficult. The band
structure with interaction U = 6.0 eV and J = 1.5 eV is shown
in Fig. 6. The band gap was approximately 0.121 eV, which
agrees with past findings.[21–23]

Calculations were performed using both linear mix and
Newton’s methods. The linear mix method cannot achieve
convergence. In the inner loop, the linear mix method can-
not locate appropriate chemical potentials for each orbital λα

defined by Eq. (12) with the constraint condition given by
Eq. (7). In contrast, Newton’s method locates appropriate
chemical potentials within 6 steps. Figure 7 shows the aver-
age absolute deviation of the difference between Nα and n0

α(
nerror = ∑α

|Nα−n0
α |

Norb

)
with respect to number of steps. Fig-

ure 8 shows the Gutzwiller energy in the inner loop with re-
spect to the number of steps.
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Fig. 6. (color online) La2O3Fe2Se2 band structure with interaction
U = 6.0 eV, Hund’s rule coupling J = 1.5 eV.
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5. Conclusion
Our implementation of LDA+G with Newton’s method,

golden section search, and other revision of previous
Gutzwiller implementation were detailedly described in this
paper. First, the Hubbard model (Section 2.1) and Gutzwiller
wave function (Section 2.2) were introduced. Then, we
put forward a two-step self-consistent method to solve the
nonlinear Lagrange equation (Section 2.4), and apply New-
ton’s method to both the outer and inner loops (Sections 3.5
and 3.6 respectively). Finally, we tested our method on
SrVO3, LaCoO3, and La2O3Fe2Se2. Results for all materi-
als agree with both the experimental data and previous calcu-
lation. Conclusively, this proposed method dramatically im-
proves the efficiency and convergence of the implementation
of Gutzwiller method.

Appendix A: Jacobi matrix for single-particle
part equation

This is the Jacobi matrix for Newton’s method in the ef-
fective single-particle equation, in which input is 𝑅 and Elm,
output is d𝐸

d𝑅 and 𝑛. The four elements of the Jacobi matrix
are as follows:

∂
dE

dRα

∂Rβ

=∑
lk

wk flk ∑
mn

∂ceff∗
lm

∂Rβ

(
∂Ekin

∂Rα

)
mn

ceff
nl

+wk flk ∑
mn

ceff∗
lm

(
∂Ekin

∂Rα

)
mn

∂ceff
nl

∂Rβ

+wk
∂ flk

∂Rβ
∑
mn

ceff∗
lm S∗mα Sαnceff

nl

+wk flk ∑
mn

ceff∗
lm

(
∂Ekin

∂Rα ∂Rβ

)
mn

ceff
nl . (A1)

Here, S∗mα = 〈m|α〉, |α〉 is the local orbital, and 〈m| is the input
LDA wave function.

∂
dE

dRα

∂Elmβ

=∑
lk

wk flk ∑
mn

∂ceff∗
lm

∂Elmβ

(
∂Ekin

∂Rα

)
mn

ceff
nl

+wk flk ∑
mn

ceff∗
lm

(
∂Ekin

∂Rα

)
mn

∂ceff
nl

∂Elmβ

+wk
∂ flk

∂Elmβ
∑
mn

ceff∗
lm S∗mα Sαnceff

nl , (A2)

∂nα

∂Rβ

=∑
lk

wk flk ∑
mn

∂ceff∗
lm

∂Rβ

S∗mα Sαnceff
nl

+wk flk ∑
mn

ceff∗
lm S∗mα Sαn

∂ceff
nl

∂Rβ

+wk ∑
mn

∂ flk

∂Rβ

ceff∗
lm S∗mα Sαnceff

nl , (A3)

∂nα

∂Elmβ

=∑
lk

wk flk ∑
mn

∂ceff∗
lm

∂Elmβ

S∗mα Sαnceff
nl

+wk flk ∑
mn

ceff∗
lm S∗mα Sαn

∂ceff
nl

∂Elmβ

+wk ∑
mn

∂ flk

∂Elmβ

ceff∗
lm S∗mα Sαnceff

nl . (A4)

Appendix B: Jacobi matrix for many-particle
equation

This is the Jacobi matrix for Newton’s method in the
many-particle equation, in which input is d𝐸

d𝑅 , and output is
𝑅, Elm, and 𝑛. The four elements of the Jacobi matrix are as
follows:

∂Rα

∂nβ

=δαβ ∑
II′

cIcI′Sα

II′√
n0

α

(
1−n0

α

) nα −0.5
nα (1−nα)

, (B1)

∂Elmα

∂nβ

=
∂λα

∂nβ

+
dE

dRα

∂Rα

∂nβ

nα −0.5
nα (1−nα)

fnk|kα〉〈kα|

+
dE

dRα

Rα

(
n2

α −nα +0.5

(nα (1−nα))
2

)
fnk|kα〉〈kα|, (B2)

∂Rα

∂
dE

dRβ

=∑
II′

 ∂cI

∂
dE

dRβ

cI′R
α

II′ + cI
∂cI′

∂
dE

dRβ

Rα

II′

 , (B3)

∂Elmα

∂
dE

dRβ

=
∂λα

∂
dE

dRβ

+

Rα +
dE

dRα

∂Rα

∂
dE

dRβ


× nα −0.5

nα (1−nα)
fnk|kα〉〈kα|. (B4)

Appendix C: Details for chemical potential 𝜆

In the many-particle equation, parameter 𝜆 must be ad-
justed to meet the occupation number constraint Eq. (7). When
Newton’s method is used for the many-particle equation, we
must know the partial derivatives ∂λα

∂nβ
, ∂λα

∂
dE

dR
β

and ∂Nα

∂λβ
.

The occupation number in the many-particle equation is

Nα = ∑
I

c2
I Nα

I . (C1)
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The differentiation with respect to cI is

δNα = ∑
I

2cINα
I δcI . (C2)

According to the perturbation theory, we can get

δcI =∑
α

∑
j′ 6= j

〈
j′
∣∣∣ ∂HB

∂
dE

dRα

∣∣∣ j〉
E j−E j′

〈I| j′〉δ dE
dRα

+∑
α

∑
j′ 6= j

〈
j′
∣∣ ∂HB

∂nα

∣∣ j〉
E j−E j′

〈I| j′〉δnα

+∑
α

∑
j′ 6= j

〈
j′
∣∣ ∂HB

∂λα

∣∣ j〉
E j−E j′

〈I| j′〉δλα , (C3)

define
(

A dE
dRα

)
I
= ∑ j′ 6= j

〈
j′
∣∣∣ ∂HB

∂
dE

dRα

∣∣∣ j

〉
E j−E j′

〈I| j′〉,

δNα =∑
β

∑
I

(
A dE

dR
β

)
I

2cINα
I δ

dE
dRβ

+∑
β

∑
I

(
Anβ

)
I
2cINα

I δnβ

+∑
β

∑
I

(
Aλβ

)
I
2cINα

I δλβ , (C4)

define BNα
I
dE

dR
β

= ∑I

(
A dE

dR
β

)
I
2cINα

I δ
dE

dRβ

,

δNα = ∑
β

(
BNα

I
dE

dR
β

δ
dE
dRβ

+BNα
I

nβ
δnβ +BNα

I
λβ

δλβ

)
, (C5)

δ n⃗ = δ N⃗ =
←→
B dE

dR
δ

d⃗E
dR

+
←→
B nδ n⃗+

←→
B λ δ λ⃗ , (C6)

δ λ⃗ =
(←→

B λ

)−1
((

1−←→B n

)
δ n⃗−←→B dE

dR
δ

d⃗E
dR

)
, (C7)

∂λα

∂nβ

=
(←→

B λα

)−1

β

−

(
∑
γ

(←→
B λα

)−1

γ

←→
B nγ

)
β

, (C8)

∂λα

∂
dE

dRβ

=−∑
γ

(←→
B λα

)−1

γ

(
←→
B dE

dRγ

)
β

. (C9)

From Eq. (C4), we determine the inner loop derivatives:

∂Nα

∂λβ

= ∑
I

(
Aλβ

)
I
2cINα

I . (C10)
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