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We report nonlinear parametric interactions using a hydrodynamic model of ion-implanted semiconductor plasmas
having strain-dependent dielectric constants (SDDC). High-dielectric-constant materials are technologically important be-
cause of their nonlinear properties. We find that the third-order susceptibility varies in the range 10−14–10−12 m2·V−2 for
ion-implanted semiconductor plasmas, which is in good agreement with previous results. It is found that the presence of
SDDC in ion-implanted semiconductor plasma modifies the characteristic properties of the material.
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1. Introduction
Nonlinear parametric (NLP) interactions in semicon-

ducting materials have been studied by a number of
researchers.[1–8] These interactions provide useful information
regarding the physical properties of the host medium. A va-
riety of nonlinear effects have been observed in the interac-
tion of high-power electromagnetic waves with semiconductor
plasmas.

Ion implantation is one of the most widely used doping
techniques in the preparation of doped semiconductors and the
manufacture of semiconductor components. The implanted
ions in a material can modify the magnetic coercivity and non-
linear optical properties. A small quantity of ions may alter the
electrical conductivity of the host material by several orders of
magnitude. This process is responsible for implanted metal
ions being neutralized as processes slow down and somehow
agglomerating to form colloids. The study of the colloid for-
mation of metal ions by ion-implanted techniques has been
carried out in a number of laboratory experiments.[9] Charged
grains with sizes of the order of a single micrometer exist in
many laboratory, industrial, and natural plasmas. The grains
are often highly negatively charged, as fast-moving thermal
plasma electrons easily collide inelastically with them and be-
come attached. The grains can be useful models for studying
the structural dynamics of microscopic matter.

Crystal-like grain structures and their physical character-
istics, such as melting and fracturing, have been predicted and
observed in experiments and numerical simulations.[10,11]

In recent years, Ghosh and fellow researchers have re-
ported the linear and nonlinear optical properties of nano-
clusters (NCs) of implanted ions in solids. The presence of

charged NCs not only modifies the wave spectrum, but also
alters the amplification characteristics.[12] In the dispersion
relation for slow and fast electro-kinetic waves, the charged
colloids significantly modify the dispersion and absorption
characteristics.[13,14] The implanted ions in group IV semicon-
ductors agglomerate to form nano-sized grains, which can be
synthesized within the host material following an appropriate
annealing process. The shape and size of these grains are de-
termined by various factors such as ion fluency and anneal-
ing treatments.[15] NLP interactions in ion-implanted semi-
conductor plasma are modified by the presence of non-drifting
charged colloidal particles.[16]

Despite extensive research, no reports have been pub-
lished on nonlinear interactions in ion-implanted semicon-
ductor plasmas having strain-dependent dielectric constants
(SDDC). Motivated by this, we examine the third-order non-
linear susceptibility of ion-implanted semiconductors having
SDDC. High dielectric materials have attracted researchers be-
cause of their potential applications in microelectronics, stor-
age memories, the miniaturization of electronic devices, and
attractive physical and dielectric properties.[17] The SDDC ef-
fect for semiconductors was first observed by Pekar (in 1966)
and Ogg (in 1967).[18,19] The dielectric constant is not yet
fully understood. The strain dependence of the dielectric
constant shows broadened peaks and considerable deviation
from the Curie–Weiss-type law near critical strains; this is
attributed to complete phonon softening.[20,21] The hydrody-
namic model proposed in this paper for the theoretical estima-
tion of the third-order susceptibility in ion-implanted semicon-
ductor plasmas strikes a very good balance between accuracy
and simplicity. We report the results of a numerical analysis
to examine the influence of nonlinear parametric interactions
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in ion-implanted semiconductor plasmas on the high dielectric
parameters. The analysis considers variation in the third-order
susceptibility parameters of the system with the pump power,
wave number, and plasma frequency in the active region.

2. Theoretical formulation
Physically, the parametric amplification of acoustic waves

(AWs) is possible because of the coupling that the driving
pump electric field introduces between the AW and the elec-
tron plasma wave (EPW). An acoustic perturbation in the lat-
tice gives rise to an electron density fluctuation at the same
frequency. This fluctuation couples nonlinearly with the pump
electric field and drives the EPW at the sum and difference fre-
quencies, which can be adjusted so that they are close to the
electron plasma frequencies. The resulting electron density
fluctuation at the plasma frequency also couples nonlinearly
with an external field and can reinforce the original electron
density perturbation at the acoustic frequency. Thus, under
certain conditions, the AW and EPW drive each other to insta-
bility at the expense of the pump electric field.

We have considered the well-known hydrodynamic de-
scription of a homogeneous, ion-implanted n-type crystal
(viz., n-BaTiO3) semiconductor plasma having SDDC with
electron and negatively charged colloids as carriers subjected
to an electromagnetic pump wave within an external electric
field (for which kal � 1, ka and l being the acoustic wave
number and the mean free path of an electron, respectively).
Normally, the ion-implanted semiconductor plasma and its re-
sponse to an applied field are treated quantum mechanically.
However, in the present paper, the authors assume that the
pump wave is spatially uniform and there are many photons
in the field. The propagation of such a wave can be adequately
described using classical mechanics.

Theoretical formulations of the third-order effective sus-
ceptibilities of electrons and colloids for ion-implanted semi-
conductor plasmas having SDDC have been studied previ-
ously. Nonlinear parametric interactions occur due to para-
metric coupling among three waves: the pump wave, acoustic
wave, and scattered wave. Let us consider a spatially uniform
pump electric field E0 exp[i(k0x−ω0t)] applied to an electro-
strictive field medium along the positive x-direction and par-
allel to the induced density modulation. We propose the fol-
lowing basic equations to describe the parametric interactions
of the pump electric field with the medium under homoge-
neous ion-implanted n-type semiconductor plasma with elec-
trons and negatively charged colloids as carriers:

∂v0 j

∂ t
+υ jv0 j =

Z jeE0

m j
, (1)

∂v1 j

∂ t
+υ jv1 j +

(
v0 j

∂

∂x

)
v1 j =

Z jeE1

m j
, (2)

∂n1 j

∂ t
+n0 j

∂v1 j

∂x
+ v0 j

∂n1 j

∂x
= 0, (3)

∂ 2u
∂ t2 =

c
ρ

∂ 2u
∂x2 −

εgE0

ρ

∂E∗1
∂x

, (4)

∂E1

∂x
=

n1 jZ je
ε

+gE0
∂ 2u∗

∂x2 , (5)

where j = e,d (electrons, colloids). Here, Z j =
q j
e is the charge

state of electrons and colloids, which is the ratio of negative
charges qd that reside over the colloidal grains to the charge
e on the electrons; in the further analysis, it is assumed that
Ze = −1. Equation (1) is the momentum transfer equation,
in which v0 j is the zero-order velocity of the carriers, de-
noting that the carriers will oscillate under the influence of a
time-varying pump electric field. These carriers have effective
mass m j and charge −Z je. The term ve is the phenomenologi-
cal electron collision frequency (assuming vd ≈ 0). Similarly,
equation (2) represents the first-order equation of motion for
the scattered carriers with first-order fluid velocity v1 j due to
the scattered field E1.

Equation (3) represents the equation of continuity, in
which n0 and n1 are the equilibrium and the perturbed car-
rier densities, respectively. Equation (4) describes the lattice
vibration in an ion-implanted semiconductor plasma, where ρ ,
u, and c denote the mass density of the crystal, the lattice dis-
placement, and the crystal elastic stiffness, respectively. The
space charge field E1 is determined by Poisson’s equation (5),
in which D = εE (1+gS) and ε = ε0εs, where D is the electric
displacement, εs is the dielectric constant in the absence of any
strain S(= du/dx), and g(= εs/3) is the coupling constant of
the ion-implanted semiconductor plasmas having SDDC.[22]

For an electron j = e,

∂ 2ne

∂ t2 +υe
∂ne

∂ t
+ω

2
pene +

k2n0eegE0

me
u∗ = ikEen∗e , (6)

and for colloids j = d,

∂ 2nd

∂ t2 +ω
2
pdnd +

k2n0dZdegE0

md
u∗ = ikEdn∗d, (7)

where

ωpe =

(
n0ee2

meε

)0.5

and ωpd =

(
n0dZ2

de2

mdε

)0.5

are the plasma frequency of electrons and colloids, re-
spectively, and Ee = eE0/me, Ed = ZdeE0/md. We have
neglected the Doppler shift under the assumption that(
ω0� υ � k0v0 j

)
. The fast component nf j corresponds to

Stokes’ component of the scattered waves (SWs) and varies
as exp[i(k1x−ω1t)], whereas the slow component ns j is asso-
ciated with AWs and varies like exp[i(kax−ωat)]. From the
above equations, we obtain the following coupled wave equa-
tion under the rotating wave approximation. For electrons,

∂ 2nfe

∂ t2 +υe
∂nfe

∂ t
+ω

2
penfe +

k2n0eegE0

me
u∗ = ikEen∗se,
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∂ 2nse

∂ t2 +υe
∂nse

∂ t
+ω

2
pense = ikEen∗fe. (8)

Similarly for colloids,

∂ 2nfd

∂ t2 +ω
2
pdnfd +

k2n0dZdegE0

md
u∗ = ikEdn∗sd,

∂ 2nsd

∂ t2 +ω
2
pdnsd = ikEdn∗fd. (9)

These equations exhibit the coupling between the low- and
high-frequency components of the density perturbation nse,
nsd, and nfe, nfd via the pump electric field. Thus, the presence
of the pump electric field is fundamental for the parametric
interaction to occur, whereas the presence of colloids modi-
fies the existing nonlinearities in the medium. From Eqs. (8)
and (9), we can use the wave approximation to obtain the slow
component n∗s j for electrons and colloids as

n∗se = −
n0ek2εg2E∗0 E1

ρ (ω2
a − k2
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a)

×

[
1−

(
δ 2

1 − iω1υe
)(
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where δ 2
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1
)

and δ 2
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)
, ∆ 2

1 =(
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)
and ∆ 2

2 =
(

ω2
pd−ω2

a

)
, and va = (c/ρ)0.5 is the

acoustic velocity in the crystal medium. With a view to
studying the contribution to the nonlinear current density due
to the induced polarization in the medium, the effect of the
transition dipole moment has been neglected. Thus, the res-
onant components of the induced nonlinear current due to
density perturbations oscillating at the acoustic frequency are
J j (ωa) = n∗s jZ jev0 j. Substituting for n∗s j in the above relation
and treating the induced polarization for electrons and colloids
(Pj) as the time integral of the current density (J j), we obtain
Pj =

∫
J jdt = J j

−iωa
. This leads to
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peE∗0 E0E1
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. (13)

The induced polarization may also be expressed as

Pe (ωa) = ε0χ
(3)
e E0E∗0 E1,

Pd (ωa) = ε0χ
(3)
d E0E∗0 E1.

This leads to the corresponding third-order susceptibility
χ
(3)
j as
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Equations (14) and (15) collectively represent the third-order
susceptibility for electrons and negatively charged colloids in
the semiconductor material. The effective susceptibility χ

(3)
j.eff

can be written as

χ
(3)
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(3)
jr + iχ(3)

j i , (16)

where the real part of the susceptibilities χ
(3)
jr becomes
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Thus, the real part of the effective susceptibility is[
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]
=
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The above formula reveals that the total crystal susceptibility
is influenced and modified by the presence of the implanted
metal colloids. The imaginary part of the third-order suscepti-
bility becomes

χ
(3)
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υek4ε2g2ω2
pe
∣∣E2

e
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χ
(3)
d.imag = 0. (21)

Thus, the imaginary part of the effective susceptibility is

χ
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eff.imag
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e
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3. Results and discussion
Numerical calculations were performed for the n-type

doped semiconductor sample (BaTiO3) at 77 K irradiated by
10.6 µm CO2 laser. The following material parameters were
taken as representative values: me = 0.0145m0 (m0 being the
free electron rest mass), md = 1.67× 10−27 kg, εs = 2000,
ρ = 4× 103 kg ·m−3, n0e = 1025 m−3, n0d = 2× 1020 m−3,
υe = 5×1011 s−1, ω0 = 1.78×1013 s−1, ωa = 1.6×1013 s−1,
va = 2.5×103 m · s−1. The threshold characteristics are illus-
trated in Fig. 1. As usual, the threshold E0th decreases as the
wave number k increases. Initially, at k ≈ 5×107, the thresh-
old pump is E0th ≈ 1.56× 106 V ·m−1. The threshold pump
decreases abruptly with k up to k � 109 m−1, and then de-
creases slowly.
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k/109 m-1

E
0
th
/
1
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6
 m
SV

-
1

Fig. 1. Variation of threshold electric field E0th with wave number k.

The maximum E0th is found to be of order E0th ≈ 106 V ·
m−1.[23] Figure 2 represents the variation of the real part of
the susceptibility χ

(3)
real as a function of k at a particular pump

electric field E0 in the vicinity of the threshold |E0th|. It can be
observed that χ

(3)
real exhibits the usual dispersive characteristics

of a medium with a high dielectric constant.
The real part of the acousto-optic (AO) susceptibility in-

creases with an increase in k in the positive group velocity dis-
persion regime (GVD) [implying ωa/ka ≈ vφ (the phase veloc-
ity of idler)� va]. The AO susceptibility shows an anomalous
behavior at k ≈ 6.4× 109 m−1. However, the anomalous ab-
sorption of χ

(3)
e.real increases abruptly in the regime ωa ≈ kava.

In the negative GVD regime, χ
(3)
real abruptly increases. This

can be attributed to the positive nonlinear dispersive charac-
teristics of the medium leading to a focusing of the modulated
beam. Thus, a laser propagating through an AO device oper-
ating in the negative GVD regime (ωa� kava) will have an
enhanced interaction with the acoustic and scattered beams in
the medium. The presence of negative charged colloids can
modify the property of

[
χ
(3)
eff.real

]
(Eq. (19)). The imaginary

part of the susceptibility for electrons is depicted in Fig. 3 as
a function of the wave number (Eq. (20)). Initially, the curve
shows that when kava� ωa at E0 ≈ E0th, the increase in wave
number k causes the susceptibility χ

(3)
e.imag to abruptly decrease.

The maximum absorption is χ
(3)
e.imag ≈−1.3×1015 m2 ·V−2 at

k ≈ 8×107 m−1. Beyond this point, there is a slight increase
in the susceptibility and out phase when kava = ωa. Figure 3
shows the variation of the imaginary part of susceptibility for
electron χ

(3)
e.imag with wave number k.
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    5

susceptibility for electron

Fig. 2. (color online) Variation of the real part of susceptibility for electron
χ
(3)
e.real and effective susceptibility

[
χ
(3)
eff.real

]
with wave number k.
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Fig. 3. Variation of the imaginary part of susceptibility for electron
χ
(3)
e.imag with wave number k.

It may be inferred from Fig. 4 that, when E0 < E0th,
both real parts of the susceptibility (the effective susceptibility
and the susceptibility for electrons) are negative (which indi-
cates absorption) and remain almost constant as E0 increases
(Eqs. (17) and (19)). However, both real parts (χ(3)

e.real and

χ
(3)
eff.real) decrease and reach minima at 7× 105 V ·m−1 fol-

lowed by a very sharp rise (amplification). The resonance
peak of BaTiO3 is at ≈ 8× 105 V ·m−1 ≈ E0th. When k =
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1×108 m−1, the value of E0th is equal to 7.89×105 V ·m−1.
Beyond this point, it decreases and becomes constant. A slight
change in effective susceptibility χ

(3)
eff.real is due to the modifi-

cation in the property of ion implantation in semiconductor
plasmas.

χ
3
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0

-
1
3
 m

2
SV

-
2

E0/105 VSm-1

4 6 8 10 12 14 16 18

-120

-60

0

60

120

    ↑
susceptibility for electron

effective susceptibility
↓

Fig. 4. (color online) Variation of the real part of susceptibility χ
(3)
real

with pump electric field E0.

The imaginary part of the susceptibility for electrons with
a pump electric field is depicted in Fig. 5.

χ
3
  
  
  
  
 /

1
0

-
1
2
 m

2
SV

-
2

E0/108 VSm-1

0.8 1.2 1.6 2.0 2.4 2.8 3.2 3.6
-200

-160

-120

-80

-40

0

e
.I
m

a
g
.

Fig. 5. Variation of the imaginary part of susceptibility χ
(3)
e.imag with

pump electric field E0.

When E0 ≈ 2.2× 108 V ·m−1� E0th in this regime, the
imaginary part of the susceptibility reaches a minimum at
≈−1.8×10−10 m2 ·V−2. Initially, the curve shows the usual
characteristics at E0 ≈ 0.8×108 V ·m−1 and remains constant.
The variation in the real part of the susceptibility for electrons
χ
(3)
e.real as a function of carrier concentration (via ωpe) is dis-

played in Fig. 6.
It may be inferred from Fig. 6 that, when ω2

pe � δ1δ2,

the susceptibility for electrons χ
(3)
e.real can be both positive

and negative. An increase in plasma frequency ωpe (via the
carrier concentration n0) slowly increases the susceptibility
χ
(3)
e.real, which then abruptly rises with further increase in car-

rier concentration n0. When ωpe ≈ 3.158× 1013 s−1 and
n0 ≈ 9.1× 1024 m−3, the susceptibility χ

(3)
e.real changes sign,

implying that the negative dispersion (absorption) character-
istics further increase in the plasma frequency, causing the

susceptibility to acquire negative values and saturate beyond(
ω2

pe ≈ δ1δ2
)
. It is evident from Eq. (17) that E0th reduces ap-

preciably with an increase in carrier concentration n0. Hence,
the former is strongly dependent upon the latter. The real part
of the susceptibility for colloids as a function of the plasma
frequency for colloids ωpd (via the carrier concentration n0d) is
depicted in Fig. 7. This figure shows the same characteristics
as Fig. 6. Initially, when ωpd � ∆1∆2, the susceptibility for
colloids χ

(3)
d.real can be both negative and positive. An increase

in the plasma frequency for colloids ωpd (via the carrier con-
centration n0d) slowly increases the susceptibility χ

(3)
d.real before

there is an abrupt increase for further increases in carrier con-
centration n0d.
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Fig. 6. Variation of the real part of susceptibility χ
(3)
e.real with plasma

frequency ωpe.
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Fig. 7. Variation of the real part of susceptibility for colloids χ
(3)
d.real with

plasma frequency for colloids ωpd.

When ωpd ≈ 2.071× 1013 s−1 and n0 ≈ 3.1× 1020 m−3,
the susceptibility χ

(3)
d.real changes sign, attributing negative dis-

persion (absorption) characteristics. Any further increase in
the plasma frequency causes the susceptibility to acquire neg-
ative values and saturate beyond the point

(
ω2

pd ≈ ∆1∆2

)
.

4. Conclusion

In the present analysis, we have studied the possibil-
ity of NLP interactions in the real and imaginary parts of
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the third-order susceptibility in ion-implanted semiconduc-
tor plasmas having SDDC. The following important conclu-
sions may be drawn. The hydrodynamic model of semicon-
ductor plasma has been successfully applied to ion implan-
tation in high dielectric semiconductor materials. We cal-
culated the magnitude of the third-order susceptibility to be
χ(3) ≈ 10−14 m2 ·V−2, which is in good agreement with other
results.[24,25] In this analysis of third-order susceptibility, the
presence of SDDC in ion-implanted semiconductor plasma
was found to modify the characteristic properties of the ma-
terial.
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