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Dust acoustic waves in collisional uniform dense magnetoplasma∗
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In order to study the characteristics of dust acoustic waves in a uniform dense dusty magnetoplasma system, a non-
linear dynamical equation is deduced using the quantum hydrodynamic model to account for dust–neutral collisions. The
linear dispersion relation indicates that the scale lengths of the system are revised by the quantum parameter, and that the
wave motion decays gradually leading the system to a stable state eventually. The variations of the dispersion frequency
with the dust concentration, collision frequency, and magnetic field strength are discussed. For the coherent nonlinear dust
acoustic waves, new analytic solutions are obtained, and it is found that big shock waves and wide explosive waves may be
easily produced in the background of high dusty density, strong magnetic field, and weak collision. The relevance of the
obtained results is referred to dense dusty astrophysical circumstances.
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1. Introduction
As it is known, dusty (complex) plasmas consist of par-

tially or fully ionized gas and charged micron-sized particles
and show the plasma state of soft matter.[1] Due to their ubiqui-
tous nature, a world-wide studying interest is evoked in planet
formation, planetary rings, solar system research, Earth’s en-
vironments, plasma technology, etc. For unmagnetized and
weak coupled dusty plasmas, two types of acoustic modes
are the dust acoustic (DA) waves and dust ion-acoustic (DIA)
waves,[2] which were predicted in theory[3,4] and observed
in some laboratory experiments.[5–8] For the DA waves, the
phase velocity is much smaller than the electron and ion ther-
mal speeds, and the frequency is much smaller than the dust
plasma frequency. In the DA waves, the restoring forces orig-
inate in the pressures of the inertialess electrons and ions, and
the waves are supported by the dust mass that provides the
inertia.[2]

Since Haas extended the magnetohydrodynamic model[9]

to the quantum hydrodynamic (QHD) model[10] in the case of
nonzero magnetic field for dense plasmas with a quantum cor-
rection term generally known as the Bohm potential, the QHD
model has become one of the most frequently employed mod-
els for studying dense quantum plasmas, and many research
results have been gained with it.[11–17] For example, in the
investigation of DA waves, the variations of the drift shock
profile with the quantum Bohm potential, collision frequency,
ratio of drift to shock velocity in the co-moving frame and

effect of magnetic field have been investigated.[18] The quan-

tum DA double layers show that the formation of the com-

pressive and the rarefactive double layers relies on the quan-

tum plasma parameters.[19] It is noted that positive and nega-

tive bell-shaped solitary pulses of a magnetized quantum dusty

plasma turn into explosive pulses relying largely upon the an-

gles of propagation and dust polarity.[20]

In this paper, the linear and nonlinear propagation char-

acteristics of the DA waves are investigated in a dense dusty

plasma system comprising inertia dust particles, and inertia-

less Boltzmann distributed electrons and ions. Using the QHD

model, assuming ∂x � ∂z � ∂y, considering the case that the

collision between dust particles and neutrals is dominant, and

keeping the nonlinear term ∂tφ
2, a simplified two-dimensional

nonlinear equation is derived in the next section. In Section 3,

a dispersion relation expression is derived by linearizing the

equation. The variations of the dispersion frequency with the

typical parameters are discussed by graph. In Section 4, inves-

tigating the coherent nonlinear DA waves, new shock solution

and explosive solution of the nonlinear equation are obtained

by tanh function transform methods. The effects of the typical

parameters on the shock wave and explosive wave are investi-

gated in detail. The final section is devoted to the conclusion

and discussion.
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2. Derivation of nonlinear equation
We investigate a multi-component homogeneous quan-

tum dusty magnetoplasma containing inertialess electrons, in-
ertialess ions, and negatively charged dusts (e–i–d) with neu-
trals in the background, and consider the collision effect be-
tween dust particles and neutrals. Assume that the equilibrium
magnetic field 𝐵0 is in the z direction, and the final derived
nonlinear equation will be in the y–z plane. The phase veloc-
ity of the wave is vd� ω/k� vFe,vFi (vFe, vFi, and vd are the
electron, ion, and dust Fermi velocities, respectively), so the
quantum statistical and Bohm potential contributions of dust
can be ignored. Employing the QHD model, the following
governing equations for individual species can be written.

Three dynamic equations for inertialess electrons, inertia-
less ions, and negatively charged dust particles are governed
by

−ene
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where nl ,ml ,𝑣l (l = e, i,d), e and Zd are density, mass, ve-
locity, electron charge, and dust charge number, respectively;
νdn is the collision frequency between dust particles and neu-
trals; the electrostatic field 𝐸 = −∇φ (φ is the electro-
static potential); the electron and ion Fermi pressure p j =

h̄2(3π2)2/3n5/3
j /5m j ( j = e, i). Applying the boundary condi-

tions n j = n j0 and φ = 0 at z→±∞, and the Talor expansion
in the parallel component of Eqs. (1) and (2), the following
results can be obtained:

ñe

ne0
=

3eφ

2kBTFe
− 3

4

(
eφ

kBTFe

)2

+
9h̄2e

16mek2
BT 2

Fe
∇2

φ , (4)

ñi
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where kB is the Boltzmann constant, n j0 is the equilibrium
density, ñ j is the perturbed density, n j = n j0 + ñ j, and ñ j �
n j0, the electron and ion Fermi temperature TF j and the equi-
librium density n j0 are related by

TF j =
h̄2

2m jkB
(3π

2)
2
3 n

2
3
j0.

On the basis of the Poisson equation

∇2
φ =−4πe(ni−ne−Zdnd), (6)

the rate of the dust density perturbation ñd to density equilib-
rium nd0 is

ñd

nd0
=−a1φ −a2φ

2−a3∇2
φ +a4∇2

φ , (7)

where a1 = 3e/2kBTFe[(ne0/Zdnd0)+(ni0/Zdnd0)(TFe/TFi)],
a2 = 3e2/4k2

BT 2
Fe[(ni0/Zdnd0)(TFe/TFi)

2− (ne0/Zdnd0)], a3 =

9eh̄2ne0/16mek2
BT 2

FeZdnd0, and a4 = 1/4πeZdnd0.
The parallel component and perpendicular component of

dust velocity can be gained from Eq. (3). Substituting them
and Eq. (7) into the following dust continuity equation:

∂tnd +∇ · (nd𝑣d) = 0, (8)

and making the supposition ∂x � ∂z � ∂y, a nonlinear dy-
namic equation is obtained as
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Here, the operator D̂ is defined as D̂ = dt + νdn = ∂t +

vdz∂z + νdn, b = 3e/4kBTFe(pσ2 − χ), p = ni0/Zdnd0, χ =

ne0/Zdnd0, σ = TFe/TFi; the electron Fermi wavelength λFe =√
kBTFe/4πe2ne0; the dust Larmor radius at the electron tem-

perature ρsd =
√

kBTFe/mdΩ 2
cd, the dust cyclotron frequency

Ωcd = 2π fcd = ZdeB0/cmd, and the low frequency waves sat-
isfy ∂t � Ωcd; the dust acoustic speed is csd =

√
kBTFe/md;

and the quantum parameter is H =
√

9h̄2/16mekBTFe. It is no-
ticed that the inhomogeneous drift equation with shock wave
is studied using KdVB and KPB equations.[18]

In this paper, when the collision effect is taken into ac-
count between neutrals and dust particles in the dense plasma
system, the nonlinear dust acoustic waves such as the shock
wave and explosive wave will be studied in detail. When
νdn� dt in the operate, and the terms ∂ 2

z φ and ∂tφ
2 are kept,

equation (9) becomes a two-dimensional nonlinear dynamic
equation
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When these rescalings are introduced,

Φ =
eφ

kBTFe
, He =

H
ρsd

, Λ =
λFe

ρsd
,

ν =
νdn

Ωcd
, t̄ = Ωcdt, ȳ =

y
ρsd

, z̄ =
z

ρsd
, (11)

equation (10) is normalized as

∂tΦ +g1∂tΦ
2 +g2∂t∂

2
y Φ−g3∂

2
y Φ−g4∂

2
z Φ = 0, (12)

where the bars have been dropped. In Eq. (12), the dimension-
less coefficients are

g1 =
1

2(χ + pσ)
(pσ

2−χ),
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g2 =
2

3(χ + pσ)
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e −χΛ
2−Zd),
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2Zd
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2Zd

3(χ + pσ)

1
ν
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According to the plasma characteristic of the dense as-
trophysical atmosphere,[21–23] the physical quantities can be
selected as

B0 = 108G, ni0 = 1.5×1021 cm−3,

mi = 3.35×10−24 g, md = 10−15 g, zd = 1000, (14)

then taking nd0 = 1.49× 1018 cm−3, ne0 = 1019 cm−3, and
νdn = 106 Hz, the normalized quantities can be calculated as

He = 4.9×10−2, Λ = 9.41×10−3, ν = 6.24,

g1 = 65.05, g2 =−5.09, g3 = 3.17, g4 = 8.16. (15)

Thereinto, the normalized quantities 0 < He < 1, and g2 < 0
when B0 ∼ 108 G and ni0 ∼ 1021 cm−3.

3. Dispersion relation
The dispersion relations of plasmas are important re-

search problems that attract a great deal of attention. Re-
cently, for numerical calculation of kinetic plasma dispersion
relations, a general and effective approach is developed ac-
cording to Pade approximation and matrix transformation.[24]

Here, in order to discuss the linear propagation character of the
dust acoustic waves, we make Eq. (12) linearized and suppose
that the perturbation is proportional to exp[ikyy+ ikzz− iωt].
Here, k is the wave number, ky = k cosθ , kz = k sinθ , θ is the
obliqueness angle, and ω is the wave frequency.

The dispersion relation can then be obtained as

ω =−

2Zd

3(χ + pσ)
i
(

νk2 cos2 θ +
k2 sin2

θ

ν

)
1+

2
3(χ + pσ)

(Zd +χΛ 2−χH2
e )k2 cos2 θ

. (16)

For a finite solution,

1+
2

3(χ + pσ)
(Zd +χΛ

2−χH2
e )k

2 cos2
θ > 0

must hold. It is obvious that our parameters in Eq. (15) cer-
tainly satisfy this demand.

Equation (16) reveals that the collision frequency νdn be-
tween neutrals and dust particles effects directly on the disper-
sion frequency, and the quantum parameter revises the scale
lengths of this dusty plasma system. The ω is a pure imag-
inary number, so the wave motion decays gradually and this
system tends to a stable state eventually. Besides, ω is also

related to the density, magnetic field, wave number, oblique-
ness angle, etc. Under the parameters given by Eqs. (14) and
(15), the variations of ω with the parameters are displayed in
Figs. 1–3. Figure 1 shows that the absolute frequency |ω| in-
creases purely with the dust density nd0 increasing. It is no-
ticed that increasing the negatively charged dust density may
result in the decrease of the electron density ne0 in this system,
which is equivalent to the increase of the normalized quantum
correction He, so ω gradually tends to a small stable value
as He → 0. Figure 2 shows how ω changes with νdn. With
the increase of νdn, |ω| decreases rapidly at first, then changes
slowly and tends to a small value. Accordingly, increasing dis-
sipation and damping leads to small |ω|. Figure 3 shows that
|ω| increases with the increase of magnetic field B0. From
Figs. 1–3, it is clear that |ω| always increases when increasing
the wave number k.
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Fig. 1. (color online) Change of the dispersion frequency with the dust
density nd0 and the wave number k determined by Eq. (16) for θ = π/3,
νdn = 106 Hz, and other parameters given in Eq. (14).
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Fig. 2. (color online) Change of the dispersion frequency with the col-
lision frequency νdn and the wave number k determined by Eq. (16)
for nd0 = 1.49× 1018 cm−3, θ = π/3, and other parameters given in
Eq. (14).
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Fig. 3. (color online) Change of the dispersion frequency with the
magnetic field B0 and the wave number k determined by Eq. (16) for
θ = π/3, νdn = 106 Hz, and other parameters given in Eq. (14).

4. Shock wave
As it is known, nonlinearities should be considered when

the amplitudes of waves become large enough. The nonlinear-
ity in the plasma system devotes to the localization of waves,
which results in different types of meaningful coherent struc-
tures such as shock waves, solitary waves, voids, vortices,
etc.[2,25,26] In this section and the next section, investigating
the coherent nonlinear dust acoustic waves, we look for the
shock and explosive solutions of equation (12) employing non-
linear methods.

We utilize the general traveling wave method and tanh
function method to achieve the shock solution and explosive
solution for the nonlinear dynamic equation (12). Using this
coordinate transformation ξ = k1y+ k2z− k3t, equation (12)
becomes

k3∂ξ Φ +g1k3∂ξ Φ
2 +(g3k2

1 +g4k2
2)∂

2
ξ

Φ +g2k2
1k3∂

3
ξ

Φ = 0, (17)

where k1 and k2 are the nonlinear wave numbers, and k3 is the
wave frequency. Furthermore, Φ(ξ ) is expanded as the form

Φ(ξ ) = b0 +b1 tanh(ξ )+b2 tanh2(ξ )

+b3/ tanh(ξ )+b4/ tanh2(ξ ), (18)

where bi (i = 0,1, . . . ,4) are undetermined constants. After
equation (18) is substituted into Eq. (17), and all the coeffi-
cients of the tanh(ξ ) terms and their derivatives are set to zero,
we get an over-determined set of equations for the unknowns.
Two groups of significative solutions can then be obtained by
solving the determinant equations as follows:
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where k2 and k3 are the positive constants, and k1 satisfies the
constraint

k1 =−
√
−g4(10g2k3 +g3)k2

10g2k3 +g3
. (21)

Substituting the first group of solution (19) into Eq. (18)
results in this shock solution

Φ1 =−
1

2g1

[
1+

12g2g4k2
2

10g2k3 +g3
(1+2tanh(ξ )− tanh2(ξ ))

]
, (22)

where

ξ =

√
−g4(10g2k3 +g3)k2

10g2k3 +g3
y− k2z+ k3t.

For studying the effects of the parameters on the dust-
acoustic shock wave, we use the numerical parameters in
Eqs. (14) and (15), and give the graphic representations. It
is noticed that the expressions of quantum effects of electrons
and ions include density, so the variation of the electrostatic
potential Φ1 with density reflects indirectly the change of Φ1

with quantum parameter. Figure 4 displays that the intensity
of the shock wave is strengthened with the increase of the dust
density nd0 (that is increasing the quantum parameter He). Fig-
ure 5 shows that increasing the magnetic field strength B0 leads
to the enhancement of shock wave, which means that the phys-
ical environment of a strong magnetic field can easily generate
a large shock wave.

Besides, the shock waves can be excited in nonlinear dis-
sipative medium, and the dissipation is related to collision,
kinematic viscosity, etc. Figure 6 presents that the strength of
the shock wave increases with the decrease of the collision fre-
quency νdn between neutrals and dust particles, which presents
the decrease of dust dissipation in the system.
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Fig. 4. (color online) The shock wave Φ1 with the dust density nd0
determined by Eq. (22) for k2 = 10, k3 = 1, νdn = 106 Hz, and other
parameters given in Eq. (14).
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Fig. 5. (color online) The shock wave Φ1 with the magnetic field
B0 determined by Eq. (22) for k2 = 10, k3 = 1, νdn = 106 Hz, nd0 =
1.49×1018 cm−3, and other parameters given in Eq. (14).
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Fig. 6. (color online) The shock wave Φ1 with the collision frequency
νdn determined by Eq. (22) for k2 = 10, k3 = 1, nd0 = 1.49×1018 cm−3,
and other parameters given in Eq. (14).

5. Explosive wave
Substituting the second group of solution (20) into

Eq. (18) results in this new explosive solution[27]

Φ2 =−
1

2g1

[
1+

12g2g4k2
2

10g2k3 +g3

(
1+

2
tanh(ξ )

− 1
tanh2(ξ )

)]
, (23)

with

ξ =

√
−g4(10g2k3 +g3)k2

10g2k3 +g3
y− k2z+ k3t.

It is noticed from Figs. 7–9 that the width of the explo-
sive wave gets bigger when increasing the dust density and
magnetic field strength, respectively, but gets narrower when
increasing the collision between dust particles and neutrals, so
a wide explosive wave can be generated under the conditions
of high dust density, strong magnetic field, and weak collision
in this dusty plasma system.

It is found that the shock and explosive solutions have an
inversely-proportional relationship with the nonlinear coeffi-
cient g1, which reflects that the nonlinear effect in this system

plays a very important role in the shock and explosive waves.
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Fig. 7. (color online) The explosive wave Φ2 given by Eq. (23) with
k2 = 10, k3 = 1, νdn = 106 Hz, nd0 = 1.45× 1018 cm−3 (solid line), and
nd0 = 1.49×1018 cm−3 (dash line). Other parameters are given in Eq. (14).
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Fig. 8. (color online) The explosive wave Φ2 given by Eq. (23) with k2 = 10,
k3 = 1, νdn = 106 Hz, nd0 = 1.49×1018 cm−3, B0 = 108 G (solid line), and
B0 = 5×108 G (dash line). Other parameters are given in Eq. (14).
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Fig. 9. (color online) The explosive wave Φ2 given by Eq. (23) with k2 = 10,
k3 = 1, nd0 = 1.49×1018 cm−3, νdn = 106 Hz (solid line), and νdn = 107 Hz
(dash line). Other parameters are given in Eq. (14).
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Besides, the variations of the shocks and explosions with the
phase ξ of space–time have similar characters as displayed in
Figs. 4–9. The electrostatic potential Φ varies quickly when
|ξ | is small. While |ξ | is big enough (|ξ |> 2), Φ approaches
separately to positive or negative steady values as ξ < 0 or
ξ > 0.

6. Conclusion and discussion

In order to study dust acoustic waves in the dense uniform
dusty plasma system, the two-dimensional nonlinear govern-
ing Eq. (10) is deduced by the QHD model when the collision
effect is considered between neutrals and dust particles. The
linear dispersion relation presents that the quantum parameter
revises the scale lengths of this dusty plasma system; in addi-
tion, the wave motion decays gradually resulting in the system
leading to a stable state eventually. The plots show that the ab-
solute dispersion frequency |ω| raises purely with the increase
of the dust density, magnetic field strength, and wave number,
respectively. With the increase of the collision frequency, |ω|
decreases rapidly at first, then changes slowly and tends to a
small value eventually.

For the coherent nonlinear dust acoustic waves, the shock
solution shows that the strength of the shock wave raises with
enhancing the dust density and the magnetic field, respec-
tively, but decreases with the increase of the collision effect
between dust particles and neutrals (i.e., with the increase of
the dissipation). Besides, the explosive solution displays that
the width of the explosive wave gets bigger when increasing
the dust density and magnetic field strength, respectively; but
gets smaller when increasing the collision between dust parti-
cles and neutrals. Therefore, regarding this dusty plasma sys-
tem, a big shock wave and wide explosive wave may be easily
produced in the background of high dusty density, strong mag-

netic field, and weak collision that may cause small dissipation
and damping.

Under the astrophysical circumstances of dense atmo-
sphere where collision and quantum effect are prominent, the
above outcomes may support useful references to the dust
acoustic waves having coherent nonlinear structures.
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