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Two-center interference in high-harmonic generation of H+
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We theoretically investigate the two-center interference in high-order harmonics generated from the H+
2 in a combina-

tion of a mid-infrared laser and a terahertz field by numerically solving the time-dependent Schrödinger equation (TDSE).
The interference minima in high-order harmonic generation (HHG) are effectively suppressed when a THz field is added.
The contribution to HHG from the two separate nuclei is used to demonstrate the locating order of the harmonic minima.
Furthermore, we also investigate the emission time of harmonics. The results show that the intensity of the short path
around 60th order after adding a THz field is stronger than that in the mid-infrared laser field, which further illustrates the
suppression of the interference minima in HHG.
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1. Introduction
The high-order harmonic generation (HHG) as a highly

nonlinear dynamic has been a hot topic, which provides a
new way to obtain the extremely short duration attosecond
pulse.[1–3] The HHG process can be described as follow: an
electron is ionized from the parent core in the laser pulse, then
it recollides with the parent core when the laser reverses.[4–6]

Molecular high-order-harmonic generation (MHOHG) has at-
tracted much attention due to the application in exploring the
complex molecular structure. A special part of MHOHG is
the interference phenomena between the contributions from
different atomic centers. Lein et al.[7] investigated the inter-
ference maximum and minima in the harmonic spectra for the
two-dimensional H+

2 molecule within Born–Oppenheimer ap-
proximation. They showed that the maximum and the min-
ima depend on the cross angle of the laser polarization and
the molecular axis direction, and independent of the laser
parameters. The interference phenomenon has been widely
investigated,[8–10] where the ionized electron can recollide
not only with the parent ion,[4,11] but also with neighboring
ions.[12–14] Liu et al.[10] investigated the minima based on
the Born–Oppenheimer and non-Born–Oppenheimer approx-
imations, respectively. The results show that the positions
of the spectral minima are fixed for the Born–Oppenheimer
model but change periodically for the non-Born–Oppenheimer
one. The molecular above-threshold ionization (MATI) spec-
tra can be used to illustrate molecular interference phenom-
ena, which have been widely investigated theoretically and
experimentally.[15,16]

In addition, the investigations on the HHG and the at-
tosecond pulses generation by adding THz fields have at-
tracted the interest of scientists.[17–19] Yuan et al.[20] illus-
trated that the recollision of the electron with the parent ions
can be controlled by an intense elliptically polarized laser
pulse in a THz field. Ge et al.[21] demonstrated that there is
an enhancement of the harmonic intensity and a spectral width
33 eV can be obtained after adding a THz field.

The harmonic spectra with moving nuclei and static nu-
clei were investigated recently for the H+

2 molecule.[22] The
harmonic spectrum becomes smoother and has fewer modu-
lations when the nuclei is moving. It demonstrates that the
harmonic emission is sensitive to the nuclear motion. We in-
vestigate the interference minimum in HHG through the com-
bination of a mid-infrared laser field and a THz field by nu-
merically solving the non-Born–Oppenheimer time-dependent
Schrödinger equation (TDSE). The contribution to HHG from
the nucleus along the positive- or negative-z direction is pre-
sented, respectively, to further illustrate the interference phe-
nomenon. After we add a THz field, we can see that the
harmonic intensity from the nucleus along the positive-z di-
rection is enhanced. The interference minimum can be sup-
pressed and a continuum spectrum can be obtained. The time-
frequency analysis is also presented to illustrate the physical
phenomenon.

2. Theoretical model
The interference minimum in HHG can be investigated by

means of numerical solution of the TDSE of the H+
2 molecule,
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the initial wave function is obtained by the finite-element
discrete variable representation (DVR) method.[23] The non-
Born–Oppenheimer TDSE can be solved by the second-order
split-operator approach.[24,25] For the one-dimensional elec-
tronic and one-dimensional nuclear model, the z axis is taken
to be along the internuclear axis of the diatomic molecules.
And it is assumed to be parallel to the polarization direction of
the laser pulse. The corresponding TDSE is given as

i
∂

∂ t
Ψ (z,R, t) = H (z,R, t)Ψ (z,R, t) , (1)

with

H (z,R, t) = TR +Tz +VC (z,R)+VI (z, t) , (2)

TR = − 1
mp

∂ 2

∂R2 , (3)

Tz = −
2mp +me

4mpme

∂ 2

∂ z2 , (4)

VC (z,R) = − 1√
(z−R/2)2 +a

− 1√
(z+R/2)2 +b

+
1
R
, (5)

VI (z, t) = −
[

1+
me

(2mp +me)

]
zE(t). (6)

where R and z are the internuclear distance and the electronic
coordinate, respectively; and me = 1 and mp = 1836 are the
electron and the proton masses, respectively. We choose pa-
rameters a = b = 1 corresponding to the ionization energy
−21.1 eV. All the calculations are performed using the attosec-
ond resolution quantum dynamics program LZH-DICP.[26–28]

The laser field in our simulation is defined
as E0(t) = E0 exp[−2ln2(t2/τ2

0 )]cos(ω0t), ETHz(t) =

ETHz exp[−2ln2(t2/τ2
THz)]cos(ωTHzt). Here, the correspond-

ing laser peak intensities E0 and ETHz are I0 = 5×1014 W/cm2

and ITHz = 1 × 1013 W/cm2, ω0 = 0.0207 a.u. corre-
sponds to λ0 = 2200 nm, ωTHz = 11.3 THz corresponds to
λTHz = 26400 nm. The full widths at half maximum (FWHM)
τ0 and τTHz are 7.34 fs and 88 fs, respectively.

The time-dependent electronic probability density can be
obtained by

Pz (z, t) =
∫ R

0
dR|Ψ (z,R, t) |2. (7)

The ionization probability of electron can be obtained by the
flux operator method as

P(t) =
∫ t

0
dt ′
∫ Rs

0
dR j(z,R, t ′), (8)

where

j =
1
µe

Im
[
Ψ
∗
δ (z− z0)

∂

∂z
Ψ

]
, (9)

and µe =
2mpme

2mp+me
is the reduced mass of electron. z0 = 25 a.u.

is the flux analysis position for ionization, and Rs = 25 a.u.
is the absorbing position.[28,29] We set the spatial grid size as
0 a.u.< R < 30 a.u. and −100 a.u.< z < 100 a.u., with the
spatial steps ∆R = 0.1 a.u. and ∆z = 0.2 a.u., and the time step
of the electron ∆t = 0.2 a.u.

The harmonic spectrum can be obtained by[30,31]

a(t) = −
〈

Ψ (z,R, t)
∣∣∣∣ dVC(z,R)

dz

+

(
1+

me

2mp +me

)
E(t)

∣∣∣∣Ψ (z,R, t)
〉
, (10)

Pa(ω) ∼
∣∣∣∣ 1
T

∫ T

0
a(t)e−iωt dt

∣∣∣∣2. (11)

The dipole acceleration distribution in space can be obtained
by[13,20]

dA (z, t) = −
∫ R

0
Ψ
∗ (z,R, t)

[
dVC (z,R)

dz

+

(
1+

me

2mp +me

)
E(t)

]
Ψ (z,R, t) dR. (12)

By using the dipole acceleration distribution, the contribution
of each electronic coordinate in HHG can be demonstrated.

3. Result and discussion
We firstly investigate the harmonic spectra with different

wavelengths as shown in Fig. 1. The results show that the
positions of the minima locate at different harmonic orders.
Thus, the minimum depends on the laser parameters in our
one-dimensional model of H+

2 with moving nuclei,[10] which
is different from the Born–Oppenheimer approximation case
as demonstrated in Ref. [7].
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Fig. 1. (color online) High-order harmonic spectrum of H+
2 driven

by few-cycle Gaussian mid-infrared laser pulses with different wave-
lengths.

Figures 2(a1) and 2(b1) show the electric field (black
dashed curve) and the ionization probability (blue solid curve)
in a mid-infrared laser pulse and the combination of a mid-
infrared laser pulse and a THz field, respectively. The ioniza-
tion probabilities demonstrate that they begin to increase from
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t = 0 o.c. which is near the positive peak P1 (P′1). The released
electron accelerates along the negative-z direction and mainly
recombines with the nucleus along the negative-z direction.
After that the ionization probabilities begin to increase again
around t = 0.5 o.c. which is near the negative peak P2 (P′2), the
ionized electron is accelerated and mainly recombines with the
nucleus located in the positive-z axis.

Figures 2(a2) and 2(b2) show the electronic probability
densities corresponding to the laser parameters in Figs. 2(a1)
and 2(b1), respectively. From Figs. 2(a2) and 2(b2), we
can see that the electron is ionized around t = 0 o.c. and

t = 0.5 o.c., which is consistent with the increasing ioniza-

tion probability in Figs. 2(a1) and 2(b1). Most of the ion-

ized electrons move far from the nuclei, whereas there are

still a certain probability on recollision of the electron with

the nuclei around 0.5 o.c. and 1.0 o.c. respectively. The

probability of the electron recollided with the nucleus around

t = 0.5 o.c. in the situation of Figs. 2(a2) and 2(b2) is approxi-

mately equal. However, the probability of recolliding with the

nucleus around 1.0 o.c. with the laser parameters in Fig. 2(a1)

is much higher than that in Fig. 2(b1).
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Fig. 2. (color online) Electric field (black dashed curve) and ionization probability (blue solid curve) in (a1) a mid-infrared laser pulse and
(b1) the combined laser pulse. Electron probability density distribution in (a2) a mid-infrared laser pulse and (b2) the combined laser pulse.
High-order harmonic spectra of H+

2 in (a3) a mid-infrared laser pulse and (b3) the combined laser pulse.

Figure 2(a3) illustrates the harmonic spectrum corre-
sponding to the laser parameters in Fig. 2(a1). The spectrum
clearly presents one minimum in the plateau region around
60th order as demonstrated in Ref. [10]. Figure 2(b3) illus-
trates the harmonic spectrum corresponding to the laser pa-
rameters in Fig. 2(b1), which is extended and forms a smooth
plateau from 60th to 180th order. Meanwhile, we can obvi-
ously see that the minimum of harmonic emission around 60th

order is effectively suppressed.
The harmonic spectral minima originate from the inter-

ference between the two atomic centers, which has been il-
lustrated in Ref. [7]. To investigate the effect of two atomic
centers, the time-dependent dipole acceleration is divided into
two parts as follows: [32]

a(t) = az<0(t)+az>0(t). (13)

In this way, we can demonstrate the HHG spectra of the
electron recombined with the nuclei along the positive- or
negative-z direction, respectively.

Figures 3(a) and 3(b) show the harmonic spectra obtained
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from the dipole acceleration az<0(t) (solid black curve) and
az>0(t) (dashed red curve), which correspond to the laser pa-
rameters in Figs. 2(a1) and 2(b1), respectively.
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Fig. 3. (color online) Harmonic spectra obtained from the dipole accel-
eration az<0(t) (solid black curve) and az>0(t) (dashed red curve) in (a)
the mid-infrared laser pulse and (b) the combined laser pulse.

Figure 3(a) illustrates the harmonic intensity before 34th

order from az>0(t) is stronger than that from az<0(t). However,
from 34th to 88th order, the harmonic intensity from az<0(t) is
a little stronger than that from az>0(t). The contributions on
harmonic emission from the various coordinate has been in-
vestigated by the Fourier transform of the dipole acceleration
expectation value in Ref. [7]. The sum of these values gives
a very small total amplitude, which results in the interference
minimum. The HHG spectrum is proportional to the squared
modulus of the Fourier transform of the dipole acceleration
expectation value. Thus, if the interference minimum appears,
the harmonic intensities from az<0(t) and az>0(t) are almost
equal and the signs of the Fourier transform of the dipole ac-
celeration expectation value are opposite. Otherwise, if the
harmonic intensities from az<0(t) and az>0(t) are almost equal
and the signs of the Fourier transform of the dipole accelera-
tion expectation value are same, or the harmonic intensities
from az<0(t) and az>0(t) have large difference, the interfer-
ence minimum will not appear. From Fig. 3(a), we can see
that the harmonic intensity around 60th order from az<0(t) is
almost equal to that from az>0(t), which is in agreement with
the harmonic order of the interference minimum.

Figure 3(b) illustrates that the harmonic intensity from
22nd to 140th order from az>0(t) is stronger than that from
az<0(t), which can be understood from its physical mecha-
nism. When the THz field is added, the laser field peak around
t = 0 o.c. is increased, which results in a larger probability of
the electron ionized along the negative-z axis direction com-
pared to the mid-infrared case shown in Figs. 2(a2) and 2(b2).
However, when t = 0.5 o.c., the laser field peak is decreased.
The ionized electron which is not far away from the nucleus
can be driven back to recollide with the nucleus. However, the
ionized electron which is far away from the nucleus can not
be driven back as demonstrated in Ref. [34] and the recollided
probability is almost equal to the case in the mid-infrared laser
pulse shown in Figs. 2(a1) and 2(b1). At this time, the contri-
bution to HHG is main from the recombination of the electron
with the nucleus along the negative-z direction. After that we
also can see that the laser field peak around t = 1.0 o.c. is
increased. The ionized electron which is far away from the
nucleus can also be driven back, which results in a larger rec-
ollided probability compared to the case in the mid-infrared
laser pulse. At this time, the contribution to HHG is main
from the recombination of the electron with the nucleus along
the positive-z direction. Meanwhile, we can see that the rec-
ollided probability around t = 1.0 o.c. is obvious larger than
that around t = 0.5 o.c. after adding a THz field. Thus, the
harmonic intensity from 22nd to 140th order from az>0(t) is
stronger than that from az<0(t) as shown in Fig. 3(b). This ob-
vious harmonic intensity difference indicates that the interfer-
ence between the two atomic centers has been weakened and
results in the suppression of the interference minimum shown
in Fig. 2(b3).

We also illustrate the emission time of HHG correspond-
ing to the laser parameters in Figs. 2(a1) and 2(b1), respec-
tively, by using the time-frequency analysis method.[33] Fig-
ure 4(a) shows that only one short path makes contribution to
the HHG. In the periods of 1.12 o.c. to 1.32 o.c., the short
path intensity around 60th order is much weaker than that of
the other orders, which is consistent with the interference min-
imum of HHG in Fig. 2(a3). Figure 4(b) shows that there is
also only one short path making contribution to the HHG. In
the periods of 0.75 o.c. to 0.95 o.c., the short path intensity
around 60th order is a little weaker than that of the other or-
ders, which is consistent with the weak minimum of harmonic
emission around 60th order as shown in Fig. 2(b3). Further-
more, from Fig. 2(a1) we can see that the laser field reaches its
maximum (0.119 a.u.) around t = 0 o.c. When a THz field is
added, from Fig. 2(b1) we can see that the laser field reaches
its maximum (0.136 a.u.) around t = 0 o.c. And the ionization
probability is reinforced after adding a THz field. Therefore,
in comparison with the mid-infrared laser pulse, the short path
intensity is also enhanced after adding a THz field.
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Fig. 4. (color online) Time-frequency distributions of the HHG corresponding to the black solid curves in Figs. 1(a3) and 1(b3),
respectively.
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Fig. 5. (color online) The time-dependent dipole acceleration az<0(t),
az>0(t), and a(t): (a) the mid-infrared laser pulse, (b) the combined
laser pulse.

Figures 5(a) and 5(b) illustrate the time-dependent dipole
acceleration az<0(t), az>0(t), and a(t) corresponding to the
laser parameters in Fig. 2(a1) and 2(b1), respectively. Fig-
ure 5(a) illustrates that the phases of az<0(t) and az>0(t) are
opposite in the periods of 1.12 o.c. to 1.32 o.c., which gives
negative contributions.[7] And a small total oscillation ampli-
tude of a(t) can be obtained corresponding to the minimum in
the plateau region,[9] as presented in Fig. 2(a3). Figure 5(b)
illustrates that the overall dipole acceleration amplitude keeps
oscillation even in the periods of 0.75 o.c. to 0.95 o.c., which
accords with the suppression of the harmonic interference
minimum around 60th order as shown in Fig. 2(b3).

4. Conclusion
We have theoretically investigated two-center interfer-

ence in the high-order harmonic generation (HHG) of H+
2

in a combination of a mid-infrared laser field and a THz
field. By separating the time-dependent dipole acceleration
into two parts along the z axis, we investigate the contribution
to HHG from the nucleus along positive- or negative-z direc-
tion and demonstrates the locating order of the harmonic min-
ima. When a THz field is added, the contribution to HHG from
the nucleus along the positive-z axis direction is enhanced. It
results in the suppression of the interference minimum in the
HHG and a continuum spectrum can be obtained. The ioniza-
tion probability and time dependent electron probability den-
sity are presented, which illustrate the HHG process as well as
the coherent physical mechanism.
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