
Chin. Phys. B Vol. 26, No. 1 (2017) 013201

Electron localization of H+
2 in a dc electric field∗
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A dc electric field is utilized to steer the electron motion after the molecular ion H+
2 is excited by an ultrashort

ultraviolet laser pulse. The numerical simulation shows that the electron localization distribution and the dissociation
control ratio are dependent on the polarization direction and amplitude of the dc electric field. Most electrons of the
dissociation state move opposite to the dc electric field and stabilize at the dressed-up potential well, for the dressed-down
well is occupied by the electrons of the 1sσg state.
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1. Introduction
Coherent control of electrons and fragments in chemi-

cal reactions and photoelectron processes has attracted a great
deal of interest. One of the main goals has been to find a way
to selectively break and form molecular bonds in photochem-
ical reactions.[1–3] As for searching for the underlying mech-
anism in realizing electron localization control during the dis-
sociation process, several solution routes have been proposed,
which include the mixture of the 1sσg and 2pσu states,[4] the
interference between the 2pσu and 3sσg states,[5] the superpo-
sition of the 2pπg and 2pπu states,[6] and so on. In addition, the
other quantum coupled equations[7–9] or laser-induced Stark
shift effect[10–12] have also been used to reveal the dissocia-
tion control mechanism.

The hydrogen molecular ion is of special interest since
it is the simplest molecule, consisting of three particles only.
Even so, it plays an important role in the theoretical and ex-
perimental studies of electron localization in the dissociation
of molecules. When the distance of the two protons of H+

2
is small enough, the electron on the dissociation state can os-
cillate between them. With the increase of the distance, the
inter-nuclear potential barrier would suppress such an oscillat-
ing behavior until the electron localization is stabilized.[13] In
this paper, we utilize a dc electric field to steer the electron
motion between the two protons after an ultrashort ultravio-
let (UV) laser pulse is used to excite the electron wave packet
onto the dissociation 2pσu state. Both the UV and dc electric
fields are linearly polarized. The polarization direction of the
UV pulse is along the molecular axis. The results show that
the electron localization distribution and the electron dissocia-
tion control ratio are obviously dependent on the polarization
direction and amplitude of the dc electric field. By adjusting

the cross angle between the polarization axis of the dc electric
field and the molecular axis, a probability as high as 98.8% to
localize electrons on one of the two protons can be obtained,
with a total dissociation probability of 53.9% and an ioniza-
tion probability of 3.37%. Furthermore, for the electrons of
the dissociation state, they move opposite to the dissociation
control electric field (the dc electric field) and stabilize at the
potential well which is dressed-up due to the occupation of
the dressed-down potential well with the electrons of the 1sσg

state.
This paper is organized as follows. Section 2 describes

briefly the model system of H+
2 and the parameters of the ex-

ternal electric fields we are using. In Section 3, the numeri-
cal results for the exploration of the control landscape of elec-
tron dynamics is studied. The physical mechanism underlying
the localization is demonstrated in Section 4 with a simplified
model. Finally, Section 5 contains a brief summary and the
conclusion.

2. Simulation model
The polarization direction of the electric field component

of the UV laser pulse is assumed to be parallel to the molecu-
lar axis, while the cross angle between the polarization axis of
the dc electric field and the molecular axis varies from 0.0 to
2.0π , therefore, we can adopt the two-dimensional non-Born–
Oppenheimer time-dependent Schrödinger equation (TDSE)
to do the simulation. The corresponding TDSE can be written
as (e= h̄= 1.0 in atomic unit (a.u.), which are used throughout
the paper unless otherwise stated)[6]

i
∂

∂ t
ϕ(R,z,x; t)

= [T (R,z,x)+V0(R,z,x)+W (z,x, t)]ϕ(R,z,x; t), (1)
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where T (R,z,x) is the field-free Hamiltonian of the sys-
tem, V0(R,z,x) stands for the soft-core Coulomb interaction,
W (z,x, t) indicates the interaction of the particle with the ex-
ternal laser pulse, R is the relative internuclear distance, and
z and x collectively represent the electronic coordinates with
respect to the center of mass of the two nuclei, as shown in
Fig. 1.
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Fig. 1. The 2-dimensional model for H+
2 molecular ion in the calcu-

lation, where R is the relative internuclear distance, and θ is the cross
angle between the polarization axis of the dc electric field Pdc and the
molecular axis. The electronic axes z and x are parallel and perpendic-
ular to the molecular axis, respectively.

For our model, the kinetic energy in Eq. (1) reads

T (R,z,x) = − 1
mp

∂ 2

∂R2 −
(

2mp +me

4mpme

)
∂ 2

∂ z2

−
(

2mp +me

4mpme

)
∂ 2

∂x2 , (2)

the electronic axes z and x are assumed to be parallel and
perpendicular to the molecular axis, respectively. Then the
Coulomb potential of the system can be expressed as

V0(R,z,x) =−
1√

(z+R/2)2 + x2
− 1√

(z−R/2)2 + x2
+

1
R
. (3)

Here me and mp are the electron and proton masses (me = 1.0,
mp = 1837.0), respectively.

The interaction of the system with the external laser field
can be presented as

W (z,x, t) =

(
1+

me

2mp +me

)
× [z(EUV(t)+Edc cos(θ))+ xEdc sin(θ)]. (4)

Here EUV(t) and Edc stand for the electric component of the
UV laser field and the dc electric field adopted in the simula-
tion, respectively. θ is the cross angle between the axis of the
molecular and the polarization of the dc electric field; more
details can be found in Fig. 1.
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Fig. 2. (color online) Snapshots of the common logarithm of the electron-nuclear probability density distribution in the presentations of (z,R)
and (x,R) spaces, taken at the end of the simulation: (a) only the UV pulse with an intensity of 2.0×1014 W/cm2 is applied, (b) both the UV
pulse and the dc electric field with an amplitude of −0.008 a.u. are utilized. The cross angle between the polarization axis of the dc electric
field and the molecular axis is θ = 0.0.
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The time dependent electric field component of the UV
pulse is given as EUV = E0 sin(πt/T )2 sin(ωt). Here E0 is the
peak electric field amplitude in atomic units, T is the pulse du-
ration, and ω is the central frequency of the UV laser pulse.
The four channels of H+

2 dissociation are defined as[14–16]

P+
z =

∫ Rmax

5.0
dR
∫ xmax/2.0

−xmax/2.0
dx
∫ zmax/2.0

0.0
dz |ϕ(R,z,x; tend)|2,

P−z =
∫ Rmax

5.0
dR
∫ xmax/2.0

−xmax/2.0
dx
∫ 0.0

−zmax/2.0
dz |ϕ(R,z,x; tend)|2,

P+
x =

∫ Rmax

5.0
dR
∫ zmax/2.0

−zmax/2.0
dz
∫ xmax/2.0

0.0
dx |ϕ(R,z,x; tend)|2,

P−x =
∫ Rmax

5.0
dR
∫ zmax/2.0

−zmax/2.0
dz
∫ 0.0

−xmax/2.0
dx |φ(R,x,z; tend)|2, (5)

where Rmax, zmax, and xmax correspond to the boundaries of
the R, z, and x axes, and ϕ(R,z,x; tend) is the final wave func-
tion of the system. In the simulation, tend is taken at 34.4 fs
after the on-set of the UV pulse, when the probabilities of the
electron being localized on one of the protons (left – or right
+, see Fig. 2) are stable.

In the simulation, the 140-nm UV pulse with an inten-
sity of 2.0× 1014 W/cm2 and a pulse duration T of 15.9 fs
is used to excite the electron wave packet onto the dissocia-
tive state 2pσu. Then the dc electric field with an amplitude
of −0.008 a.u. is used to steer the electron motion. This dc
electric field does not induce any further ionization. In the
calculation, we set the dissociation asymmetry parameter as
A = (P+

z −P−z )/(P+
z +P−z ).

3. Simulation results and discussion
Figure 2 depicts the snapshots of the common loga-

rithm of the electron–nuclear probability density distribution
D(z,R; tend) and D(x,R; tend) in the (z,R) and (x,R) spaces,
taken at the end of the dissociation (tend = 34.4fs) without or
with the dc electric field, respectively,

D(R,z, tend) =
∫ xmax/2.0

−xmax/2.0
dx |ϕ(R,z,x; tend)|2 ,

D(R,x; tend) =
∫ zmax/2.0

−zmax/2.0
dz |ϕ(R,z,x; tend)|2. (6)

One can find that the electron localization starts from about
R = 5.0 a.u., therefore, the on-set of the R axis is 5.0 a.u.
in the definition of dissociation channels of Eq. (5). From
Fig. 2(a), one can see that a single UV pulse induces a sym-
metric electron distribution, both in the z and x directions, with
P−z = P+

z = 0.2482 and P−x = P+
x = 0.2482, respectively, due

to the symmetric distribution of the double-well coulomb po-
tential of the molecular ion H+

2 . The total ionization probabil-
ity is I = 0.0231, i.e., I = 1.0−Esr, where

Esr =
∫ Rmax

0.0
dR
∫ zmax/2.0

−zmax/2.0
dz
∫ xmax/2.0

−xmax/2.0
dx |ϕ(R,x,z; tend)|2

is the electron survival probability.
When a dc electric field, whose polarization is assumed

to be parallel to the molecular axis, with an amplitude of
−0.008 a.u. is utilized to steer the electron motion after the ex-
citation of the UV pulse, the symmetric electron localization
distribution along the z direction is seriously broken, which
can be seen in Fig. 2(b1) (the cross angle between the polar-
ization axis of the dc electric field and the molecular axis is
θ = 0.0). This is because along the z direction, the energies
of the double-well Coulomb potential of the H+

2 molecular ion
are dressed up and down by the dc electric field due to the
dipole interaction term W (z,x, t). The energies of the right po-
tential well are effectively descended by |REdc|/2, while for
the left well, the energies are ascended by |REdc|/2. The direc-
tion of 𝐸dc is right, and the electric field force of the electron
is in the right direction, as the charge on the electron is e = 1.0
in the simulation. While for the electrons on the dissociative
state 2pσu, they move opposite to the electric field force and
stabilize at the dressed-up potential well (the left well). When
the dissociation control electric field is in the right direction (a
minus electric field), the electrons of the 1sσg state are mainly
localized at the potential well with dressed-down energies, i.e.,
the right potential well. While for the electrons of the disso-
ciation 2pσu state, most of them are stabilized at the left po-
tential well which is dressed up, see Fig. 3. For the electrons
of the 1sσg state, they are stabilized at the bound states of H+

2
finally, because the 1sσg state is bounded. While for the elec-
trons of the 2pσu state, most of them are localized at the left
proton at the end of the simulation, for the 2pσu state is the first
dissociative state of H+

2 . When the location probabilities are
stable, one can obtain P−z = 0.532, P+

z = 0.0067, I = 0.0337,
and A =−0.975. Thus 98.8% electrons of all the dissociation
events along the z axis are localized at the left proton.

-8 -4 0 4 8 12
-0.06

-0.03

0

0.05

0.10

z/a.u.

P
o
te

n
ti
a
l 
V
/
a
.u

. 
  
P
ro

b
a
b
il
it
ie

s

2psu

1ssg

V

Fig. 3. (color online) The probabilities of the electron localization
of the 1sσg and 2pσu states of H+

2 on the double Coulomb poten-
tial wells along the z axis. Both the UV pulse with an intensity
of 2.0× 1014 W/cm2 and the dc electric field with an amplitude of
−0.008a.u. are applied. The cross angle between the polarization axis
of the dc electric field and the molecular axis is θ = 0.0.

For the electron localization distribution along the x di-
rection, there lies a symmetric distribution with P−x = P+

x =
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0.2693, as can be found in Fig. 2(b2), due to the symmetric
distribution of the Coulomb potential wells along this direc-
tion.

Figure 4 shows the dissociation asymmetry parameter A,
the total ionization probability I, and the probabilities of the
electron being localized on the left (or right) proton P−z (or
P+

z ) as functions of θ , the cross angle between the polariza-
tion axis of the dc electric field and the molecular axis. The
amplitude of the dc electric field is Edc = −0.008 a.u. The
intensity of the 140-nm UV laser pulse is 2.0× 1014 W/cm2.
From this figure, one can find that the polarization direction
of the dc electric field plays a very important role in the elec-
tron localization distribution. The largest dissociation control
ratio can be obtained when the polarization is parallel to the
molecular axis, i.e., when the cross angles are θ = 0.0 and π ,
the dissociation asymmetry parameters are A = −0.975 and
0.972, respectively. 98.8% and 98.6% electrons of all the
dissociation events can be steered onto the left or right pro-
ton, respectively, due to the dressing effect of the dc electric
field. When the cross angle is θ = 0.0, the left potential well
is dressed-up. When θ = π , the dressed-up potential well is
the right one. For the electrons of the dissociation state 2pσu,
most would move opposite to the dc electric field and stabilize
at the ascended potential well at the end of the simulation, as
mentioned above.
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Fig. 4. (color online) The dissociation asymmetry parameter A, the to-
tal ionization probability I, and P±z as functions of θ , the cross angle
between the polarization axis of the dc electric field and the molecular
axis. The amplitude of the dc electric field is −0.008 a.u. The intensity
of the 140-nm UV pulse is 2.0×1014 W/cm2.

The dissociation control ratio decreases with the polar-
ization of the dc electric field changing from the parallel to
the perpendicular direction of the molecular axis due to the
weakening of the dressing effect of the dc electric field. When
θ = π/2 and 3π/2, a symmetric electron localization distribu-
tion can be obtained with P−z = P+

z = 0.2482 and P−z = P+
z =

0.2486, respectively, as a result of the symmetric distribution
of the Coulomb potential wells (the amplitude of the dc elec-
tric is 0.0).

Figure 5 shows the dissociation asymmetry parameter A,
the total ionization probability I, and the probabilities of the

electron being localized on the left (or right) proton P−z (or
P+

z ) as functions of Edc, the amplitude of the dc electric field.
The cross angle between the polarization axis of the dc elec-
tric field and the molecular axis is θ = 0.0. The intensity of
the 140-nm UV laser pulse is 2.0× 1014 W/cm2. When the
amplitude of the dc electric field is between −0.004375 a.u.
and −0.03275 a.u., A ≤ −0.9, more than 95% electrons of
the dissociation 2pσu state can be steered onto the left pro-
ton and the total dissociation probability is larger than 34%.
When |Edc| is less than 0.004375 a.u., it is not strong enough
to ensure a good electron-direction selection. If |Edc| is
higher than 0.03275 a.u., more electrons are excited onto
the higher 3sσ state and the asymmetry parameter A de-
creases. Furthermore, more electrons are ionized with the
increase of the absolute amplitude of the dc electric field.
When Edc =−0.004375 a.u., the total ionization probability is
I = 0.02426. When Edc =−0.03275 a.u., I = 0.1113. There-
fore, the dc electric field with an absolute amplitude between
0.004375 a.u. and 0.03275 a.u. can be utilized to control the
electron localization.
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Fig. 5. (color online) The dissociation asymmetry parameter A, the to-
tal ionization probability I, and P±z as functions of Edc, the amplitude
of the dc electric field. The cross angle between the polarization axis of
the dc electric field and the molecular axis is θ = 0.0. The intensity of
the 140-nm UV pulse is 2.0×1014 W/cm2.

4. Simulation with analytical solution
In this section, the electron localization of the 1sσg and

2pσu states of a double-well Coulomb potential model system
in an external dc electric field is demonstrated in detail with an
analytical solution. The corresponding potential curve of the
Coulomb potential can be expressed as[17]

V (z) =C3Sz−C2z2/2+ z4/4, (7)

where C and S are constants, and the barrier height of the
double-well potential is C4/4.

The trial wave packet can be written as

ψ(z) = aϕL(z)+bϕR(z), (8)

where ϕL(z) = ϕ(z+C) and ϕR(z) = ϕ(z−C) are the wave
packets of the left and right potential wells, respectively, and
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ϕ(z) =
√

21/4
√

C/
√

π e−
√

2Cz2/2. The wave packets of the
1sσg (denoted as |g〉) and 2pσu (|u〉) states are

|g〉= a1ϕR(z)+b1ϕL(z),

|u〉= a2φR(z)+b2ϕL(z). (9)

By inserting Eqs. (7) and (8) into the Schrödinger equation
H(z)ψ(z) = Eψ(z) and making use of H(z) = −∂ 2/∂ z2/2+
V (z), the Schrödinger equation can be given as∣∣∣∣HLL−∆HLR HLR−∆HRR

HLR−∆HLL HRR−∆HLR

∣∣∣∣ ∣∣∣∣ a
b

∣∣∣∣= E(1−∆
2)

∣∣∣∣ a
b

∣∣∣∣ , (10)

with

∆ = 〈ϕL| |ϕR〉= exp(−
√

2C3),

HLR = 〈ϕL|H |ϕR〉=
∣∣∣−C4 +C/4/

√
2+3/32/C2

∣∣∣∆ ,

HLL =−C4S−C4/4+C/
√

2+3/32/C2,

HRR =C4S−C4/4+C
√

2+2/32/C2, (11)

where ∆ and HLR represent the overlap integral and the tun-
neling effect between the two potential wells, respectively, and
HLL and HRR are the energy levels of these two potential wells.
When

F =C4S,

f =−C4 +C/(4
√

2)+3/(32C2),

W =−C4/4+C/
√

2+3/(32C2),

W =−C4/4+C/
√

2+3/(32C2), (12)

one can obtain

HLR = f ∆ ,

HRR =W +E,

HLL =W −E, (13)

where F is the external dc electric field, whose polarization
direction is along the molecular axis. Then we can rewrite
Eq. (10) with the representation as∣∣∣∣W −F−∆ 2 f −E(1−∆ 2) ∆ f −∆(W +F)

∆ f −∆(W −F) W +F−∆ 2 f −E(1−∆ 2)

∣∣∣∣ ∣∣∣∣ a
b

∣∣∣∣
= 0, (14)

the electron localization of the left and right potential wells are

a2
1 = (F +

√
F2 +B)2/[A+(F +

√
F2 +B)2],

b2
1 = A/[A+(F +

√
F2 +B)2],

a2
2 = (F−

√
F2 +B)2/[A+(F−

√
F2 +B)2],

b2
2 = A/[A+(F−

√
F2 +B)2], (15)

where A = (W − f −F)2∆ 2 and B = (W − f )2∆ 2. 1−∆ 2 ≈ 1.
a2

1, a2
2 and b2

1, b2
2 are the electron localization ratios of the 1sσg

and 2pσu states on the left and right potential wells, respec-
tively. The double-well potential is dependent on S. A large S
will lead to a single potential well, so S≤ 4/27 in the calcula-
tion. When W − f ≥ F , A = (W − f −F)2∆ 2 ≈ (W − f )2∆ 2,
and A ≈ B. The electron localization ratios of the 1sσg and
2pσu states on the right potential well can be expressed as

b2
1 = B/[B+(F +

√
F2 +B)2],

b2
2 = B/[B+(F−

√
F2 +B)2]. (16)

When the double-well potential is definite, B is a constant.
The localization ratios are dependent on (F +

√
F2 +B)2 and

(F−
√

F2 +B)2.
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Fig. 6. (color online) Electron localization ratios of the 1sσg and 2pσu
states on the left and right potential wells as functions of the amplitude
of the external dc electric field.

When the amplitude of the external dc electric field is
F = 0.0, b2

1 = b2
2 = 0.5, the electron distribution of the 1sσg

and 2pσu states on the left and right potential wells is sym-
metric. With the increasing of F , b2

1 decreases, the elec-
tron localization ratio of the 1sσg state on the right poten-
tial well decreases. For the electron localization ratio of the
2pσu state, with the increase of F ,

√
F2 +B increases too.

While F increases faster than
√

F2 +B and F ≤
√

F2 +B,
b2

2 = B/[B+(F −
√

F2 +B)2] increases with the increase of
F . The electron localization ratio of the 2pσu state on the right
potential well increases, as can be seen from part 1 in Fig. 6.
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When F2 � B,
√

F2 +B is expanded in B/F2, one can
obtain √

F2 +B≈ F
∣∣1+B/(2F2)

∣∣ . (17)

Then b2
1 ≈ 0.0 and b2

2 ≈ 1.0. For the 1sσg state, no electron
localizes at the right potential well. For the 2pσu state, all the
electrons are stabilized at the right potential well, as shown in
part 2 in Fig. 6.

When the amplitude of the external dc electric field is
F < 0.0, with the increase of |F |, b2

2 decreases, the electron
localization ratio of the 2pσu state on the right potential well
decreases, and b2

1 increases because |F | increases faster than√
F2 +B and |F | ≤

√
F2 +B. The electron localization ratio

of the 1sσg state on the right potential well increases. When
F2 >> B, one can obtain

√
F2 +B≈−F

∣∣1+B/(2F2)
∣∣ . The

electron localization ratios of the 1sσg and 2pσu states on the
right potential well are b2

1≈ 1.0 and b2
2≈ 0.0. All the electrons

of the 1sσg state and no electron of the 2pσu state are localized
at the right potential well. With the same way, one can easily
obtain that all the electrons of the 2pσu state are stabilized at
the left potential well. The same conclusion can be obtained
as the above TDSE.

5. Summary
We have shown the electron localization in the dissocia-

tion of H+
2 molecular ion in a dc electric field after the exci-

tation of a UV laser pulse. A high localization probability of
98.8% has been demonstrated when the polarization direction
of the dc electric field is assumed to be parallel to the molec-
ular axis. The total dissociation and ionization probabilities
are 53.9% and 3.37%, respectively. For the electrons of the
dissociation state 2pσu, they move opposite to the dissocia-
tion control electric field force and stabilize at the dressed-up
potential well due to the occupation of the dressed-down po-
tential well with the electrons of the 1sσg state. The electron
localization distribution and the dissociation control ratio are
dependent on the polarization direction and amplitude of the
dc electric field. The largest dissociation control ratio can be

obtained when the polarization of the dc electric field is par-
allel to the molecular axis. When the polarization direction
is perpendicular to the molecular axis, a symmetric electron
distribution can be found due to the symmetric distribution of
the Coulomb potential wells. A dc electric field, whose po-
larization is parallel to the molecular axis, with an absolute
amplitude between 0.004375 a.u. and 0.03275 a.u. can be uti-
lized to control the electron localization. When the amplitude
of the dc electric field |Edc| is less than 0.004375 a.u., it is not
strong enough to ensure a good electron-direction selection. If
|Edc| is higher than 0.03275 a.u., more electrons of the ground
state are excited onto the higher 3sσ state, and the dissociation
control ratio decreases.
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