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The time-dependent Ginzburg—Landau Lawrence—Doniach model is used to investigate the superconducting fluctua-
tion electrical conductivities. The theoretical result based on the self-consistent Gaussian approximation is used to fit the
transport measurement data of iron-based superconductors F-doped LaOFeAs and BaFe;_NiyAs,. We demonstrate that
LaOFeAs shows layered behavior, while BaFe,_Ni,As; is more of a 3D feature. The conductivity in the region near 7 is

well described by the theoretical formula.
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1. Introduction

The iron-based superconductors have been investigated in
depth both experimentally and theoretically.['~7! Most of the
iron pnictide superconductors have strong thermal fluctuations
compared to most of the other superconductors (except cuprate
superconductors) due to their large Ginzburg-Landau (GL)
parameter Kk, large critical temperature T, large anisotropy pa-
rameter 7, etc. 18] For different structures of iron pnictides, such
as (1111),(111), (11), and (122) families, different dimension-
ality behaviors in the superconducting fluctuation region have
been claimed.%'9] However, the discussions for the dimen-
sionality are still inconclusive. It was claimed that the super-
conducting fluctuation of LiFeAs followed the 2D behavior
above TC“[lf in Ref. [11], but it was questioned in Ref. [17].

To describe the iron-based layered superconductors, we
use the Lawrence—Doniach (LD) model, in which the original
bulk expression is divided into two-dimensional (2D) super-
conducting layers with a Josephson coupling between them.
The LD model describes well the experimental data of cuprate
superconductors, for example, the data of the fluctuation con-

(18,191 Dye to different temper-

ductivity and diamagnetisation.
atures and different magnetic fields, there exist 3D region, 2D
region, and crossover region, which are shown in the vortex
liquid state of the H—T phase diagram in Fig. 1. Region I (be-
low T¢) is the 3D region. In region I, the coherence length
along the c-axis is larger than the layer distance. Taking into
account the 3D limit, where the layer distance can be taken to
zero limit in the theoretical formula, the theoretical conductiv-
ity curves are almost the same as the original ones. Region III

is the 2D region, where the coherence length is quite small
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compared to the layer distance. Region II is the crossover
region between region I and region III, where the coherence
length is on the same order with the layer distance. The larger
anisotropy parameter, which leads to strong thermal fluctua-
tion, may enhance the 2D and the crossover regions. Hence
the strong anisotropy of the iron-based superconductors can
enlarge both regions II and III in the H-T phase diagram com-
pared to the less anisotropic superconductors.

B/T

mf
T/K 1—15 ﬂf
Fig. 1. The schematic H-T phase diagram. In the vortex liquid re-
gion, there are three regions, region I (the 3D region), region III (the 2D
region), and region II (the crossover region). T¢ is the transition tem-
perature, T,"! is the mean-field transition temperature, and the upper

critical magnetic field is Hey = T '951;2 |7,

Both phenomenologic and microscopic multi-band the-
ories have been developed to describe the experimental ob-
servation of the multi-band electronic structure in most of the
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iron pnictides families, such as (1111), (11), (111), and (122)
families.?°2] However, the single-band model can be used
approximately near 7;.>3) We use the single-band LD model
in this paper to study the fluctuation conductivity of vortex lig-
uid near 7.. The often used method describing the fluctuation
properties of superconductivity is Gaussian fluctuation theory
(GFT),[13.15:24.251 in which the quartic term of the GL free en-
ergy is omitted. The GFT method can only describe region III
in Fig. 1. The self-consistent approximation!'%!) was devel-
oped and was used to explain the various experimental data,
like conductivity and diamagnetisation of vortex liquid. In the
self-consistent Gaussian theory (SCGT), the quartic term is
taken into account in the Hartree—-Fock approximation. The
SCGT can describe all three regions in Fig. 1.

This paper is organized as follows. In Section 2, the cal-
culation of the superconducting fluctuation conductivity based
on the time-dependent Ginzburg-Landau (TDGL) function
with the linear response approach under the self-consistent ap-
proximation is briefly introduced. In Section 3, we present the
theoretical fitting of the experimental conductivity data and the
discussion. We summarize and conclude in Section 4.

2. Fluctuation conductivity based on the TDGL
model

The mean-field GL free energy of the LD model is
h? n?
_ 2 2 2
L—d%‘r/d V<2m*|D'E1 +W|'Pn—'fln+l|
2 Ve
tagl+ 21 ), 1)

where d’ is the distance between layers labeled by n, m*
is the effective Cooper pair mass in the ab plane, and m,
is the effective Cooper pair mass along the ¢ axis. The
anisotropy parameter Y is denoted as the ratio of the effec-
tive masses along the two different orientations, y = \/W
a=oT —T™) = aT™ (™ — 1), where ™ = T/T™, in
which T is the mean-field critical temperature. The covari-
ant derivative is defined by D =V +i21w/¢y9A. The super-
fluxon is @9 = hc/2e with electric charge e = |e|. The ratio
of the coherence length 2 = A% /(2m*aT,) and the penetra-
tion depth A? = ¢>m*b’/(16me*aT,) describes the Ginzburg
Landau parameter k = A /&, which is very large for iron pnic-
tides. We will consider a constant external magnetic field. Due
to large k, the diamagnetization is B—H o H /x> — B~ H.
Hence we can choose A =(—By,0), where B= H, and assume
that the magnetic field is orientated along the crystallographic
c axis. The supercurrent in the original unit is given by the GL
theory

)
= ie R @Dy, @, DY), )
’ m

2.1. TDGL model

To describe the transport properties of the layered iron-
based superconductors, the TDGL equation will be used, i.e.,

1y 1 dFaL

T T

where Dy = (d; — i(2¢/h) P
in which the scalar electric potential is & = —E'

3

) is the covariant time derivative,
y. The elec-
tric field is therefore assumed to orientate along the y axis.
The inverse diffusion constant /2 is assumed to be real, as
we can neglect the tiny imaginary part of ¢/, which has to be
included when the Hall conductivity and Seebeck effect are

considered.!'?! £, is the thermal noise,?®! which satisfies
* / / hz’)/ /
(G0 6 (7)) = 76 (1) 8 (0 ) B @)
where (- - - ), is the thermal average. We substitute Eq. (1) into
Eqg. (3) and obtain
1 6FaL
d 8y (r,7)
2 21 ?
= 5= (V—1¢0A(r,r)> Y, (r,7)
2
2m d/g [ZWH (7' T) Y+l (7'77) — Yn-1 (’P, T)}
+ayy (r, )+ [y (r,0) ] i (r,7), )
where |y, (r,7) W, (r,7) will be substituted by
2|y (r,7)|*) W, (7, 7) using the Hartree—Fock approxima-
tion, and (---) means that we take thermal and space-time

average if not specified.

The physical units will be used to make the model and
equations dimensionless. The coherence length & will be used
as the unit of length and the upper critical field He, = fic/2¢&?
as the magnetic field unit. The dimensionless order parame-
ter is ¥, = /b’ /20T™W,. The TDGL equation will take the
dimensionless form

D (r,7)
= (30745 walr0) - 5w (9
2 2 ’ 242"

— Vntl (Tvr)_anl (’I",T)]—El[/n (’I’,‘L’)—i—gn, (6)
where € = —an + 2(|y, (r,7)%) and ay = (1—1™ —b)/2.
(d/dx—iby)i+d/dyj, in
which the dimensionless magnetic field is b = B/H;,. The di-
mensionless covariant time derivative is Dy = (d; +iEy), in
which the electric field E = E'/Egy, is scaled with the unit

EgL = Hox& /eTgL. ToL is a typical “relaxation” time in the
superconducting phase, T = Y£2/2. The layer distance d

The covariant derivative is D =

(d =d'/&.) is rescaled with the coherence length in the ¢ axis,

& =& /vy (y= /m./m*). The dimensionless Gaussian white
noise takes the form

(G (r0) 6n (,7) )y
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B Z(L)mfl‘mf
N d

(r—r")8(v—17) 8um, (7

where @™ is the fluctuation strength, @™ = |/2GMr,
and Gimf is the customary Ginzburg number, Gimf =
4(e/ch) KT [Heo.

The (|y, (r,r)|2) can be calculated by solving Eq. (6),

and & can be obtained self-consistently by the gap
18,19]

mf2
Tc

equation!

e:—ah+2<\%(r,r)|2>. ®)

The dimensionless supercurrent density takes the form
Lo
J = 3 (v, Dy,) +c.c. 9)

with the unit of the current density, jg = Hepc/2nk>E. The
conductivity will be given in units of ogL = joL/EcL =

A2y JAnK?.

2.2. Calculation of the conductivity

The linear response theory is used to calculate the su-
perconducting fluctuation conductivity og. The total electrical
conductivity is ¢ = o, + 05, where o, is the normal conduc-
tivity.

To solve the linearized TDGL Eq. (6), we use the Fourier
transform

2n/d dk, _m
w(re) = [ SEe ey (re),
wd gk,
2 :/0 SEe g (r,7). (10)

The TDGL equation becomes
1 5 b 1
{DT— <2D +2) +— e (I —cosk d)+8} Wi (7, 7)
= Ckz (T’,T), (11)
where

<Cljz (T‘, T) Ck’z (T‘,, Tl) >th
= 4x@™ ™8 (r— )8 (1-7) 5 (k. — k). (12)

Then the TDGL equation is rewritten as

(L7 +iBy) v (%) = G (1), (13)

where Wy, (r, T) can be expended to the linear order of the elec-
tric field, i.e.,

Viz (1,T) = Yor, (1, T) + Y, (7)), (14)
and
:c%fED f§+8+j(kz), (15)

in which j(k;) is denoted as j(k;) = diz [1—cos(k;d)]. The
zero order and the first order equations are solved as follows:

1) = LG, (r,7), (16)
1) = —iELyyy, (1,7). 17)

The supercurrent in the y direction is obtained in the Fourier

. 21 /d dk, 2r/d dk;
b= 2/ / e
; d
X llsz (r> T) aiylllkf, (I", T) +c.c. (13)

We substitute Eqs. (16) and (17) into the supercurrent Eq. (18),
and only keep the terms with zero order and first order of E.

Yok, (,
Vik, (,

form

in(k,—k,)d

Then the supercurrent takes the form

J¢ = Re [i /Mm%d—léei”("f"é)d
0

Y 2 2%

x <1,l/5kZ (r7) ;yWOkg (r, T)>]

21/d /
_2ERe / dk; dk;
0 2w 21w

* o~ a
X <'i’0kZ (rT)yL’ a*y%k; (r T)>]

= Jyo+ iy (19)

in(k.~k,)d

The first term in the above equation is the supercurrent of the
equilibrium state, which equals to zero, and we only need cal-
culate the second term In order to calculate ] 1> the following

eigenfunction of L' will be used: 24!

Lo (nt) = Eig(r,1),
1 .
Qi (nT) = N (y) e~ 1l 97), (20)

where L, is the sample length along the x direction, #* is the
time period, k, 2, and [ are discrete quantum numbers, and

b\ /1 \1/2
xuy) = (n) (211,>
1 k\? k
X exp 5 <\/Ey+\/l;> ]Hz <\fby+\/l;),
E = 1lb+¢e+j(k)+iQ. 21)

Equation (18) can be solved by the insertion of complete set
Y19 (@], in which all the Landau levels are added. Here
we take / = (I,k, Q) for simplicity. The supercurrent density

becomes 24!

2rn/d 3k, dk
&, = —2ER / Ltz
vt e< 0 2w 2% ¢

in(k,—k,)d

x Z L, 916 (91 L7 L1 ) (1 Y 1)

;y‘<P12>((P12|Z|¢11><(P11|Ckg>> 7

th
(22)

(@, |LY|o1) (@1,
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where the factor ﬁ is used to take space—time average of
aly

the supercurrent, and the Dirac bra—ket (F] ‘5 ‘ F>) of the quan-
tum mechanics matrix element is used for facilitating the cal-
culation. The matrix elements in Eq. (22) need to be solved
first. Since ¢y is the eigenfunction of operator L', the matrix
elements <(/)16Z+ ?r)s <(p12f,(pll ), and (@, ‘ a% ‘ ¢y,) can be calcu-
lated easily with Eq. (20) and quantum mechanics of Landau
levels.

Discrete summations can be transferred to integration
Z.Qk_>ft *dQ bL) Lxdk
form

2m/d  dk - bL.L, 1
joi = —2E / = 4mamtymt 225
0 (27[) 2r LxLy

1+1)1/2 1\'/?
Op1r+ | 5 o1

7 ( 2 2 ’
1+1\? 1\'/?

- (2> 01, + (2> 01,

de 1|1
ZEE*EZ’

. The supercurrent therefore takes the

b

(23)

and the integration of £ is

1|1

Q— | —

/d E} |Ep
_ T 1

(Db +2e+2j (k)] [Ib+e+ (k)]

The supercurrent becomes

E@™mf  r2r/d N
0 { [ [

5 21+ 1)b
472b A& Llib+e+ k)]

B 2(1+1)b ]
(I+1/2)b+¢e+ j(k;)
Ne+1)b
Wit Db } (25)
(Nt +1/2)b+ €+ j(k;)
in which cutoff (N¢) of the Landau levels is imposed. The final
resultis j, = osE, and

2

(24)

P
]yl -

@™mt 21/d k[8+]( )] —b/2
272b Jo z b
><{ll/([8+j(kz)}/b)—W([A+€+j(kz)]/b)
—y([e+jk)]/b+1/2)
+y(A+e+jk)]/b+1/2)

O =

A/2 b } 26)
[A+e+j(k)—b/2] [e+j(k)]—b/2
Here the ultra-violet cutoff is defined as A = (Ny+ 1)b and the

cutoff A is the depairing energy of Cooper pairs. Compared
to the inter- and intra-Landau-level excitation energy scales in
dimensionless units, i.e., b and €, A is sufficiently large near
Tz, so the expression of the supercurrent can be weakly cutoff
independent. oy is consistent with the solution of the Green
function method, when cutoff A approaches infinity.[!"]

2.3. Renormalization

The self-consistent equation € is solved by substituting
Egs. (14), (16), and (17) into Eq. (8)

2m/d i ,
= —ap+2 / dk; dk, ein(ki—k)

21 2m
% (8 (n ) LG (D)) 27)
The (---) can be calculated following the similar steps in the
last subsection, and the result is
m/d e+jlk)+A
e:—ah+2a)mftmf/ > [W( k) + )
o (2n) b
e+jk
—w(g( )” 28)

which was derived in Ref. [18] where the thermodynamic
properties were studied based on the GL model.

The real critical temperature 7. can be defined at € =0
when the magnetic field is zero. By taking the limit » — 0, the
above equation gives

I:

= _——C_ 2
¢ 1-doUy’ @9

where 0 = \/2Gin, Gi = 4(e/ch)’k*T?y* /He,, and

1
Up=5_— {m <Ad2+ 14d\/A (Ad2+2)>}
Substituting Eq. (29) into Eq. (28), we obtain the gap equation
€=—a,+20t (U —Up), (30)

where

2m/d dk, )
Ue = /0 o V(e i) oA/

—y([e+(k)]/b)], 31

and af = (1—t—5b)/2 with t = T/T;. 1t is easy to prove
ot = ™™ The € in Eq. (30) can be solved self-consistently,
and it shall be positive definite due to the positive requirement
of the variational free energy.'®!

2.4. 3D limit and renormalization
By taking the 3D limit of Eq. (26),

Og(d—0)
ot /°° " [e+K2/2] —b/2
C2mh ) e ¢ b

o)
_w<[s+’ﬂ /b+;>+w<[A+s+"1/b+;)

A)2 b
CErn A e
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The self-consistent equation in the 3D limit is therefore
€40 = —ap + 20t (Ug(d — 0) — Up(d — 0)), (33)

where Up(d — 0) and Ug(d — 0) are

Up(d — 0) = g
Ue(d —0) = /:o (;rk)z {W(SJrkZZJFA)
_W(EerkQ/zﬂ (34)

by taking the limit of d — 0.

3. Experimental data fitting

The superconducting fluctuation conductivities of both
the F-doped LaOFeAs compound (7. = 19.8 K, 1111
family)m] and the single crystal BaFe,_,Ni;As; (7. =20 K,
122 family)[®! are fitted in Fig. 2. The fitting parameters are
listed in Table 1.

I S S N B
R (a) LaO(F)FeAs |
4.5 _

"“ L 4

E - .

T B _'

q 40_ i

=

£ i I

ii: - .

o - 4
3.5 _
3.0l |

, . . , . . ,
1.0

7

£ 0.8

T

G L

S

i

~ 0.6

b
0.4

Fig. 2. (color online) The superconducting fluctuation electrical con-
ductivities of (a) the F-doped compound LaOFeAs and (b) the single
crystal BaFe;_;Ni,As,. The lines are given by the theoretical fitting
formula Eq. (26) of conductivity under different magnetic fields. The
points are taken from the experimental data.

Table 1. The fitting parameters for LaOFeAs and BaFe,_,Ni, As;.

Material G; Y Hy, T. & d'
LaO(F)FeAs 0.0015 7.64 50T 20K 335A 8717A
BaFe,_(NiAs, 0.00002 2.076 61.65T 198K 11.1A 636A

3.1. LaOFeAs

The layer distance d’ of LaOFeAs used in the calculation
is d’ = 8.717 A. The expression of relaxation time y in BCS,
Yocs = ﬁ, is derived for BCS superconductors. For high-
T.. superconductors, we denote Y = ¥, %, Where constant ¥,
may not equal to one and will be determined by data fitting.
The conductivity 6 = o5 + 0,, reciprocal to the original ex-
perimental resistivity data, is fitted using Eq. (26). 6, = 2.86

I according to the experimental data.”?”! The cut-

mQ~!.cm™
off A is set to be 0.3, which is approximately in the same order
as used in Ref. [25]. The absolute value of A is not sensitive to
the calculation in regions I and II (see Fig.1) due to €, b < A.

The fitting parameters are chosen as ¥, = 0.7, Hey =
T chZ(T>

¢ IJT

the Ginzburg—-Landau parameter x = 73.36, which are basi-
cally consistent with Refs. [28] and [29]. Based on the fitting
parameters, Ginzburg number G; = 4(e/ch)*k*T2y? /He =
2Gi717 =

0.17 G;j is in the same order of magnitude with that of cuprate

|z, =50 T, the anisotropy parameter Y = 7.64, and

0.0015, and the fluctuation strength parameter ® =

YBaCuO,"”! which suggests that they may have the same
order of fluctuation strength. The dimensionless layer dis-
tance d = 2.6 for LaOFeAs demonstrates a relatively layered
behavior.[”] Furthermore, the mean-field critical temperature
Tcmf = 21.5 K, calculated with Eq. (29), is close to the onset
critical temperature measured in experiment 70", 7™ — T, =
1.5 K, which is relatively large in iron pnictide superconduc-
tors. Therefore, the crossover region and the 2D region, i.e.,
regions II and III in Fig. 1, are larger than those of the other
iron pnictide families, like BaFe,_,Ni,As,, which will be dis-
cussed later. From Fig. 2(a), we can see that this material has
a large temperature transition region, which is corresponding
to the 2D-3D crossover region in Fig. 1. So LaOFeAs shows
a layered characteristic in a relatively wider range of tempera-
tures and magnetic fields compared to BaFe,_,Ni,As,.

3.2. BaFe,_,Ni,As,

For BaFe, ,Ni,As,, the layer distance is d’ = 6.36 A.
The normal conductivity 6, = 0.027 x 107 Q' -m~! is taken
to be constant by ignoring the tiny dependence of o, on the
magnetic field as shown in Ref. [25].

The fitting parameters are ¥, = 0.56, y = 2.076, k = 52.9,
and H., = 61.65 T, which are consistent with Refs. [25] and
[30]. Thus, the Ginzburg number G; = 0.00002 is rather

small compared to that of LaOFeAs, indicating a relatively
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weak fluctuation effect for BaFe,_Ni,As,. The dimension-
less layer distance d = 0.57 indicates that BaFe,_,Ni,As; has
a 3D characteristic. Furthermore, when we take 3D limit
d — 0 in the numerical calculation, it is hard to find any dif-
ference from the previous result, suggesting a 3D behavior for
BaFe;_,Ni,As,. Besides, the mean-field critical temperature
T™ calculated from Eq. (29) is 7™ =20 K. 7™ — T, = 0.2 K,
which is much smaller than that of LaOFeAs. Therefore, the
crossover region and the 2D region are much smaller than
those of LaOFeAs, and it shows that BaFe,_Ni,As, is domi-

nated by the 3D behavior (region I in Fig. 1).

3.3. Discussion

In order to clarify the dimensionality of the ion-based
superconductors, we need to compare the coherence length
and the layer distance in the ¢ axis & (7,B). &(T,B) is de-
pendent on the magnetic fields and temperatures, which is not
easy to obtain from the theoretical equations. Dimensionless
coherence length in the ¢ axis & (T, B) /& is approximately in
the same order of magnitude as 1/ \/€, in which ¢ is calcu-
lated numerically from Eq. (30) with the parameters listed in
Table 1. Comparing € and 1/d?, we find that the iron pnictides

B/T

B/T

T/K

Fig. 3. (color online) The contour lines of £d? versus both temperature
and magnetic field. (a) For LaOFeAs, £d® ~ 1. (b) For BaFe;_Ni Ass,
ed?> < 1.

can be classified by their dimensionality, as shown in Fig. 1
for three regions, i.e., region I is of the 3D feature, region III
is of the 2D feature, and region II is the crossover region.

The information about the coupling between the nearest
layers can be described by the Josephson coupling parameter,
I = WWW—W I is of the order of e’“d\/g, where o is of
the order of 1.3 When ed? >> 1, the coupling between the
layers is weak, so the sample is of the 2D feature. If £d? < 1,
the coupling between the layers is strong, therefore the sample
is of the 3D feature. When £d? is of the order of 1, the sample
shows a layered behavior.

In zero magnetic field, if we take the 2D limit (ed” > 1)
and the 3D limit (ed> < 1) of Eq. (26) respectively, we can ob-
tain the same expression with the Aslamazov—Larkin theory of
the excess conductivity, Ogp o< e~ ! and ogp o g~1/2 [24.32]
The experimental study of dimensionality of conductivity in
cuprate superconductor can be found in Refs. [33]{35].

Figures (a)and (b) show the contour lines of £d” as a func-
tion of temperatures and magnetic fields for BaFe,_,Ni,As,
and LaOFeAs. For LaOFeAs, £d? ~ 1, it indicates that this
material has a layered feature. For BaFe, ,Ni,As,, £d*> < 1,
we contribute this material to the 3D bulk category.

4. Conclusion

We have investigated the superconducting fluctuation
electrical conductivity using SCGT of the Lawrence—Doniach
Ginzburg-Landau (LDGL) model. The theoretical results can
fit very well with the experimental data of iron-based super-
conductors in a wide region around T;. Therefore, the cuprates
and iron pnictides superconductors with a layered structure
can be well described by the LDGL model. Furthermore, other
transport effects of these HTSCs, such as Hall conductivity,
the Seebeck effect, and Nernst signal, can also be calculated
within the LDGL model.

There are three regions in the H-T phase diagram for
cuprates and iron pnictides, i.e., 3D, 2D, and their crossover
regions. Although different iron-based superconductors share
similar layered structures, the dimensionality could be dif-
ferent. LaOFeAs has strong thermal fluctuations near Tg,
so in the H-T phase diagram of this family, the 2D re-
gion and the crossover region are relatively large, which
proves that LaOFeAs has strong layered or 2D characteristics.
BaFe;_,Ni,As; has less fluctuation near T, so the 2D region
and the crossover region are quite small. BaFe,_Ni,As; is
therefore more of a 3D feature. Considering the dimensional-
ity of LiFeAs discussed in the introduction, we can expect it
to show a 3D feature near 7.. For a more specific discussion
about the dimensionality of LiFeAs above Tcmf, one should use
SCGT.
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