
Chin. Phys. B Vol. 25, No. 9 (2016) 094701

Characteristics and generation of elastic turbulence in a
three-dimensional parallel plate channel using

direct numerical simulation∗

Hong-Na Zhang(张红娜)1, Feng-Chen Li(李凤臣)1, Xiao-Bin Li(李小斌)1,†,
Dong-Yang Li(李东阳)1, Wei-Hua Cai(蔡伟华)1,‡, and Bo Yu(宇波)2

1School of Energy Science and Engineering, Harbin Institute of Technology, Harbin 150001, China
2Beijing Institute of Petrochemical Technology, Beijing 102617, China

(Received 18 March 2016; revised manuscript received 19 April 2016; published online 2 August 2016)

Direct numerical simulations (DNSs) of purely elastic turbulence in rectilinear shear flows in a three-dimensional
(3D) parallel plate channel were carried out, by which numerical databases were established. Based on the numerical
databases, the present paper analyzed the structural and statistical characteristics of the elastic turbulence including flow
patterns, the wall effect on the turbulent kinetic energy spectrum, and the local relationship between the flow motion and
the microstructures’ behavior. Moreover, to address the underlying physical mechanism of elastic turbulence, its generation
was presented in terms of the global energy budget. The results showed that the flow structures in elastic turbulence were 3D
with spatial scales on the order of the geometrical characteristic length, and vortex tubes were more likely to be embedded
in the regions where the polymers were strongly stretched. In addition, the patterns of microstructures’ elongation behave
like a filament. From the results of the turbulent kinetic energy budget, it was found that the continuous energy releasing
from the polymers into the main flow was the main source of the generation and maintenance of the elastic turbulent status.
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1. Introduction
The rheological properties of the Newtonian fluid could

be significantly modified by the addition of a small amount of
flexible microstructures such as polymers or some surfactant
additives, and the fluid turns to a viscoelastic one. Compared
with the Newtonian fluid flow, two kinds of nonlinearity ex-
ist in viscoelastic fluid flow, which are nonlinear inertial and
nonlinear elastic effects, but do not necessarily coexist.[1]As
a result, a variety of different flow regimes turn up due to
the additional elastic nonlinearity, depending on the feedback
of microstructures on the main flow. The feedback is actu-
ally decided by microstructure status such as in a coiled or
stretched configuration. For viscoelastic fluid flow , besides
the well-known Reynolds number Re, the Weissenberg num-
ber Wi is another important dimensionless parameter and de-
scribes the competition between polymer stretching by main
flow and microstructure relaxation by itself. For cases with
Wi� 1, microstructures relax much faster than the main flow
stretching, and thus they are always in a coiled state and em-
bedded passively in the flow. In these cases, the feedback
of microstructures on the flow could be ignored. However,
for cases with Wi on the order of unity or larger, the strik-
ing feedback will be induced because of the significant growth

of microstructure length. For example, the substantial reduc-
tion of turbulent drag resistance occurs in the inertial turbulent
flow when inertial and elastic nonlinearity coexist[2] and has
attracted numerous researchers.[3–7] On the other hand, at an
arbitrarily low Reynolds number, with solely elastic nonlin-
earity the flow instability and even turbulent-like regime, i.e.,
elastic turbulence, are still possible to occur in the limit of
large enough Wi, under which Newtonian fluid flow is defi-
nitely in the laminar regime.[8–10] The occurrence of flow in-
stability or turbulence without nonlinear inertia implies great
potential in enhancing heat and mass transfer efficiency in the
micro-scale areas,[11–15] as well as special functional design in
microfluidics.[16,17]

The present paper focuses on the elastic turbulence where
the elastic nonlinearity dominates. It has been over ten years
since the first report on elastic turbulence by Groisman and
Steinberg.[9] So far, numerous researches on this phenomenon
have been carried out to obtain insight into its underlying
mechanism as well as to realize its application. From the ex-
perimental viewpoint, most of the early work was limited to
the geometry with local curvature such as the swirling flow
between two parallel disks, Taylor–Couette flows between two
coaxial cylinders, as well as micro-scale flows in the curvilin-
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ear micro-channels.[18,19]Therein, the elastic turbulence was
described as the flow regime after elastic instability, with sig-
nificant growth of drag resistance, a wide range of energy
spectrum, and fluctuating vortex structures random in time
but smooth in space, and so on. However, for a long time,
the curvature of the geometrical configuration was consid-
ered to be indispensable for the flow transition from laminar
to purely elastic instability according to the linear stability
analysis.[20,21] In these cases, the existence of curvature in-
duces “hoop stress”, which is defined as the ratio of the local
first normal stress difference and local curvature, and is re-
sponsible for the flow transition. McKinley[21] summarized
the results in different geometries and put forward the criti-
cal condition for purely elastic instability: λUN1/(RΣ)≥M,
where M is a constant and related with the geometry, R is the
streamline curvature, N1 is the first normal stress difference,
and Σ is the shear stress. In this condition, purely elastic in-
stability and further elastic turbulence are considered to be im-
possible in a straight pipe or a parallel plate channel, since
therein R is infinite, and the microstructures will be degraded
before satisfying the above condition. However, the nonexis-
tence of a linear transition does not guarantee the flow is abso-
lutely stable, since only infinitesimal perturbations are taken
into account in linear stability analysis. Actually, the finite
perturbation usually exists in the real flow, where linear sta-
bility analysis loses its validity. The recent nonlinear stability
analysis pointed out that the nonlinear transition is possible
for inertialess viscoelastic flow.[22–24] It was then confirmed
experimentally by Bonn[25] in a straight pipe and Pan[26] in a
straight channel, where large fluctuations were firstly excited
before entering measuring sections. In this straight pipe, it was
found that the power law exponent of the energy spectrum is
around −1.5, whereas it is between −3 and −4 in the curved
geometry.[25]

As mentioned above, the elastic turbulence is induced by
elastic nonlinearity. Therefore, knowledge of the microstruc-
ture characteristics is of primary importance to understand its
underlying physical mechanism. Chu’s group has carried out
a series of experimental measurements of single polymer be-
haviors in elongational and shear flows,[27,28] where the coil-
stretch transition of single polymer was reported. It has now
been argued that the occurrence of microstructure coil-stretch
transition is a prior for elastic turbulence.[29–31] Nevertheless,
with the current experimental technique, it is quite difficult
to directly measure microstructure behaviors or its role in the
elastic turbulence except through indirect estimation such as
the Lyapunov exponent or total drag resistance.[31–33] This
strongly limits our understanding of the whole process of elas-
tic turbulence from the experimental viewpoint. In this sense,
direct numerical simulation has been proven to be a comple-
ment to the experimental approach for any turbulent flow for

many years. Through directly solving the governing equa-
tions of viscoelastic flow, the detailed information including
not only flow field but also microstructure conformation field
could be achieved, which is so far impossible for experimen-
tal approaches. In fact, several numerical simulations have
been carried out on elastic turbulence, such as the Taylor–
Couette flow,[35,36] the Kolmogorov flow,[37–39] and the Stoke-
sian flow,[40] the flow in a three-dimensional (3D) curvilin-
ear channel,[41]and straight channel[42]of viscoelastic fluids,
based on which our knowledge of elastic turbulence has been
greatly enriched. Therein, similar characteristics to those in
experiments were reproduced such as the significant increase
of drag resistance, faster spectrum decay, and so forth. More-
over, except geometries with local curvature DNSs[37,39,42]

have already been reported and confirmed before the experi-
mental proof in Refs. [25] and [26] that the elastic instability
and turbulence are possible to be excited even with only recti-
linear streamline flow.

In spite of its great fascination to researchers and the ex-
tensive range of potential applications, the understating of the
elastic turbulence is still quite limited by now, especially the
elastic turbulence in the rectilinear shear flow. Following our
previous work, the current work further discusses the char-
acteristics of elastic turbulence including statistical properties
and structural properties, as well as its maintenance from the
viewpoint of the global energy budget. The paper is organized
as follows: Section 2 introduces the numerical models and
governing equations used in the following sections; the numer-
ical results are then discussed in detail in Section 3; Section 4
draws the conclusion of the present paper.

2. Numerical model and basic equations
Direct numerical simulations (DNSs) of the viscoelastic

fluid flow were carried out in a 3D parallel plate channel as
illustrated in Fig. 1(a). As shown in Fig. 1(a), x, y, and z
represent the streamwise, wall-normal, and spanwise direc-
tions, with the lengths of 10h, 2h, and 5h, respectively. Here,
h is the half height of the channel and u, v, w are the cor-
responding velocity components in each direction. The de-
scription of the viscoelastic fluid was expressed by the well-
known Giesekus model. An additional sinusoidal force 𝐹

(𝐹 = (Fm sin(2πy/h),0,0), with Fm the amplitude of the addi-
tional force, was exerted on the flow to generate a strong recti-
linear shear inside the channel and sustain the turbulent motion
from the viscous and elastic dissipation. According to the ad-
ditional force 𝐹 , the flow could be divided into 4 layers for
convenience of the following analysis, as shown in Fig. 1(b).
The governing equations are as follows:

∂ui

∂xi
= 0, (1)
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∂ui

∂ t
+u j

∂ui

∂x j
=− ∂ p

∂xi
+

1
Re

∂ 2ui

∂x j∂x j

+
β

ReWi
∂ (Ci j−δi j)

∂x j
+ f ∗i , (2)

∂Ci j

∂ t
+uk

∂Ci j

∂xk
=Cik

∂u j

∂xk
+Ck j

∂ui

∂xk

−
[δik +α (Cik−δik)]

(
Ck j−δk j

)
Wi

, (3)

where the subscript i (i, j = 1,2,3, respectively, correspond-
ing to x, y, z directions) satisfies the summation conven-
tion; h is the imaginary laminar velocity amplitude ul(ul =

Fmh2/(4π2ηs)) under the given additional force, h/ul and ρu2
l

are chosen as scales for length, velocity, time, and stress, re-
spectively; ηs is the solvent contribution to the viscosity; β is
the ratio of kinetic viscosity contributed by the solute (ηP) to
the solvent contribution (ηs) and set to be 0.5 in all the follow-
ing cases; 𝐶 is the dimensionless conformation tensor of the
viscoelastic solutions normalized by ηP; 𝐼 is the unit tensor;
α is the mobility factor of the Giesekus constitutive model and
set to be 0.001 in all the following cases; Re and Wi are then
defined as Re = 2ulh/(ηP +ηs), Wi = 2λul/h, respectively;
λ is the relaxation time of viscoelastic fluid; and f ∗i is the di-
mensionless additional force, 𝑓∗ = [2πβ sin(2πy)/Re,0,0]T.
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Fig. 1. Schematics diagram of (a) the simulated flow geometry and (b) form
of the additional force 𝐹 . Here, to show the straight wall effect the flow is
divided into 4 layers according to the form of the additional force.

As for the spatial discretization, a second-order central
difference scheme is used for the momentum transport equa-
tion, while the MINMOD scheme is used for the convec-
tive term in the Giesekus constitutive equation. The Adams–
Bashforth scheme is used for time advancing to keep a second-

order accuracy in time. As for the boundary condition, peri-
odic conditions are adopted for both streamwise and spanwise
directions, and the non-slip boundary condition for the top and
bottom walls. Moreover, Re is set to be 1 for all cases and
the channel flow of Newtonian fluid is definitely laminar. The
simulations are conducted in a mesh with 64× 64× 64 grids,
which has been verified to be fine enough for capturing all
information desired for a very-low-Re elastic turbulence and
is suitable for the computing resource in Ref. [42]. The fur-
ther details on the numerical procedures could be found in
Refs. [42] and [43].

For the convenience of later analysis, some basic vari-
ables are defined as follows. Based on the instantaneous ve-
locity fields and polymer conformation, the global kinetic en-
ergy EK, elastic energy Ep, the enstrophy W , and strain S are
defined as follows:

EK =
1
V

∫∫∫ uiui

2
dxdydz,

Ep =
1
V

∫∫∫ 1−β

Wi
(Cxx +Cyy+Czz)dxdydz,

W =
1
V

∫∫∫
ωiωi

2
dxdydz,

S =
1
V

∫∫∫ si jsi j

2
dxdydz, (4)

where V is the volume of the simulated geometry; ωi is the in-
stantaneous vorticity field: ωi = (∂uk/∂x j)εi jk; si j is the strain
tensor: si j = (∂ui/∂x j +∂ui/∂x j)/2.

For the turbulent cases, the instantaneous velocity ui

and polymer conformation field Ci j can be divided into the
mean flow and the fluctuations i.e., ui = 〈ui〉+ u′i, and Ci j =

〈Ci j〉+C′i j, where 〈·〉 is the spatial temporal average over the
streamwsie and spanwise plane (periodic in both directions)
and varies in the normal direction y,

〈 f 〉= 1
T SxSz

∫ T

0

∫∫
f dxdzdt.

Similarly, the global turbulent kinetic energy EKF, turbulent
enstrophy WKF, and turbulent strain SKF are defined as follows
based on the fluctuating velocity and microstructure confor-
mation fields:

EKF =
1
V

∫∫∫ u′iu
′
i

2
dxdydz,

WKF =
1
V

∫∫∫
ω ′i ω

′
i

2
dxdydz,

SKF =
1
V

∫∫∫ s′i js
′
i j

2
dxdydz, (5)

where ω ′i and s′i j are the fluctuating vorticity field and strain
tensor based on the velocity fluctuations, respectively.

3. Results and analysis
To obtain further insight into this intriguing phenomenon,

this section analyzes the numerical results focusing on the
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structural and statistical characteristics, the generation and
maintenance of the elastic turbulence following our previous
study.[42] In our previous work, the critical criterion for the on-
set of elastic instability has been determined to be Wic > 5 un-
der the same type of additional force. The following analysis
is carried out mainly on the basis of the numerical databases,
which have been proved to be above the onset of elastic insta-
bility in Ref. [42].

3.1. Characteristics of elastic turbulence
3.1.1. Flow patterns

We start our analysis on flow structures by considering
the pattern of velocity field (𝑢 = [u,v,w]T), polymers confor-
mation field (𝐶) and the coherent structures in the rectilin-
ear viscoelastic fluid flow when the elastic instability has been
induced. Above the onset of the elastic instability, the flow
experienced several stages by firstly to the quasi-periodically
state, and then to a further irregular and disordered state with
the elastic nonlinearity increasing. The discovery of coherent
structures has significantly promoted the understanding of in-
ertial turbulence, and abundant research has been paid to its
detecting method, characteristics, generation mechanism, and
so forth. In elastic turbulence, the coherent structures were
also detected in Ref. [38] and appeared in the form of “elas-
tic waves”. So far, the understanding of coherent structures
in elastic turbulence is however still in an initial stage due to
the short research history of elastic turbulence and lack of a
database. According to the definition in inertial turbulence,
coherent structures can be roughly separated into two groups
which are tube-like vortex structures (i.e., regions dominated

by the rotating motion) and the sheet-like vortex structures
(i.e., regions dominated by the deforming motion). Based on
the velocity gradient tensor, several methods have now been
proposed to identify the tube-like vortex structures. Herein,
the coherent structures in viscoelastic fluid flow above the
onset of elastic instability were also studied by investigat-
ing the vortex tube-like structures using the Q criterion.[44]

The Q is the second invariant of the velocity-gradient ten-
sor ∇𝑢, and can be calculated by Q = wi jwi j − si jsi j where
wi j = (∂ui/∂x j−∂u j/∂xi)/2.

To have an intuitive impression of the flow structures in
the viscoelastic fluid flow above elastic instability, firstly the
snapshots of the velocity field 𝑢, vortex tube-like structures
Q, and microstructures extension tr(𝐶) are presented in both
the streamwise–normalwise (x–y) section and the streamwise–
spanwise (x–z) section at the same time as shown in Figs. 2–
4, respectively. From Fig. 2(a), the base flow of velocity
component u shows periodicity in the normalwise section due
to additional cosine force and breaks along the streamwise.
The transversal component v shows some localized quadrupo-
lar flow patterns of positive and negative values on the back-
ground of zero velocity, as found in Ref. [38]. In this manner,
the localized vortex structures with scale on the order of the
channel width are then formed. Around these flow patterns,
as shown in Figs. 2(c) and 2(d), the strong tube-like structures
with Q > 0 and sheet-like structures with Q<0 are embedded
close to each other. Besides, as for the microstructures elon-
gation, it shows disordered filament-like structures as shown
in Fig. 2(b).
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Fig. 2. (color online) Snapshots of different fields in the x–y section z∗ = Sz/2 at the same time at Wi = 30: (a) u; (b) v; (c) tr(𝐶) =
Cxx +Cyy +Czz; (d) Q.

In Refs. [37], [38], and [40], the elastic turbulence was

numerically investigated in a 2D rectilinear shear flow and

has reproduced some basic phenomenology observed in the

experiments. However, for every turbulent flow, it should be

definitely 3D. To improve our understanding on 3D properties

of elastic turbulence, figures 3 and 4 present the characteris-

tics of the flow motion in the streamwise–spanwise section.

It indicates that with the increase of Wi, the further distorted
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and irregular flow patterns could be formed along the span-
wise with localized quadrupolar flow patterns similar to that
in the streamwise. Correspondingly, the vortex tubes (Q > 0)
are distorted in the spanwise, accompanied by the significantly
deformed flow patterns (Q < 0), where polymers are strongly
stretched as circled in Fig. 4. In other words, for the viscoelas-
tic fluid flow above elastic instability vortex tube structures
tend to be formed around the regions where the polymers are
strongly stretched. With the increase of Wi, further disordered
and random vortex tubes will be induced.

Moreover, the flow structures above elastic instability
were also observed to be propagating along the streamwise
with time in the form of elastic waves in the flow as reported
in Ref. [38], which may be due to the non-homogeneous distri-
bution of turbulent kinetic energy and polymer elastic poten-
tial energy. Figure 5 shows the spatial–temporal propagation
of the flow and polymer structures at different Wi. It is ob-
tained that the propagation firstly behaves regularly at Wi= 10
along the streamwise especially in the channel center where
the vortex tubes and sheet appear alternatively. The propa-
gating direction at different y is corresponding to the sign of
local average velocity um(y) with the same propagating veloc-
ity up(up = ∆x/∆t where ∆x is the propagating distance in the
time interval ∆t) and flow patterns. Increasing Wi to above 20,
the propagation became rather unstable and shaking along the
streamwise direction. It then becomes difficult to determine
up due to the unstable and interacting local flow motions. In

addition, the close relation between the polymers elongation
and the formation of the vortex tube structures could also be
observed again by comparing Figs. 5(a) with 5(b), i.e., vortex
tube structures tend to be formed in the regions where the mi-
crostructures were significantly stretched, in consistent with
Fig. 4.
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Fig. 3. (color online) Snapshots of flow motion (velocity component u)
in the streamwise–spanwise (x–z) section y∗= 0 (with strong velocity
gradient): (a) Wi = 10; (b) Wi = 20; (c) Wi = 30.
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Fig. 4. (color online) The distribution and characteristics of vortex tubes and the polymer conformation components in the streamwise–
spanwise (x–z) section y∗= 0 at Wi = 30: (a) Q; (b) Cxx; (c) Cxy; (d) Cyy.

3.1.2. Straight wall effect on elastic turbulence

In the present paper, the flow was divided into 4 layers
according to additional force, so it is possible to study the
straight wall effect on elastic turbulence by comparing flow

characteristics in different layers. Before this comparison, we

firstly compare the flow motion especially the turbulent statis-

tics near the wall in this channel with that in the curvilin-

ear channel, which could be found in our previous numerical
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results obtained in a curvilinear channel[41] and this straight
channel.[42] Similar to that in inertial turbulence and experi-
mental observation in the curved geometry, two peaks of the
velocity fluctuations could be observed near the wall for the
curvilinear channel. However, in the current case, no peak of
the velocity fluctuations is formed in layer-1, which is directly
affected by the wall, indicating the straight wall may suppress
the turbulent motion. In order to further confirm this, the atten-
tions are then paid to the distributions of the microstructures
extension and vortex structures as shown in Figs. 2 and 5(d),
as well as the energy spectrum in different layers as shown in
Fig. 6. As shown in Figs. 2 and 5(d), it could be found that
the turbulent motion and strength are much stronger and quite
similar from layer-2 to layer-4; only in the near wall region,
though the microstructures are strongly stretched, the turbu-
lence motions are significantly suppressed. In the layers far

from the straight wall, E(k) exhibits a power law decay with
the exponent of −3.8, which is in consistent with the exper-
imental observations in Refs. [9], [18], and [19] and the nu-
merical data in Refs. [37] and [38]. However, in the layer next
to the straight wall, though with significant velocity gradient,
the turbulent kinetic energy shows a faster decay as shown in
Fig. 6(a), which indicates that the elastic turbulence is locally
suppressed by the straight wall. This is different from the role
of the curvilinear wall in the elastic turbulence, which is re-
garded as the source of the elastic turbulence generation and
near which the turbulent intensity is stronger.[19,41] It implies
that in the real rectilinear shear flow the elastic turbulence is
able to sustain by generating the strong shear in the center far
from the wall, but the straight wall will suppress the elastic
turbulence.
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Fig. 5. (color online) Spatial–temporal propagation of the flow and polymer structures with the increase of Wi: (a) tr(𝐶) along the
streamwise at y = 0, z = Sz/2; (b) Q along the streamwise at y = 0, z = Sz/2; (c) Q along the normalwise at x = Sx/2, z = Sz/2.

It then becomes natural to ask why the straight wall sup-

presses the elastic instability and turbulence and then why it

could survive in the current simulation even with a straight

wall. The “hoop stress” theory is used here to answer the

above question. According to our numerical study, even with-

out the geometry curvature the viscoelastic fluid flow could

still be elastically turbulent. It is conjectured that the key of

elastic turbulence occurrence does not lie in the geometrical

curvature but the streamline curvature. In the curvilinear chan-

nel, the geometry provides the curved streamline which gen-

erates the “hoop stress”. The “hoop stress” then leads to the

normal flow motion and amplifies the initial perturbations. In

the current geometry, in the bulk flow region, the initial per-

turbations bring in the curved streamline by which the “hoop

stress” could be generated and then maintain the elastic tur-

bulence. Next to the wall, the flat-straight wall straightens

the initial curved streamline, and then eliminates the “hoop

stress”. Therefore, the flow therein tends to be more stable.

The straight wall suppression effect may not only exist in the

low-Re flows but also high-Re flows. However, the affecting

region is related with Re. For the large-Re flows such as iner-

tial turbulent flows, its effect is mainly confined in a very thin
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layer next to the wall, or within the thickness of the viscous
sub-layer. Unlike large-Re flows, in the elastic turbulent flow
with an extremely low Re, the straight wall effect will domi-
nate the whole area if without any additional treatment. Then
if the straight wall suppresses the elastic turbulent motion, why
and how could it survive in the center? To answer this, the
form of our external force and the role of layer-1 are consid-
ered. The existence of layer-1 (or the stable layer next to the
wall) may block the straight wall effect from transferring into
the center region. In this way the curved streamlines could
be kept there far from the near wall region. In other words,
this stable or blocking layer is of importance to the generation
and maintenance of elastic turbulence in the channel without
curvature. This conjecture still needs future experimental and
numerical verifications.
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Fig. 6. (color online) Spectrums of (a) velocity fluctuations and (b)
polymers extension in four layers with maximum local velocity gradi-
ent at Wi = 30. The inset shows the velocity gradient effect on the spec-
trums in layer-2. Following the definition of energy spectrum E(k),
Ep(k) is defined as follows: li =

√
Cii, Li (k) = FFT(li) (i = 1,2,3),

Ep (k)=[(1−β )/Wi]Li (k)L∗i (k). Here, L∗i (k) is the conjugate of Li (k).

Moreover, as shown in the inside inset of Fig. 6, the local
mean velocity gradient has little effect on E(k) in the layers
away from the wall, except modifying the amplitude in the
largest scale, which is related with the local turbulent intensi-
ties. The decaying of the elastic energy Ep(k), which describes

the multi-scale property of the elastic structures, is also inves-
tigated as shown in Fig. 6(b). It is observed that in the re-
gions (layer-2 to layer-4) where the flow behaves as turbulent
status, it shows a power law decay with the decaying expo-
nent of −2.8 (equal to kE(k)) in the range where E(k) shows
power law decay. Compared with E(k), the local mean veloc-
ity gradient modifies the amplitude of Ep(k) at all scales and
the scales range of Ep(k) is much narrower than that of E(k)

3.1.3. Relationship between microstructures behavior
and flow motion

In this section, the statistical relationship between the mi-
crostructure behavior and the flow motion (turbulent charac-
teristics) is investigated for the cases above elastic instability.
As mentioned above, elastic turbulence is originated from the
elastic nonlinearity of the viscoelastic fluid, which is closely
related with the velocity gradient ∇𝑢 rather than u. The mi-
crostructures are stretched through the local velocity gradi-
ent in the form of ∇𝑢 ·𝐶 +𝐶 ·∇𝑢T. Therefore, for the fu-
ture modeling of elastic turbulence, it would be necessary to
study the relationship between the microstructures conforma-
tion and local velocity gradient. Figure 7 shows the statis-
tical polymer conformation components as a function of the
averaged velocity gradient |〈du/dy〉| at the same location. It
could be found that tr(𝐶) and |〈Cxy〉| increase with the local
velocity gradient |〈du/dy〉| in the form of nearly quadratic
and linear function, respectively. In the present paper, since
α was set to a very small value, we ignore its effect. If so,
the microstructure conformation |〈Cxy〉| will be linearly in-
creased with both Wi and the local velocity gradient |〈du/dy〉|
in the laminar status, i.e., |〈Cxy〉|/|〈du/dy〉| linearly increases
with Wi. As shown in Fig. 7(b), when the flow is above the
elastic instability, it increases much faster than the predicted
linear relationship, indicating the microstructures are above
the coil-stretch transition. In addition, it is also found that
〈Cxx〉�〈Cyy〉 > 〈Czz〉 indicating that the main contribution of
the polymer elongation is from Cxx in the streamwise direction
due to the current numerical geometry (in consistent with that
in Ref. [38]). However, different from that in Ref. [38], where
it states 〈Cxx〉�〈Cyy〉�|〈〈Cxy〉〉|, in our numerical simulation,
〈Cxx〉>|〈Cxy〉|>〈Cyy〉 is observed. The possible reason for the
difference is as follows: in Ref. [29], |〈〈Cxy〉〉| was obtained
based on the average in the whole simulated geometry includ-
ing the transversal direction, and should be closer to 0 due to
the periodic condition in their simulation. Therefore, the re-
lation 〈Cxy〉≈ 10|〈Cxy〉| in the flow above elastic instability in
Ref. [38] is possibly only a coincidence and the transition of
|〈Cxy〉| may be due to the lack of ensemble data during the
averaging when the flow is above elastic instability. More-
over, when the flow is above elastic instability, as shown in
Fig. 7(e), |〈Cxx〉|/|〈Cxy〉| is observed to firstly decrease with the
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local velocity gradient |〈du/dy〉| and then gradually converge
to a certain value, which increases with Wi. From Fig. 7(f),
|〈Cxx〉|/|〈Cyy〉| is observed to increase with Wi and the local
velocity gradient |〈du/dy〉| and could be much larger than 10,
indicating that the increase of |〈Cyy〉| is slower than that of
|〈Cxx〉|. Moreover, it firstly shows a form of quadratic function
and then slows down to a linear form due to the rising of |〈Cyy〉|
in the location with a larger velocity gradient. Figure 8 shows

the relationship between some turbulent statistics and the aver-
aged velocity gradient at the same location. A strong relevance
of the turbulent statistics on the local velocity gradient could
be observed. All the fluctuations increase with velocity gra-
dient and faster for the larger Wi. The turbulence intensities
including both the flow motion and the polymer relaxation in-
crease with the local velocity gradient, further confirming the
domination of the velocity gradient in the elastic turbulence.
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3.2. Generation and maintenance of the elastic turbulence

In the inertial turbulence, the turbulent fluctuations and
the vortex structures are generated and maintained through the
Reynolds stress 〈u′iu′j〉, for which a series of theories and mod-
els have now been well established.[45] However, so far for
the elastic turbulence which is dominated by the microstruc-
tures, there has been no detailed theory about its generation
and maintenance. This section will discuss how the elastic tur-
bulence is generated and sustained by mimicking the method
used in inertial turbulence. Unlike Newtonian fluid, the mi-
crostructures embedded in the fluid are capable of storing en-

ergy during its stretching by main flow and also providing en-
ergy to the flow during its relaxation. Therefore, in the vis-
coelastic fluid flow, an infinite fluid element contains both the
kinetic energy and elastic energy. The additional energy ex-
changes between the main flow and microstructures should be
particularly taken into account. In the following, the genera-
tion and maintenance of turbulent energy and also vortex struc-
tures are studied by discussing the global budget from both
instantaneous and fluctuating energetic viewpoints.

Before showing the numerical results, the energy budget
for viscoelastic fluid flow was firstly derived. According to
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Eqs. (2) and (3), it is easy to obtain the global balance for the
instantaneous EK, fluctuating kinetic energy EKF, and elastic
energy Ep as follows:

dEK

dt
=−εv−Gp +FK, (6)

dEKF

dt
= PK− ε

′
v−G′p, (7)

dEp

dt
=

dEp

dCii

dCii

dt
= Gp− εp, (8)

where FK is the energy input by the additional force; Gp is
the energy exchange between the flow motion and polymers:
Gp > 0 indicating the energy is absorbed from the flow mo-
tion into the polymers, otherwise, the energy is released to the
flow mainly from polymers; εv is the viscous dissipation of the
kinetic energy; εp is the elastic dissipation; PK is the energy ex-
change between the mean flow and the turbulent fluctuations
by the Reynolds stress, and is regarded as the turbulent produc-
tion term in the inertial turbulence with PK > 0; ε ′v is the vis-
cous dissipation of the turbulent fluctuations; G′p is the elastic
effect on the turbulent fluctuations. The detailed expressions
of each term can be found in Appendix A.

Firstly, the evolutions of EK, Ep, and EKF are shown in
Fig. 9, showing that the flow achieves a statistically steady
state with these three kinds of energy oscillating around certain
values respectively. The temporal evolution oscillated stronger
with an increase of Wi and the relative turbulent intensity in-
creases to 5.2% at Wi =30. Moreover, from the evolution of
EKF, it could be found that the flow behaves more intermit-
tently and the flow structures with a large time scale are gener-
ated. As for the elastic energy Ep, it shows a much larger time
scale compared with the flow motion. Furthermore, figure 10
shows the kinetic energy balance (Eqs. (6) and (7)) from both
instantaneous and fluctuating viewpoints at Wi = 30. From
the instantaneous viewpoint, for the developed turbulent elas-
tic turbulent flow, the energy balance is: dEK/dt ≈ 0, and
FK ≈ Gp + εv, i.e., the additional force supplies and main-
tains the flow from viscous dissipation of the flow and the
energy transfer to the microstructures. The energy transfer be-
tween the flow motion and microstructures Gp is positively
oscillating, indicating the microstructures absorb energy from
the main flow. This part of energy is then stored and dissi-
pated by its relaxation during the evolution. With the increase
of Wi, a more remarkable part of energy is transferred from
flow structures to microstructures. Similarly, from the fluc-
tuating viewpoint, the energy balance is: dEKF/dt ≈ 0 and
PR−Gp−εv ≈ 0, for the developed turbulent flow without the
additional power supply. As well known in inertial turbulence,
PK > 0 and the Reynolds stress plays a dominated role in the
turbulent kinetic energy production. However, it becomes in-
correct for the elastic turbulence. As shown in Fig. 1(b), unlike

that in the inertial turbulence, the production term PK is close
to 0 and thus can be ignored. The elastic term G′p, becomes
dominated and positively skewed to counteract the viscous tur-
bulent dissipation. In other words, it is the elastic term which
keeps the turbulent fluctuations from vanishing.
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In order to further understand this process, the instanta-
neous and fluctuating elastic effect Gp and G′p are focused.
The above results mean that in the elastic turbulence, appar-
ently the polymers are stretched by the main flow, i.e., Ci j and
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∂ui/∂x j are positively correlated, but if the fluctuations are
considered C′i j and ∂u′i/∂x j are negatively correlated, indicat-
ing that the flexibility of microstructures dominates the gen-
eration of the fluctuating velocity gradients. Therefore, unlike
that in the inertial turbulence, G′p is the energy production term
in elastic turbulence. Note that enough energy should be re-
leased to support an elastic turbulence state due to the strong
viscous dissipation at such a low Reynolds number. Therefore,
we could attribute the generation and maintenance of the elas-
tic turbulence to there being enough energy transfering from
the microstructures into the flow during its relaxation.

Finally, the generation and maintenance of vortex struc-
tures are discussed. In inertial turbulence, relative to the veloc-
ity fields, the velocity gradient contains more significant fluid
mechanical information and its dynamical behavior is closely
related with the mechanism of vortex stretching and the energy
cascade.[45] Therefore, it is of primary importance to investi-
gate the generation of the velocity gradient in a turbulent flow
to understand its kinematics and dynamics. As mentioned be-
fore, the characteristics of elastic turbulence are quite differ-
ent from those of inertial turbulence, such as vortex structures
comparable with the scale of the flow geometry and faster de-
cay of the turbulent kinetic energy.[9] These differences may
lie in the generation of velocity gradient, which is the focus
of this part: investigating the energy budget of global enstro-
phy (indicating the strength of rotating motion in the flow) and
strain (indicating the strength of deforming motion in the flow)

as well as the microstructure effect therein.
The global budgets of enstrophy and strain from the in-

stantaneous and fluctuating viewpoints are as follows:

dW
dt

=WR−Wv−Wp +FW, (9)

dS
dt

= SR−Sv−Sp +FS, (10)

dWKF

dt
= PW−W ′v−W ′p, (11)

dSKF

dt
= PS−S′v−S′p, (12)
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where WR is the vortex extension term by the velocity fields;
Wv is the viscous effect of the global enstrophy; Wp is the elas-
tic effect on the global enstrophy; FW is the additional force
effect on the global strain; SR is the self-amplification of the
strain and vortex extension effect on the generation of global
strain; Sv is the viscous effect of the global strain; Sp is elastic
effect on the global strain; FS is the additional force effect on
the global strain; PW is the enstrophy exchange between the
mean flow and turbulent flow structures, and also regarded as
the production term for the inertial turbulence, with PW > 0;
W ′v is the viscous dissipation of turbulent enstrpohy; W ′p is the
elastic effect on turbulent enstrophy; PS is the strain exchange
from the mean flow to the turbulent flow structures; S′v is the
viscous dissipation of the turbulent strain; S′p is the elastic ef-
fect on the turbulent strain. The detailed expressions of each
term can be found in Appendix A.

Figure 11 shows the evolutions of W , WF, S, and SF which
are similar to those of EK and EKF, and the fluctuating enstro-
phy and strain are increasing with that of Wi. Figure 12 shows
the evolutions of the budget of global enstrophy and strain
from both the instantaneous and fluctuating viewpoints. From
the instantaneous viewpoint, FW ≈Wp +Wv and FS ≈ Sp +Sv,
i.e., the additional force maintains the enstrophy and strain by
counteracting the viscous and elastic effect, and PW and PS can
be ignored. From the fluctuating viewpoint, without the addi-
tional energy input, the fluctuating enstrophy and strain come
from W ′p (W ′p≈−W ′v) and S′p(S

′
p≈−S′v), which are the interac-

tion among the polymer conformation, the vorticity and strain.
However, W ′R and S′R (the vortex tube stretching and the strain
self-amplification) which are dominant in the inertial turbu-
lence can be ignored here. Therefore, in the elastic turbulence,
it can be seen that the vortex tubes are mainly stretched by the
polymers, and the strain and the polymer conformation in the
flow are amplified by their interaction as compared with that
in the inertial turbulence.

4. Conclusion
So far, the elastic turbulence is still poorly understood,

due to the limitation of experimental techniques and the lack
of numerical data, therefore our main goal is to obtain fur-
ther insight to improve our knowledge of this intriguing phe-
nomenon. DNSs of purely elastic turbulence in a 3D straight
channel were carried out. Though the simulated geometry
is very simple, most of the qualitative similar experimental
observations have been reproduced in the current simulation.
Following our previous research, the detailed characteristics
of the elastic turbulence including the flow patterns and the
role of velocity gradient, and the generation and maintenance
from the energetic view point were presented in this paper.
It is observed that in the elastic turbulence, the flow shows
three dimensional characteristics with larger spatial scales, and

the polymer elongation shows filament structures. The vortex
tubes were found to be embedded in the regions where the
polymers are strongly stretched. Besides, the straight wall
effect on the characteristics was also investigated based on
the kinetic energy and elastic energy spectrum, which indi-
cates that the turbulent flow near the straight wall decays much
faster, i.e., the straight wall tends to stabilize the turbulent flow.
On the other hand, the existence of layer-1 in the simulation
localizes this effect, which helps the fluctuations in the outer
layers to survive from the straight wall effect. Moreover, in
the elastic turbulent flow, the velocity gradient plays a domi-
nant role in the flow characteristics, for example, the turbulent
intensity is found to increase with that of the velocity gradient.
As for the generation and maintenance of elastic turbulence,
from the energetic viewpoint, it is found apparently from the
instantaneous viewpoint that the additional force counteracts
the viscous dissipation and elastic absorption, and the poly-
mers absorb energy from the main flow. However, differ-
ent from the inertial turbulence, there is continuous energy
released from the polymers into the flow, which counteracts
the viscous dissipation and sustains the turbulent status from
the fluctuating viewpoint. Therefore, in elastic turbulence, we
reach a conclusion that it is the fact that enough energy is re-
leased from the polymers which generates and maintains the
elastic turbulence.

Appendix A

Expressions of the terms in Eqs. (6)–(12) are as follows:

εv =
1
V

∫∫∫
β

Re
∂ui

∂x j

∂ui

∂x j
dxdydz;

Gp =
1
V

∫∫∫ 1−β

Wi
Ci j

∂ui

∂x j
dxdydz;

FK =
1
V

∫∫∫
f ui dxdydz;

PK =
1
V

∫∫∫
u′1u′2

∂ 〈u1〉
∂x2

dxdydz;

ε
′
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V
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ωiω jsi j dxdydz;
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∂x j

∂ωi

∂x j
dxdydz;

Wp =
1
V

∫∫∫ 1−β

Wi
∂ωi

∂xm

∂Ckm

∂x j
εi jk dxdydz;

FW =
1
V

∫∫∫
ωi

∂ fk

∂x j
εi jk dxdydz;

SR =
1
V

∫∫∫
[−sikskjsi j− (ωiω jsi j−ωiωisi jδi j)/4]dxdydz;
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Sv =
1
V

∫∫∫
β

Re
∂ si j

∂xk

∂ si j

∂xk
dxdydz;

SP =
1
V

∫∫∫ 1−β

Wi
∂ si j

2∂xk

(
∂Cik

∂xk
+

∂C jk

∂xi

)
dxdydz;

FS =
1
V

∫∫∫ si j

2

(
∂ fi

∂x j
+

∂ f j

∂xi

)
dxdydz;

PW =
1
V

∫∫∫ (
2ω
′
1ω
′
2 〈s12〉+ω

′
i s
′
i3 〈ω3〉

+ω
′
i ω
′
js
′
i j−ω

′
3u′2

∂ 〈ω3〉
∂x2

)
dxdydz;

W ′v =
1
V

∫∫∫
β

Re
∂ω ′i
∂x j

∂ω ′i
∂x j

dxdydzdxdydz;

W ′p =
1
V

∫∫∫ 1−β

Wi
∂ω ′i
∂xm

∂C′km
∂x j

εijk dxdydz;

PS =
1
V

∫∫∫ [
−2〈s12〉s′1 js

′
2 ji j− s′iks′kjs

′
i j

−u′2s′12
∂ 〈s12〉

∂x2

]
dxdydz

− 1
V

∫∫∫ 1
4
(
2ω
′
i s
′
i3 〈ω3〉−2ω

′
3s′i j 〈ω3〉δi j

+ω
′
i ω
′
js
′
i j−ω

′
i ω
′
js
′
i jδi j

)
dxdydz;

S′v =
1
V

∫∫∫
β

Re

∂ s′i j

∂x j

∂ s′i j

∂x j
dxdydzdxdydz;

S′p =
1
V

∫∫∫ 1−β

Wi

∂ s′i j

2∂xk

(
∂C′ik
∂xk

+
∂C′jk
∂xi

)
dxdydz.
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