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Photoelectron angular distributions of H ionization in low energy
regime: Comparison between different potentials*

Shu-Na Song(K&F4F)!, Hao Liang(Z%)!, Liang-You Peng(¥ K /)2, and Hong-Bing Jiang(# £ 1%)12

1 State Key Laboratory for Mesoscopic Physics and Collaborative Innovation Center of Quantum Matter, School of Physics,
Peking University, Beijing 100871, China

2Co]1aborative Innovation Center of Extreme Optics, Shanxi University, Taiyuan 030006, China

(Received 11 April 2016; revised manuscript received 15 May 2016; published online 2 August 2016)

We theoretically investigate the low energy part of the photoelectron spectra in the tunneling ionization regime by
numerically solving the time-dependent Schrdinger equation for different atomic potentials at various wavelengths. We
find that the shift of the first above-threshold ionization (ATI) peak is closely related to the interferences between electron
wave packets, which are controlled by the laser field and largely independent of the potential. By gradually changing the
short-range potential to the long-range Coulomb potential, we show that the long-range potential’s effect is mainly to focus
the electrons along the laser’s polarization and to generate the spider structure by enhancing the rescattering process with
the parent ion. In addition, we find that the intermediate transitions and the Rydberg states have important influences on the

number and the shape of the lobes near the threshold.
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1. Introduction

In the investigation of light—matter interactions in the
strong fields, the photoelectron angular distributions and the
photoelectron spectra provide abundant information about the
ionization dynamics which reflects the information about the
laser field and the target structure.
potential I, which is much larger than the photon energy,
Keldysh!!! divided the ionization into the multi-photon regime
(MPL, y> 1) and the tunnelling regime (TI, y < 1), where the
Keldysh parameter y = /1, /2U, with U, = F§ /4 being the
ponderomotive energy of an electron in the laser field (F is

For a given ionization

the field amplitude and o the laser frequency). One can qual-
itatively understand these two ionization regimes in view of
the wave-particle duality of light. In the TI regime, the wave
character of the laser is mainly reflected. The electrons tun-
nel through the Coulomb barrier which is suppressed by the
laser field and the ionization mostly happens close to the max-
ima of the electric field. The dominant structures observed in
the photoelectron spectra can be explained as interferences be-
tween electron wave packets emitted at different times within
the laser pulse. While, in the MPI regime, the particle char-
acter of light is dominant. The electron absorbs a number of
photons to exceed the ionization threshold and the structures
in the photoelectron spectra reflect characters of multiphoton
transitions.

In recent years, the low energy structure produced by in-
tense long-wavelength lasers (which is called ionization sur-
prise) has drawn a great deal of attention from experimentalists
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and theorists. The appearance of the low energy structure can
be attributed to the effects of the Coulomb potential during the
multiple rescattering of the ionized electron which is ignored
in the strong field approximation (SFA).[>*#! Tt shows the in-
fluence of ion structure on the photoelectron spectra in the
TI regime and gives instructions to obtain holographic struc-
tures that record the spatial and temporal information for both
the target ion and the electron.>~#! The holographic structure
(usually called “spider structure”) is generated by the interfer-
ence between the laser-driven electron wave packet that scat-
ters off the target ion and the electron wave packet that does
not interact with the ion. It is a large scale feature that can span
multiple above threshold ionization (ATI) rings. At the same
time, a radial fan-like pattern has been observed in the angular
distribution in the near threshold ionization both experimen-

[9-11.14.15] The number of near-threshold

tally and theoretically.
radial lobes was suggested to be determined by the minimum
number of photons needed to ionize the atom!!! and an empir-
ical rule was given for the dominant orbital angular momen-
tum. Latter, using a classical trajectory Monte Carlo method
(CTMC), Arb6 et al. quantitatively explained the dominant
orbital angular momentum in terms of interfering classical
trajectories in the presence of both the Coulomb and laser
fields.[”1%1 The study of photoelectron angular distributions of
near zero momentum is generally related to the recapture of
electrons into Rydberg states.!'*l However, the CTMC method
ignores the intermediate transition processes since the ion-
ization rate is prescribed by the Ammosov-Delone—Krainov
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(ADK) theory, which only considers the transition rates from
the bound state to the continuum states.!'®!7] The compari-
son between TDSE calculation and the semi-classical model
within a wide range of laser parameters shows the limit of its
applicability. 8]

In this paper, we investigate the photoelectron angular
distributions of the ionization of a hydrogen atom by solv-
ing the time-dependent Schrdinger equation (TDSE) in the TI
We find that
the shift of the first ATI ring in the momentum distribution

regime with intense infrared (IR) laser pulses.

with the changing of the wavelength reflects the interference
of electron wave packets under the control of a laser field,
which is largely independent of the used potential. The influ-
ences of the long-range Coulomb potential and excited states
on photoelectron angular distributions are studied by chang-
ing the Yukawa potential’s parameter. By gradually changing
the short potential to the long-range Coulomb potential, we
can see the “spider structure” is gradually reproduced. In ad-
dition, the number of lobes and the radial pattern on the near
threshold ring (first ATI ring or below the first ATI ring) is con-
nected with the increase of the number of excited states when
one changes the Yukawa potential’s parameter.

The organization of the rest of this paper is as follows. In
Section 2, the numerical method is described in brief. In Sec-
tion 3, we present our main results and discussion. Section 4
is a short summary.

2. Therical methods

Our method is based on the numerical solution to the
TDSE, whose details can be found in previous work.!?1=24! In
this work, the hydrogen in its ground 1s state is exposed to a

linearly polarized laser pulse, with a vector potential given by
Ap(t) =ZAofL(t) sin[o(7)], €))

where Ay is the peak value of the vector potential, and we take
the pulse envelope f;(¢) = cos?(mt/t) with 7 being the total
pulse duration. The corresponding electric field is given by
E;(t) = —0dAL(t)/0t. In brief, the TDSE

1

ii‘I’(r,t) = —§V2+V(r) +p-AL(t)

5 Y(r1), (2

is numerically solved in the spherical coordinates with the fi-
nite difference method. Two types of atomic potentials are
considered, i.e., V(r) = —1/r for the Coulomb potential case
and V(r) = —Ze ™" /r for the Yukawa potential case. The
probability of a photoelectron with an asymptotic momentum
k can be obtained by a projection of the final wave function
¥(r,tr) onto the scattering states of the field-free Hamilto-
nian, i.e.,

P(k) = P(k,6,0) = (¥, (r)|¥(r17)), ©)

where

lPk r le ~Hor+a) 1@2(9»¢)Rk1(’”)Y1m(9/,(P/), “)

\/ﬁ

with (8’, ¢’) denoting the angles of . For a linearly polarized
pulse considered in the present work, P(k) has an azimuthal
symmetry about ¢. The total ionization probability can then
be calculated by integrating in the momentum space as

Pou =27 [ P(K,6,0 = 0)kdkdo. 5)

3. Numerical results and discussion

In this section, we first calculate the photoelectron spec-
tra in the TI regime with different laser wavelengths. Then,
we fix the laser parameter and gradually change the Yukawa
potential to approach the shape of the Coulomb potential. By
comparing with the calculations using the Coulomb potential,
we can evaluate the roles of the long-range Coulomb potential
and intermediate states in the photoelectron angular distribu-
tions. Atomic units are used throughout.

3.1. Dependence on the laser wavelength

In our previous work, [24] we have extended the electron
wave packet interference from two single-cycle pulses to one
multicycle pulse, and verified that the ionization yield can be
modulated by varying the wavelength. In Figs. 1 and 2, for
an 8-cycle pulse at a fixed peak intensity, we present the mo-
mentum distributions at the maximum and minimum in the
ionization yield for six wavelengths, using the Coulomb po-
tential and the Yukawa potential (with Z =191 and k =1
to reproduce the ionization potential of H atom) respectively.
One notes that, when the total ionization yield is maximum,
the first AT ring starts from the zero point and the size of the
ring is larger. When the ionization yield reaches its minimum,
the first ATI ring is the second concentric ring in the momen-
tum spectra and a smaller ring appears near the zero point. For
the results of the short-range Yukawa potential in Fig. 2, the
position shift of the ATI ring with the wavelength is still the
This ob-
servation shows that the position shift of the first ATI ring is

same as that in the case of the Coulomb potential.

independent of the long-range Coulomb potential. It attributes
to the electron wave packets interference, which is related to
the ionization modulation. This phenomenon can be explained
by the channel closing theory.[®1°] For a fixed peak intensity,
if the wavelength satisfies the condition that (|I,| + Up) /A is
an integer, then a new ionization channel will be opened near
the zero momentum. The emitted photoelectrons have ener-
gies

E, = nho — |I,| - Uy, (6)

and the total ionization yield will be enhanced and appears
to be a maximum (note that this newly opened channel will
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enhance the high energy part as well, but the probability is rel-
atively several order lower than the first ATI ring). The three
wavelengths with maximum ionization probability correspond
to channels absorbing 26, 27, 28 integer numbers of photons
from the laser field according to Eq. (6). In this way, we can
explain the common feature using two kinds of potentials that
the size fluctuation with the wavelength of the first near zero
ring on the momentum spectra mainly depends on the channel
closing which can be viewed as the interference of different
“quantum trajectories”.

Comparing Fig. 1 with Fig. 2 carefully, there are several
differences in the structure of the momentum distribution. For
Fig. 1, the effect of Coulomb focusing is rather obvious in
that the distribution is concentrated along the laser’s polariza-
tion direction (z axis) and we can also see the spider structure
along the z axis. The lobes of the first ring are radial from the
center and the tail of the lobes gradually changes its direction
to nearly parallel to the x axis. For Fig. 2, there are mainly two
structures, the interference of different cycles which results in
the ATI ring and the interference between sub-cycles which
leads to the rings centered on the z axis. The lobes on the first
ring are all nearly parallel to the x axis which can be explained
as the superposition of the two interference structures. The in-
terference structures in Fig. 2 are less complex than those in
Fig. 1, and their main structures are in fact quite similar. To
achieve a clear analysis, we turn to the strong field approxima-

(a) 996 nm
1.0 —

tion (SFA) theory. For the electron wave packets generated at
t1 and 1o, their interference pattern is determined by the phase

difference accumulated in the laser field, 20

)
AS= [ dt{1/2[k+A(T)*+L} . (7)
51
The laser we use is linearly polarized along the z axis, so the
position of the interference maxima can then be expressed as

2 F\? 2
kx+<kz+E) =R, 8)
where At =1, —t;, F = ft’f dtA(7), and R is a constant re-
lated to the laser’s parameter and I,. When F = 0, the interfer-
ence patterns are a series of circles centered on the zero point,
which are the ATI rings. When F # 0, the interference circles
are centered on the z axis. The mixture of interference circles
center on k; > 0 and k; < O results in the lobes on the first ATI
ring nearly parallel to the x axis. Our interference analysis can
be confirmed by the SFA calculation in Ref. [28].

According to the above analysis, one can also explain
the main interference structures in Fig. 2, which also exist in
Fig. 1. The main structure is related to the laser parameters and
is a reflection of wave characteristics of the field. The subtle
differences on the interference structure can be attributed to
the different potentials.

(c) 1034 nm

0.5

k./a.u.

—0.5 0.5 1.0
(f) 1042 nm

0.5

k./a.u.

—0.5

—1.0

—-0.5 0 —0.5

k./a.u.

~1.0 —1.0

k./a.u.

0.5 1.0
k./a.u.

Fig. 1. (color online) Photoelectron momentum distributions on the log scale for different wavelengths, calculated for the Coulomb potential.
The laser has a total duration of 8 cycles at a fixed peak intensity of Iy = 2 x 101 W/ cm?. The wavelengths are marked on the top of each
panel. Panels (a)—(c) are for the case with the maximum ionization yield and panels (d)—(f) are for the minimum ionization yield, as discussed
in Ref. [24]. The “spider” structures are marked with black dashed lines for guiding the eye.
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Fig. 2. (color online) The same as those Fig. 1, but calculated for the Yukawa potential with Z = 1.91 and x = 1 to reproduce the
ionization potential of H atom. Panels (a)—(c) are for the case with the maximum ionization yield and panels (d)—(f) are for the

minimum ionization yield, as discussed in Ref. [24].

In this way, we can see the main structure of the pho-
toelectron spectra is greatly influenced by the laser field (the

Table 1. The energy levels (in a.u.) of excited states with different
values of Yukawa potential.

n k=0.3 k=0.15 k=0.1 k=0.05 k=0.02
strength of electric field and the frequency). Itis a character for > 00093 004358  —0.0662  —00920  —0.1108
the TI regime since the tunneling electrons are mainly emitted 3 200059  -0.0226  —0.0399
at the peak of the field and the generated electron wave packets 4 -0.0039  -0.0162
at different subcycles interfere with each other. The position > —0.0057
of the ATI ring is the reflection of this interference controlled
by a laser field, while the lobes of the ring which are different
for the Yukawa potential and the Coulomb potential show the
inner structure of the atoms. Hereafter, we will change the po- p —lr
tential shape and the number of excited states to see the effects s
of the long-range potential and intermediate transitions. .E‘f -2 - Sozu%%%b

= —r=0.05
3.2. Effects of intermediate transitions and long-range po- E =3 - 8:%5
tential - 8:1315

The importance of the long-range Coulomb potential in - ] 2 3

the low energy momentum spectra has been studied in previ-
ous works.[!327] Here, we would like to study to what extent
the long-range Coulomb potential effects the shape of the first
ring and the number of the lobes. For this purpose, we gradu-
ally change the Yukawa potential to a long-range potential by
adjusting the parameters Z and k to reproduce the ground state
energy of the H atom. The potentials with different parameters
as a function of r are shown in Fig. 3. For the potential with
K = 0.45-0.02, there are one to five bound states, respectively.
As we can see, for the cases of kK = 0.1 to 0.02, there is little
difference from the shape of the Coulomb potential.

r/a.u.

Fig. 3. (color online) The Yukawa potentials with different parameters,
compared with the Coulomb potential.

We select six Yukawa potentials as shown in Fig. 3 to
carry out calculations at 996 nm and 1005 nm with other laser
parameters the same as those in Fig. 1. The shape of poten-
tial is gradually approaching the Coulomb potential with the
decrease of parameter k. The calculated results are shown
in Figs. 4 and 5. In Table 1, we show the energy levels of
the Yukawa potential with different parameters. In Figs. 4(a)
and 4(b) (Figs. 5(a) and 5(b)), the interference structures are
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quite the same while the main difference is the ionization yield
which can be seen from the color bars. The bound states
increase by one from Fig. 4(b) to Fig. 4(a) (from Fig. 5(b)
to Fig. 5(a)), but these two potentials are less similar to the
Coulomb potential than the other four. In Fig. 4(c) (Fig. 5(c)),
the ionization yield is dramaticlly enhanced with the same
number of bound states as Fig. 4(b) (Fig. 5(b)) but the Yukawa
potential is more approaching the long-range potential. In ad-
dition, the signal is more concentrated to the z axis with the

(a) k=0.45

(b) k=0.3

decrease of k. It is interesting to see that changing the short-
range potential to a long-range potential does not increase the
number of lobes on the first ring but the lobe’s shape gradually
changes. In Figs. 4(c)—-4(f) (Figs. 5(c)-5(f)), in which case
the potential’s shape is much closer to the Coulomb potential,
the momentum distribution concentrates along the laser field
which is the effect of the Coulomb focusing and the spider

structure is visible along the z axis.

1.0

0.5

k./a.u.

—-0.5

—1.0L

1.0

0.5

k./a.u.

—0.5F

—1.0L 5
1.0 —-05 0

ky/a.u.

—1.0

—-0.5 0
ky/a.u.

—0.5 0
ky/a.u.

Fig. 4. (color online) Photoelectron momentum distributions at 996 nm, with the laser parameters the same as those in Fig. 1, calculated
for Yukawa potentials with different parameters: (a) k = 0.45, (b) k = 0.3, (c) Kk =0.15, (d) k = 0.1, (e) k = 0.05, (f) Kk = 0.02. The
number of bound states from panels (a) to (f) is 1, 2, 2, 3, 4, and 5 respectively. For better visibility, different color bars are used for

the first and the second rows.

The number of excited states used in Figs. 4(d)—4(f)
(Figs. 5(d)-5(f)) increases from 3 to 5. From Fig. 4(f)
(Fig. 5(f)), we can see the lobes on the first ring generally
stretch to zero, which become similar to the result of the
Coulomb potential. More importantly, the number of the lobes
on the first ring also increases in Fig. 4(f) (Fig. 5(f)). It is
generally accepted that the off-axis component is a reflection
of the orbital angular momentum of the intermediate Rydberg
state.!!>13] The electrons are first excited to an intermediate
Rydberg level and then ionized by absorbing one or more pho-
tons. As we decrease the parameter k, the potential and bound
states both change and the radial structures gradually appear.
One can see that the radial structure which stems from the zero
center is a result of resonant ionization and the long-range po-
tential. The lobes on the ATI ring can also be regarded as a
result of the interference on the photoelectron angular distri-

bution, which has been investigated before.[>-10-28-291 However,
whether the number of lobes is controlled by the absorbed-
photon number is still a question in the TI regime. According
to the work in Ref. [9], they had fixed a simple relation be-
tween the angular momentum L and quiver amplitude, which
is a function of the momentum k. This semi-classical model
will lose its efficacy as the laser intensity is increased,!'!]
which is the case in our work. We find that the predicted num-
ber of the lobes is larger than the TDSE results.

As we change the Yukawa potential to the long-range po-
tential, the number of excited states does not change in a lin-
ear fashion with the shape of potential since the excited states
become more and more denser near the continuum states. It
shows that the combined effect of a series of Rydberg states
plays an important role in the formation of a different num-
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ber of the radial lobes near the zero momentum. One can ob-
tain the momentum distribution by projecting the final wave
function onto the scattering states. The scattering states are
a description of the electron’s scattering by the Coulomb po-
tential, and the projection can be expanded into a series of

(a) k=0.45

(b) K=0.3

spherical harmonics. The / means different scattering trajec-
tories that the electrons are emitted from different initial states
or experienced the scattering process, but these trajectories do
not accurately describe the quantum states when the tunneling
electrons recombine with the ion after the scattering.

(¢) k=0.15

1.0

0.5

k./a.u.

0.5

k./a.u.
=

—0.5

—1.0

—-0.5 0 05 —-1.0 -0.5 0

k./a.u.

—1.0

k./a.u.

~05 0 05 10
k./a.u.

Fig. 5. (color online) The same as those in Fig. 4, for a different wavelength at 1005 nm. Here, (a) x = 0.45, (b) k = 0.3, (c) k =0.15,

(d) k=0.1, (e) k =0.05, (f) k = 0.02.

Table 2. The dominant angular momentumls for the first ATI ring.

K/nm 0.45 0.3 0.1 0.05 0.02 Coulomb
996 2,4,6 4,6,8 4,6 4,6 6,8,10 6,8,10
1005 4.6 2,4,6 24,6 2,6 2,4,6,8 2,4,6,8,10

+

=] ISR B B B B B B B

L 12k —=— Coulomb|

a.% r -a--k =0.02

= I vk = 0.05

8 [ k=0.1

o [ ——r=0.3

3 0.8 -<--k =0.45

192} L

g

< L

2, L .

) ¥

o) 0.4 r ,’ .

9] [ \

3 - )

g - 2

8 0& ¥ il > i

Z 0 8 12

Expansion coefficient [

Fig. 6. (color online) The normalized expansion coefficients of the
spherical harmonics for the momentum k on the first ATI ring of Fig. 4,
calculated for / = 0 up to 15.

According to Egs. (3) and (4), P(k) can be further written
as a linear combination of a series of spherical harmonic func-
tions. The angular differential probability of the momentum is

a reflection of the square of Legendre polynomial [P (cos 6)]*
of different partial waves. We can obtain the dominant / for
a certain k, and the spherical harmonics with different / deter-
mine the distribution on the PAD. Figure 6 is the expansion
coefficients of the spherical harmonic with / no more than 15
for the momentum k on the first ring of Fig. 4. The dominant
angular momentum /s is selected for whose expansion coeffi-
cients are on the largest order of magnitude. In Table 2, we
show the dominant / on the first ring for 996 nm and 1005 nm
in Figs. 4 and 5. The dominant / becomes large and disperse
for the Coulomb potential and shows the interference of the
electron wave packets is a combined effect of a series Ryd-
berg states rather than one or a few excited states. The number
of lobes of the PAD is not dominated by a certain angular mo-
mentum but a mixture of different angular momentums. From
this, we can see the Rydberg states play an important role in
the PAD and the intermediate transition cannot be omitted for

investigating the fine structure in the momentum distribution.
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4. Conclusion and perspectives

We theoretically investigate the low energy structure in
the TI regime for different potentials at different laser param-
eters. By changing the wavelength, we find that the shift of
the first ATI ring on the momentum distribution is consistent
with the ionization modulation, which can be reproduced us-
ing both the Yukawa and the Coulomb potential. It is a result
of the interference of wave packets emitted at different times,
which reflects the nature of the laser field. The radial fan struc-
ture on the momentum distribution along with the number of
lobes on the first ATI ring is greatly influenced by the atomic
intermediate states. The long-range potential’s influence is the
Coulomb focusing effects and the generation of the “spider”
structure along the laser’s polarization direction. By changing
the number of bound states in the Yukawa potential, we find
that the radial shape of the lobes near the threshold is a result
of resonant ionization while the number of the lobes is related
to the combined effect of a series of Rydberg states.
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