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The thermal properties of pure graphene and graphene–impurity (impurity = Fe, Co, Si, and Ge) sheets have been
investigated at various pressures (0–7 GPa) and temperatures (0–900 K). Some basic thermodynamic quantities such as
bulk modulus, coefficient of volume thermal expansion, heat capacities at constant pressure and constant volume of these
sheets as a function of temperature and pressure are discussed. Furthermore, the effect of the impurity density and tensile
strain on the thermodynamic properties of these sheets are investigated. All of these calculations are performed based on
the density functional theory and full quasi harmonic approximation.
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1. Introduction
Graphene is a monatomic layer of carbon atoms in a hon-

eycomb lattice. Figure 1 shows the bond length and the σ

bonds between the carbon atoms in graphene (C–C bond).
The equilibrium bond length between two adjacent atoms in
graphene is 0.142 nm.[1] As an element of the graphite struc-
ture, graphene has been under investigation since 1916 and
the first theory to explain the electronic properties of graphite
was formulated in 1947.[2,3] Attempts to exfoliate graphene
from graphite began from 1990 while graphene had been con-
sidered theoretically for decades. Experimentally, graphene
was first separated from graphite in 2004.[4] Graphene has be-
come one of the most famous substances due to its electronic,
thermal, optical, and mechanical properties. Graphene is the
thinnest and lightest known material, but the characterization
of it from the surface science and boundary thermo dynamics
looks rather poor. So the purpose of this paper is to investigate
the thermal properties of pure graphene sheet and graphene
sheets with Si, Ge, Fe, and Co impurities based on density
functional theory using the quasi harmonic model.[5]

2. Computational details
2.1. First-principles calculations

The first important conceptual advantage introduced by
density functional theory (DFT)[6] is the possibility to de-
scribe the ground state properties of a real system in terms
of its ground state electronic charge density instead of the far
more complicated wave functions. All of the calculations in
this paper are performed based on density functional theory
using the generalized gradient approximation (GGA) (for the

exchange–correlation energy)[7,8] and WIEN2K code.[9] The
WIEN2K computational code allows performing electronic
structure calculations of solids using density functional the-
ory. It is based on the full-potential linearized augmented
plane wave (LAPW) + local orbitals (lo) method, one of the
most accurate schemes for band structure calculations. The
4×4×1 and 2×2×1 hexagonal honeycomb lattice graphene
sheets with 22 Bohr distances between the layers are sim-
ulated. By replacing one of the C atoms in the 4× 4× 1
and 2× 2× 1 graphene sheets with Si, Ge, Fe, and Co im-
purities, the Si–graphene, Ge–graphene, Fe–graphene, and
Co–graphene sheets are created with two different impurity
densities (1/32 = 3.1% and 1/8 = 12.5%) (see Fig. 1). In
the LAPW + lo approach, each unit cell is divided into two
regions: the muffin tin sphere around each atom and the in-
terstitial region outside the spheres.[10,11] The radii of the non
overlapping muffin tin spheres are chosen as Rc = 1.13 a.u.
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Fig. 1. (color online) The (a) 4× 4× 1 and (b) 2× 2× 1 hexagonal
honeycomb lattices of graphene sheets. One atom of carbon in a pure
graphene sheet is replaced with Si, Ge, Fe, and Co impurities.
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and RFe,Co,Si,Ge = 1.5 a.u. The Kmax = 8.5/RMT (a.u.)−1 (RMT

is the smallest muffin tin radius and Kmax is the largest aug-
mented plane wave vector) and 180 k-points in the irreducible
wedge of the Brillouin zone are chosen. The largest vector of
charge density in the potential Fourier expansion in the inter-
stitial region is confined to Gmax = 14.5(Ry)1/2. All of the
proposed structures are fully relaxed such that all forces are
less than 1 mRy/a.u.

2.2. Quasi harmonic approximation

In the harmonic model, the vibrations of atoms in a crys-
tal are treated as 3nN non-interacting phonons with volume
independent frequencies ωi, where n and N are the number of
atoms per primitive cell and the number of cells in the solid,
respectively. The lack of anharmonicity leads to unphysical
behaviors,[12] such as zero thermal expansion, infinite thermal
conductivity, etc. The harmonic approximation at any crys-
tal geometry (the quasiharmonic approximation (QHA)) is the
simplest way of accounting for the anharmonic effects.[13–16]

In QHA, the non-equilibrium Helmholtz free energy is

F∗ (V,T ) = Esta (V )+F∗vib (V,T ) , (1)

F∗vib (V,T ) =
3nN

∑
j=1

[
ω j

2
+ kBT ln

(
1− e−ω j/kBT )], (2)

where kB is the Boltzmann constant and ω j is the vibration
frequency. The Brich–Murnaghan equation[17] of state is used
to fit the calculated energy–volume results

P =
3
8

B0

(
x2/3−1

x10/3

)(
3B′0x−16x−3x1/3(B′0−4)

)
, (3)

where B0 and B′0 are the static bulk modulus and its derivative
(B′0 = (dV/dP)P=0), respectively, and x = V/V0. Some ther-
modynamic properties such as constant-volume heat capacity
CV , isothermal bulk modulus BT , Grüneisen ratio γth, thermal
expansion coefficient α , constant-heat capacity CP, and adia-
batic bulk modulus BS are derived directly from F∗ as

F = F∗ (V (P,T ) ,T ) , (4)

CV =

(
∂U
∂T

)
V
, (5)

BT =V
(

∂ 2F
∂V 2

)
T
, (6)

α =
γthCV

V BT
, (7)

CP =CV (1+ γthαT ), (8)

BS = BT (1+ γthαT ) , (9)

where U =F+T S, S=−(∂F/∂T )V , and γth=− V
CV T (

∂ (−T S)
∂V )T .

The full quasi harmonic approximation as implemented
in the GIBBS code[5] is used to investigate the thermodynamic
properties of pure graphene, Si–graphene, Ge–graphene, Fe–
graphene, and Co–graphene sheets with different impurity
densities.

3. Results and discussion

3.1. Static properties

To investigate the structural properties of pure graphene
sheet and graphene sheets with Si, Ge, Fe, and Co impuri-
ties, the total energy as a function of volume for these sheets
within GGA is calculated and the results are fitted with the
Murnaghan equation of states.[17] The results of these calcula-
tions for the impurity density of 3.1% are shown in Fig. 2. The
corresponding equilibrium volume per formula unit and bulk
modulus (B) of these sheets at T = 0 K are calculated and
given in Table 1. The calculated results show that the equilib-
rium volume of the graphene sheet increases when one of the
C atoms in the sheet is replaced by Si, Ge, Fe, and Co impu-
rities. Also the equilibrium volume of these sheets increases
with increasing impurity density.

The dominant effect on the bulk moduli of these sheets is
from the degree of partial ionicity and strong covalency char-
acter. The bulk modulus generally increases with increasing
covalency. The ionicity effect is to reduce the bonding charge
amount and hence to reduce the bulk modulus.

The bulk modulus of the graphene sheet increases when
one of its C atoms is replaced by Co, Fe, and Ge impurities.
This is due to the increase of hybridization between the 3d or-
bitals of the Co, Fe, and Ge atoms and the s, p orbitals of their
nearest neighbor C atoms. In our previous paper,[18] it has
been shown that the impurity-nearest neighbor distance of the
Si–graphene sheet is larger than that of graphene sheets with
Co, Fe, and Ge impurities. The bulk modulus of the graphene
sheet decreases when one of its C atoms is replaced by a Si
impurity. This trend is due to the decrease of covalency with
increasing nearest neighbor distance and larger Si atomic ra-
dius than C atomic radius.

Furthermore, the bulk moduli of these sheets decrease and
are in the same order of magnitude when the impurity density
increases to 12.5%. We also apply a small strain along the
diagonal of the sheet to investigate the thermodynamic quan-
tities at tensile strain. The mechanical properties and shear
modulus of graphene have been reported,[19–30] however to the
best of our knowledge, there are no experimental or theoretical
values of the equilibrium unit cell volume and bulk modulus
of this sheet with Si, Ge, Fe, and Co impurities reported.

Table 1. The calculated equilibrium volume and bulk modulus of pure
graphene and impurity–graphene sheets (impurity = Si, Ge, Fe, and Co
with densities of 3.1% and 12.5%) at 0 K.

Equilibrium volume/a.u.3 Bulk modulus/GPa
Structure 3.1% 12.5% 3.1% 12.5%

Pure grapgene 10982.7401 – 68.84 –
Si–graphene 11478.4271 15132.3256 65.98 36.00
Ge–graphene 11285.3696 15446.9492 71.92 35.56
Fe–graphene 11141.3989 15472.6000 73.46 32.58
Co–graphene 11086.1922 14540.2684 73.68 36.01
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Fig. 2. (color online) Total energy versus volume curves of (a) pure graphene sheet and (b)–(e) graphene sheets with 3.1% Si, Ge, Fe,
and Co impurities.

3.2. Thermal properties

The thermal properties of pure graphene sheet and
graphene sheets with Si, Ge, Fe, and Co impurities are inves-
tigated in the temperature range of 0–800 K (below the melt-
ing point of pure graphene sheet) and the pressure range of
0–7 GPa. The pressure effect on the volume (EOS curves)
at room temperature (299 K), 500 K, and 800 K are calcu-
lated and the results are shown in Fig. 3. The volume of these
sheets decreases rapidly with increasing pressure. At a specific
pressure, the volume of these sheets increases with increasing
temperature.

A better presentation of these changes is shown in Fig. 4.

The volume of these sheets increases with increasing tempera-
ture and decreasing pressure but the rate of increase is moder-
ate, and the volume as a function of temperature for all of these
sheets is nearly linear at various pressures. The bulk moduli of
pure graphene sheet and graphene sheets with Si, Ge, Fe, Co
impurities as a function of temperature at various pressures
are calculated and the results are shown in Fig. 5. It shows
that the bulk moduli of these sheets decrease with increasing
temperature at a given pressure with a relatively mild slope
and increase with increasing pressure at a given temperature.
As mentioned, the bulk modulus is a gauge of the crystal hard-
ness. The electron charge distributions of pure graphene sheet,
Si–graphene, Ge–graphene, Fe–graphene, and Co–graphene
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Fig. 3. The relationship between volume and pressure of (a) pure graphene, (b) Si–graphene, (c) Ge–graphene, (d) Fe–graphene, and
(e) Co–graphene sheets at 299 K, 500 K, and 800 K.
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sheets in the (001) plane at two different pressures (0 GPa
and 7 GPa) are demonstrated in Fig. 6. At zero pressure, the
electron charge distribution of pure graphene sheet is spherical
with bonding around all atoms. When one of the C atoms in
the graphene sheet is replaced by Si, Ge, Fe, and Co impuri-
ties, the spherical symmetry of the electron charge distribution
around the impurities decreases due to the electro negativity
difference between C (2.55) and impurity atoms (Fe (1.83), Co
(1.88), Si (1.90), and Ge (2.01)). There is a partial ionic and
strong covalent character along the impurities and their near-
est neighbor C atoms. The charge transfer from the C atom to
the impurities increases with increasing pressure, so the bulk

modulus of these sheets increases with increasing pressure.
The heat capacities of pure graphene, Si–graphene, Ge–

graphene, Fe–graphene, and Co–graphene sheets at constant
volume (CV ) and constant pressure (CP) as a function of pres-
sure are investigated and shown in Fig. 7. As shown in Fig. 7,
the behavior of CV is exactly like that of CP for all these sheets.
CV and CP increase with increasing temperature and decrease
slowly with increasing pressure and drop rapidly at room tem-
perature. At constant pressure and temperature, CV and CP

of these sheets increase when the impurity density increases
from 3.1% to 12.5%. As can be seen, increasing the impurity
density has no significant effect on CP at high temperatures.
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Fig. 4. The relationship between volume and temperature of (a) pure graphene, (b) Si–graphene, (c) Ge–graphene, (d) Fe–graphene,
and (e) Co–graphene sheets at different pressures.
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Fig. 6. (color online) The electron charge density of (a) pure graphene, (b) Si–graphene, (c) Ge–graphene, (d) Fe–graphene, and (e)
Co–graphene sheets in the [001] plane for two different pressures of 7 GPa (right) and 0 GPa (left).

The CV and CP of pure graphene, Si–graphene, Ge–
graphene, Fe–graphene, and Co–graphene sheets at tensile
strain from 0 to 4 GPa are calculated and compared with the
corresponding results under hydrostatic pressure in Fig. 8. The
results show that CV and CP of these sheets under tensile strain
and hydrostatic pressure have similar behaviors. The CV and
CP of these sheets under hydrostatic pressure are larger than
the corresponding values of these sheets under tensile strain at
low temperature. At definite pressure, the CV and CP of these

sheets under tensile strain tend to the CV and CP of these sheets

under hydrostatic pressure with increasing temperature.

The CV of these sheets with different impurity densities

as a function of temperature at different pressures is plotted in

Fig. 9. As expected, for all these sheets, CV is proportional

to T 3 at low temperature and tends to the Dulong and Petit

limit at high temperature (around 780 J/mol·K). The Dulong

and Petit limit increases with increasing impurity density.

093102-5



Chin. Phys. B Vol. 25, No. 9 (2016) 093102

(e1) Co-graphene sheet

Pressure/GPa

0 2 4 6

500

600

700

800
(d1) Fe-graphene sheet500

600

700

800

(c2) Ge-graphene sheet(c1) Ge-graphene sheet500

600

700

800

(e2) Co-graphene sheet

0 2 4 6

(b2) Si-graphene sheet(b1) Si-graphene sheet500

600

700

800
(a2) pure graphene sheet(a1) pure graphene sheet

500

600

700

800

299 K
500 K
800 K

(d2) Fe-graphene sheet

C
V
↪ 
C

P
/
(J

/
m

o
lS
K

)
C

V
↪ 
C

P
/
(J

/
m

o
lS
K

)
C

V
↪ 
C

P
/
(J

/
m

o
lS
K

)
C

V
↪ 
C

P
/
(J

/
m

o
lS
K

)
C

V
↪ 
C

P
/
(J

/
m

o
lS
K

)

299 K
500 K
800 K

299 K
500 K
800 K

299 K
500 K
800 K

299 K
500 K
800 K

299 K
500 K
800 K

299 K
500 K
800 K

299 K
500 K
800 K

299 K
500 K
800 K

299 K
500 K
800 K

CV

CV

CV

CV

CV

CP

CP

CP

CP

CP

Fig. 7. (color online) The heat capacities at constant volume (CV ) and
constant pressure (CP) as a function of pressure at different tempera-
tures for (a) pure graphene, (b) Si–graphene, (c) Ge–graphene, (d) Fe–
graphene and (e) Co–graphene sheets. The black lines are for 3.1%
impurity density and the blue ones are for 12.5%.

C
V
↪ 
C

P
/
(J

/
m

o
lS
K

)
C

V
↪ 
C

P
/
(J

/
m

o
lS
K

)
C

V
↪ 
C

P
/
(J

/
m

o
lS
K

)
C

V
↪ 
C

P
/
(J

/
m

o
lS
K

)
C

V
↪ 
C

P
/
(J

/
m

o
lS
K

)

0 1 2 3 4

300

500

700

300

500

700

300

500

700

300

500

700

Pressure/GPa

0 1 2 3
300

500

700

CV

CV

CV

CV

CV

CP

CP

CP

CP

CP

(e1) Co-graphene sheet

(d1) Fe-graphene sheet

(c2) Ge-graphene sheet(c1) Ge-graphene sheet

(e2) Co-graphene sheet

(b2) Si-graphene sheet(b1) Si-graphene sheet

(a2) pure graphene sheet(a1) pure graphene sheet

(d2) Fe-graphene sheet

299 K
500 K
800 K

299 K
500 K
800 K

299 K
500 K
800 K

299 K
500 K
800 K

299 K
500 K
800 K

299 K
500 K
800 K

299 K
500 K
800 K

299 K
500 K
800 K

299 K
500 K
800 K

299 K
500 K
800 K

Fig. 8. The heat capacities at constant volume (CV ) and constant pres-
sure (CP) as a function of pressure at different temperatures for (a) pure
graphene, (b) Si–graphene, (c) Ge–graphene, (d) Fe–graphene, and (e)
Co–graphene sheets.

C
V
/
(J

/
m

o
lS
K

)

C
V
/
(J

/
m

o
lS
K

)

pure graphene sheet

0 200 400 600 800
0

200

400

600

800

0 GPa
3 GPa
5 GPa
7 GPa

Dulong-Petit limit

Co-graphene sheet

0 200 400 600 800

Dolung-Petit limit

Temperature/K Temperature/K Temperature/K

Temperature/KTemperature/K

Si-graphene sheet

200

400

600

800 Dolung-Petit limit

Ge-graphene sheet

Dolung-Petit limit

0

Dolung-Petit limit

Fe-graphene sheet

0 200 400 600 800

0 GPa
3 GPa
5 GPa
7 GPa

0 GPa
3 GPa
5 GPa
7 GPa

0 GPa
3 GPa
5 GPa
7 GPa200

400

600

800

0

200

400

600

800

0

200

400

600

800

0

0 GPa
3 GPa
5 GPa
7 GPa

0 200 400 600 800

0 200 400 600 800

(a)
(b)

(c) (d) (e)

C
V
/
(J

/
m

o
lS
K

)

C
V
/
(J

/
m

o
lS
K

)

C
V
/
(J

/
m

o
lS
K

)

Fig. 9. (color online) The heat capacity at constant volume (CV ) as a function of temperature for (a) pure graphene, (b) Si–graphene,
(c) Ge–graphene, (d) Fe–graphene, and (e) Co–graphene sheets at different pressures. The black lines are for 3.1% impurity density
and the blue ones for 12.5%.
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Fig. 10. The coefficient of volume thermal expansion (α) as a function of temperature for (a) pure graphene, (b) Si–graphene, (c)
Ge–graphene, (d) Fe–graphene, and (e) Co–graphene sheets at different pressures.

The Dulong and Petit limit of these sheets decreases by
about 1.18% with increasing pressure. The CV of these sheets
increases with increasing impurity density at given pressure
and temperature. The CV of these sheets decreases slightly
with increasing pressure. The coefficient of volume thermal
expansion (α) for pure graphene and graphene sheets with Si,
Ge, Fe, Co impurities as a function of temperature at different
pressure is calculated and shown in Fig. 10. The volume ther-
mal expansion coefficient arises from the anharmonicity of the
interatomic forces. As can be seen from Fig. 10, for a given
pressure, at low temperature (between 100 K and 200 K), α

increases rapidly, and at high temperature, it tends to increase
linearly. Also α becomes smaller with increasing pressure for
a given temperature.

4. Conclusion
The volume of pure graphene sheet and graphene sheets

with Si, Ge, Fe, and Co impurities increases with increasing
temperature at a given pressure. The bulk modulus of pure
graphene sheet at T = 0 K increases when one of the C atoms
in the graphene sheet is replaced by Ge, Fe, and Co impuri-
ties and decreases when it is replaced by a Si impurity. The
bulk modulus of these sheets decreases with impurity density
increasing. The bulk modulus of these sheets under tensile
strain increases compare to the corresponding value under hy-
drostatic pressure.

With increasing pressure and temperature, the bulk mod-
ulus of these sheets decreases and tends to a constant value.
CV is proportional to T 3 at low temperature and tends to the
Dulong and Petit limit at high temperature. CV and CP of the
strained sheets significantly decrease compare to those of these
sheets under hydrostatic pressure at low temperature. α in-
creases rapidly at low temperature (between 100 K and about
200 K) and tends to increase linearly at high temperatures for

a given pressure.
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