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Inverse full state hybrid projective synchronization
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A new synchronization scheme for chaotic (hyperchaotic) maps with different dimensions is presented. Specifically,
given a drive system map with dimension n and a response system with dimension m, the proposed approach enables
each drive system state to be synchronized with a linear response combination of the response system states. The method,
based on the Lyapunov stability theory and the pole placement technique, presents some useful features: (i) it enables
synchronization to be achieved for both cases of n < m and n > m; (ii) it is rigorous, being based on theorems; (iii) it can
be readily applied to any chaotic (hyperchaotic) maps defined to date. Finally, the capability of the approach is illustrated
by synchronization examples between the two-dimensional Hénon map (as the drive system) and the three-dimensional
hyperchaotic Wang map (as the response system), and the three-dimensional Hénon-like map (as the drive system) and the
two-dimensional Lorenz discrete-time system (as the response system).
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1. Introduction

The topic of controlling a chaotic drive system and a
driven (response) system to get synchronized dynamics has
attracted great interest in nonlinear science.[1–31] Most of the
methods that have been inspired by the Carroll and Pecora
work[1] focus on complete (identical) synchronization, where
two identical chaotic systems asymptotically approach the
same trajectory.[2–6] Subsequently, different types of synchro-
nization have been proposed in the literature.[8–10] Among
them, the projective synchronization provides response sys-
tem variables that are scaled replicas of the drive system
variables.[7,8] Since the scaling factor is not predictable in
Ref. [7], control methods have been successively developed
for choosing any desired scaling factor.[8–13] A variation of
projective synchronization is the so-called full state hybrid
projective synchronization (FSHPS).[14–18] In this type of syn-
chronization, the scaling factor can be different for each state
variable, meaning that the single scaling parameter originally
introduced in Ref. [7] is replaced by a diagonal scaling ma-
trix. Recently, an interesting scheme[19] has been introduced,
in which each response system state achieves synchronization
with any arbitrary linear combination of drive system states.
Since the adoption of an arbitrary scaling matrix represents a
generalization of FSHPS (where the scaling matrix is a diago-
nal one), the method in Ref. [19] has been called arbitrary full-
state hybrid projective synchronization (arbitrary FSHPS).

Based on these considerations, this paper presents a new

synchronization scheme, with which each drive system state
synchronizes with a linear combination of response system
states. Since the drive system states and the response sys-
tem states are inverted with respect to the arbitrary FSHPS, the
proposed scheme is called inverse full-state hybrid projective
synchronization (IFSHPS). The approach presents some use-
ful features: (i) it enables chaotic (hyperchaotic) maps with
different dimensions to be synchronized; (ii) it is rigorous, be-
ing based on theorems; (iii) it can be applied to a wide class of
chaotic (hyperchaotic) maps.

The paper is organized as follows. In Section 2, the
definition of inverse full state hybrid projective synchroniza-
tion is introduced. In Section 3, two theorems are proved,
which enable synchronization between n-dimensional and m-
dimensional maps to be achieved for the n < m and n > m
cases, respectively. Finally, the capability of the method
is illustrated by examples of IFSHPS between the two-
dimensional Hénon map (as the drive system) and the three-
dimensional hyperchaotic Wang map (as the response system),
and the three-dimensional Hénon-like map (as the drive sys-
tem) and the two dimensional Lorenz discrete-time system (as
the response system).

2. Inverse full state hybrid projective synchro-
nization
It is assumed that the drive and response chaotic (hy-

perchaotic) systems considered herein can be written, respec-
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tively, in the form

xi (k+1) = ∑
n
j=1 ai jx j (k)+ fi (𝑋 (k)) , i = 1,2, . . . ,n, (1)

yi (k+1) = gi (𝑌 (k))+ui, i = 1,2, . . . ,m, (2)

where 𝑋 (k)= (xi (k))1≤i≤n and 𝑌 (k)= (yi (k))1≤i≤m are the
state vectors of the drive system and the response system,
respectively, (ai j) ∈ Rn×n, fi : Rn → R, i = 1,2, . . . ,n, and
gi : Rm → R, i = 1,2, . . . ,m are nonlinear functions whereas
ui, i = 1,2, . . . ,m, are controllers.

The definition of inverse full-state hybrid projective syn-
chronization for the coupled chaotic systems given in Eqs. (1)
and (2) is given as follows.

Definition 1 The n-dimensional drive system 𝑋(k) and
the m-dimensional response system 𝑌 (k) are in inverse full-
state hybrid projective synchronization when, for an initial
condition, there exist controllers ui, i = 1,2, . . . ,m and real
constants ai j, i = 1,2, . . . ,n, j = 1,2, . . . ,m such that the syn-
chronization errors

ei (k) = xi (k)−
m

∑
j=1

ai jy j (k) , i = 1,2, . . . ,n (3)

satisfy limk→+∞ ei (k) = 0 for i = 1,2, . . . ,n.
Remark 1 According to condition (3), it follows that

in IFSHPS, each drive system state xi (k) synchronizes with
a linear combination of response system states ai1y1 (k) +
ai2y2 (k)+ · · ·+ aimym (k) for i = 1,2, . . . ,n. Recall that in ar-
bitrary FSHPS each response system state achieved synchro-
nization with a linear combination of drive system states. By
comparing the definitions of the two schemes, it can be de-
duced that herein the roles of the drive system states and re-
sponse system states have been inverted with respect to those
in the arbitrary FSHPS.[19] This clarifies the reason why the
proposed scheme has been called inverse full-state hybrid pro-
jective synchronization.

The error system (3) between the drive system (1) and the
response system (2) can be derived as

ei (k+1) =
m

∑
j=1

ai jx j (k)+ fi (𝑋 (k))

−
m

∑
j=1

ai j(g j (𝑌 (k))+u j). (4)

Two different cases will now be discussed, i.e., n < m and
n > m.

2.1. Case 1: n < m

In this case, the error system described by Eq. (4) can be
written as

ei (k+1) =
n

∑
j=1

(ai j−li j)e j +Ri−
m

∑
j=1

ai ju j,

i = 1,2, . . . ,n, (5)

where (li j)1<i, j<n are the control constants and

Ri =
n

∑
j=1

ai jx j (k)+ fi (𝑋 (k))+
m

∑
j=1

(li j−ai j)e j

−
m

∑
j=1

ai jg j (𝑌 (k)), i = 1,2, . . . ,n.

Rewrite the error system in a compact form as

𝑒(k+1) = (𝐴−𝐿)𝑒(k)+𝑅−𝛼𝑈 , (6)

where 𝑒(k) = (ei (k))1<i<n, 𝐴 = (ai j)n×n, 𝐿 = (li j)n×n
, 𝑅 =

(Ri)1≤i≤n, 𝛼= (α i j)n×m
, and 𝑈 = (u1,u2, . . . ,um)

T.
In order to achieve IFSHPS between systems (1) and (2),

the controller 𝑈 is chosen as

𝑈 = (u1,u2, . . . ,un,0, . . . ,0)
T. (7)

By substituting Eq. (7) into Eq. (6), the error system (6) can
be written as

𝑒(k+1) = (𝐴−𝐿)𝑒(k)+𝑅−𝛼1𝑈1, (8)

where 𝛼1 = (α i j)n×n
and 𝑈1 = (ui)1<i<n.

Theorem 1 For an invertible matrix 𝛼1, IFSHPS between
the drive system (1) and the response system (2) will occur if
the following conditions are satisfies:

(i) 𝑈1 =𝛼−1
1 𝑅, where 𝛼−1

1 is the inverse matrix of 𝛼1;
(ii) (𝐴−𝐿)T (𝐴−𝐿)−𝐼 is a negative definite matrix.
Proof By substituting the control law (i) into Eq. (8),

the error dynamics are described by

𝑒(k+1) = (𝐴−𝐿)𝑒(k) . (9)

By selecting the candidate Lyapunov function in the form

𝑉 (𝑒(k)) = 𝑒T (k)𝑒(k) , (10)

it follows that

∆𝑉 (𝑒(k)) = 𝑒T (k+1)𝑒(k+1)−𝑒T (k)𝑒(k)

= 𝑒T (k)(𝐴−𝐿)T (𝐴−𝐿)𝑒(k)−𝑒T (k)𝑒(k)

= 𝑒T (k)
[
(𝐴−𝐿)T (𝐴−𝐿)−𝐼

]
𝑒(k) .

By using (ii), we obtain ∆𝑉 (𝑒(k)) < 0. Thus, from the
Lyapunov stability theory, it can be readily shown that
limk→+∞ ei (k) = 0, i = 1,2, . . . ,n, indicating that the zero so-
lution of the error system (9) is globally asymptotically stable.
As a consequence, systems (1) and (2) are globally IFSHP syn-
chronized.
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2.2. Case 2: m < n

Now, the error system between the drive system (1) and
the response system (2) can be described as

ei (k+1) =
n

∑
j=1

(ai j−ci j)e j +Ti− ûi,

i = 1,2, . . . ,n, (11)

where (ci j)1≤i, j≤n are the control constants,

Ti =
n

∑
j=1

ai jx j (k)+ fi (𝑋 (k))+
m

∑
j=1

(ci j−ai j)e j

−
m

∑
j=1

αi jg j (𝑌 (k)), i = 1,2, . . . ,n,

and ûi =
m
∑
j=1

αi ju j are new controllers (i = 1,2, . . . ,n). Then,

the error system (11) can be rewritten in a compact form as

𝑒(k+1) = (𝐴−𝐶)𝑒(k)+𝑇 −𝑈2, (12)

where

𝐶 = (ci j)n×n
, 𝑇 = (Ti)1≤i≤n,

𝑈2 = (û1, û2, . . . , ûn) ,

and αi j (i = 1,2, . . . ,n; j = m+ 1, m+ 2, . . . ,n) are assumed
not all equal to zero.

Theorem 2 IFSHPS between the drive system (1) and
the response system (2) will occur if the following conditions
are satisfied:

(i) 𝑈2 = 𝑇 ;
(ii) all eigenvalues of 𝐴−𝐶 are strictly inside the unit

circle.
Proof By substituting the control law (i) into Eq. (6), the

error system can be written as

𝑒(k+1) = (𝐴−𝐶)𝑒(k) . (13)

By taking into account the stability theory of linear discrete-
time systems, if condition (ii) is satisfied, it follows that all the
solutions of the error system (13) go to zero as k→ ∞. As a
consequence, systems (1) and (2) are globally IFSHP synchro-
nized.

3. Examples
In this section, two examples are used to show the effec-

tiveness of the proposed approach.

3.1. Example 1: n < m

Herein, the chaotic two-dimensional Hénon map is
selected as the drive system and the hyperchaotic three-
dimensional Wang system is chosen as the response system.
The Hénon map[32] is described by(

x1 (k+1)
x2 (k+1)

)
=

(
x2 (k)+1−ax2

1(k)
bx1(k)

)
, (14)

and has a chaotic attractor, plotted in Fig. 1, when (a,b) =
(1.4,0.2).
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-1.5 -0.5 0.5 1.5

x1

x
2

Fig. 1. (color online) Chaotic attractor of Hénon map in the (x1,x2)
plane when (a,b) = (1.4,0.2).

System (14) can be rewritten in the form 𝑋 (k+1) =
𝐴𝑋 (k)+𝑓 (𝑋 (k)) where

𝐴=

(
0 1
b 0

)
, 𝑓 (𝑋 (k)) =

(
1−ax2

1(k)
0

)
.

The hyperchaotic Wang system[33] can be described by

 y1 (k+1)
y2 (k+1)
y3 (k+1)


=

 a3y2 (k)+(a4 +1)y1 (k)+u1
a1y1 (k)+ y2 (k)+a2y3 (k)+u2
(a7 +1)y3 (k)+a6y2 (k)y3 (k)+a5 +u3

 , (15)

where u1, u2, and u3 are the synchronization controllers. The-
uncoupled Wang system (15), obtained for u1 = u2 = u3 =0,
has a hyperchaoticattractor[33] (plotted in Fig. 2) when a1 =

1.9, a2 = 0.2, a3 = 0.5, a4 = 2.3, a5 = 2, a6 = 0.6, and
a7 = 1.9.

1
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Fig. 2. Hyperchaotic attractor of the Wang system when (a1, a2, a3, a4,
a5, a6, a7) = (1.9,0.2,0.5,2.3,2,0.6,1.9,1).

090503-3



Chin. Phys. B Vol. 25, No. 9 (2016) 090503

In this example, according to Eq. (15) and condition (i)
of Theorem 1, the controllers ui,1 ≤ i ≤ 3, are obtained as
follows:

(u1,u2)
T =𝛼−1

1 × [(−𝐴+𝐿)𝑒(k)+𝐴𝑋 (k)
−α𝑔(𝑌 (k))],

u3 = 0,
(16)

where

𝛼=

(
2 0 2
0 5 3

)
, 𝛼1 =

(
2 0
0 5

)
,

𝛼−1
1 =

(
0.5 0
0 0.2

)
, 𝐿=

(
0.4 1
b −0.1

)
.

The controllers (16) can be rewritten as

u1 = 0.2x1 (k)+0.5x2 (k)−a3y2 (k)

− (a4 +1.4)y1 (k)− (a7 +1.4)y3 (k)

−a6y2 (k)y3 (k)−a5,

u2 = 0.2x1 (k)−0.02x2 (k)−a1y1 (k)

−0.9y2 (k)+(−0.6a7−0.54−a2)y3 (k)

−0.6a6y2 (k)y3 (k)−0.6a5,

u3 = 0.

(17)

Note that, according to Theorem 1, it can be readily ver-
ified that (𝐴−𝐿)T (𝐴−𝐿)− 𝐼 is a negative definite ma-
trix. Since Theorem 1 holds, it follows that the error sys-
tem (9) is globally asymptotically stable and is described by
e1 (k+1) = −0.4e1(k) and e2 (k+1) = 0.1e2 (k). Thus, IF-
SHPS is achieved between the drive system (14) and the re-
sponse system (15). Finally, note that in the proposed example
of IFSHPS the errors e1(k) and e2 (k) are{

e1 (k)=x1 (k)−(2y1 (k)+2y3 (k)) ,
e2 (k)=x2 (k)−(5y2 (k)+3y3 (k)) .

(18)

Since e1(k) and e2 (k) asymptotically approach zero (see
Fig. 3), equation (18) highlights that each drive system state
is synchronized with a linear combination of response systems
states, indicating that IFSHPS has been successfully achieved.
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↪ 
e
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e2

Fig. 3. (color online) Time evolution of the errors e1(k) and e2 (k)
between systems (14) and (15). According to Theorem 1, the errors
asymptotically approach zero, indicating that IFSHPS is effectively
achieved.

3.2. Example 2: n > m

Now, the hyperchaotic three-dimensional Hénon-like
map is selected as the drive system and the chaotic two-
dimensional Lorenz discrete-time system is chosen as the re-
sponse system. The three-dimensional Hénon-like map[34] is
described by

 x1 (k+1)
x2 (k+1)
x3 (k+1)

=

 1+ x3 (k)−ax2
2 (k)

1+bx2 (k)−ax2
1 (k)

bx1 (k)

 (19)

and has a hyperchaotic attractor (plotted in Fig. 4) when
(a,b) = (1.4,0.2).
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x
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Fig. 4. (color online) Hyperchaotic attractor of the Hénon-like map (19)
when (a,b) = (1.4,0.2).

System (19) can be rewritten in the form 𝑋 (k+1) =
𝐴𝑋 (k)+𝑓 (𝑋 (k)), where

𝐴=

 0 0 1
0 b 0
b 0 0

 , 𝑓 (𝑋 (k)) =

 1−ax2
2 (k)

1−ax2
1 (k)

0

 .

The controlled Lorenz discrete-time system[35] can be de-
scribed as

(
y1 (k+1)
y2 (k+1)

)
=

(
(1+a1a2)y1 (k)−a2y1 (k)y2 (k)+u1

(1−a2)y2 (k)+a2y2
2 (k)+u2

)
, (20)

where 𝑈 = (u1,u2)
T is the vector controller. The uncoupled

Lorenz discrete-time system, obtained for u1 = u2 =0, has
a chaotic attractor[35,36] (plotted in Fig. 5) when (a1,a2) =

(1.25,0.75).
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Fig. 5. (color online) Chaotic attractor of the Lorenz discrete-time sys-
tem in the (y1,y2)) plane when (a1,a2) = (1.25,0.75).

In this example, the scaling constant matrix 𝛼= (α i j)3×2
and the control matrix 𝐶= (ci j)3×3

are chosen as

𝛼=

 2 1
3 2
1 3

 , 𝐶 =

 0.1 0 1
0 0 0
b 0 0.3

 .

Then, according to condition (i) of Theorem 2, the control law
is given by  2u1 +u2 = T1,

3u1+2u2 = T2,
u1 +3u2 = T3,

(21)

where 

T1 = 0.1e1 (k)+ x3 (k)+1−ax2
2 (k)

−2(1+a1a2)y1 (k)+2a2y1 (k)y2 (k)

− (1−a2)y2 (k)−a2y2
2 (k) ,

T2 =−be2 (k)+1+bx2 (k)−ax2
1 (k)

−3(1+a1a2)y1 (k)+3a2y1 (k)y2 (k)

−2(1−a2)y2 (k)−2a2y2
2 (k) ,

T3 = 0.3e2 (k)+bx1 (k)

− (1+a1a2)y1 (k)+a2y1 (k)y2 (k)

−3(1−a2)y2 (k)−3a2y2
2 (k) .

So, the control input can be rewritten as{
u1 =

1
4 (T1 +T2−T3) ,

u2 =
1
2 (T1−T2 +T3) .

(22)

According to Theorem 2, it can be readily verified that all
the eigenvalues of (𝐴−𝐶) are strictly inside the unit circle.
Since Theorem 2 holds, it follows that the error system (13) is
globally asymptotically stable and is described by e1 (k+1) =
−0.1e1(k), e2 (k+1) = 0.2e2 (k), and e3 (k+1) =−0.3e3 (k).
Thus, IFSHPS is achieved between the drive system (19) and
the response system (20). Finally, note that in the proposed
example of IFSHPS, the errors e1(k), e2 (k), and e3 (k) are e1 (k) = x1 (k)− (2y1 (k)+ y2 (k)) ,

e2 (k) = x2 (k)− (3y1 (k)+2y2 (k)) ,
e3 (k) = x3 (k)− (y1 (k)+3y2 (k)) .

(23)

Since e1(k), e2(k), and e3(k) asymptotically approach zero
(see Fig. 6), equation (23) highlights that each drive system
state is synchronized with a linear combination of response
systems states, indicating that IFSHPS has been successfully
achieved.
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3

e3
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e1

Fig. 6. (color online) Time evolution of the errors e1(k), e2(k), and
e3(k) between systems (19) and (20). According to Theorem 2, the er-
rors asymptotically approach zero, indicating that IFSHPS is effectively
achieved.

4. Discussion
Referring to chaotic discrete-time systems, herein com-

parisons are carried out between the proposed approach and a
number of synchronization methods in the literature, with the
aim to show the advantages and the novelty of the conceived
scheme.

In Ref. [27], attention was mainly focused on the full-
state hybrid projective synchronization and related issues, with
application to 2D discrete-time systems. Even though the the-
oretical approach developed in Ref. [27] is interesting, be-
ing based on nonlinear control method and Lyapunov sta-
bility, the proofs of the synchronization schemes are limited
to 2D discrete-time systems only. This is further confirmed
by simulation results, which focus on 2D systems only, i.e.,
the Fold discrete-time system (drive system) and the Lorenz
discrete-time system (response system), which are both two-
dimensional systems.[27] On the other hand, the technique pro-
posed herein enables inverse full-state hybrid projective syn-
chronization to be achieved for n-dimensional drive systems
and m-dimensional response systems. As a consequence, the
approach developed herein is much more general than the one
illustrated in Ref. [27].

In Ref. [28], the issue of generalized synchronization
(GS), along with its inverse problem, was discussed with refer-
ence to discrete-time systems. In GS, two chaotic systems are
said to be synchronized if there exists a functional relationship
Φ between the drive system states and the response system
states.[28] However, the synchronization schemes discussed
in Ref. [28] are very different from those proposed herein.
Namely, in this paper, we do not consider any functional re-
lationship Φ between drive and response systems. According
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to the IFSHPS schemes developed herein, each n-dimensional
drive system state synchronizes with a linear combination of
m-dimensional response system states. This holds for both
cases of n < m and m > n.

Finally, in Ref. [29], the problem of inverse matrix projec-
tive synchronization (IMPS) for different dimensional chaotic
systems in discrete-time was investigated. In this type of syn-
chronization, the drive system and the response system syn-
chronize up to a special scaling matrix, as shown through the
examples reported in Ref. [29]. It can be argued that, while
the synchronization criteria reported in Ref. [29] are restricted
to specific scaling matrices, in this paper a general IFSHPS
approach is developed, where each drive system state synchro-
nizes with any arbitrary linear combination of response system
states. In conclusion, the approach developed herein is much
more general than the one illustrated in Ref. [29], since arbi-
trary scaling matrices can be exploited to achieve IFSHPS.

5. Conclusion
We have illustrated a new scheme to achieve chaos (hy-

perchaos) synchronization in discrete-time between a drive
system of dimension n and a response system of dimension
m. The proposed approach, which enables each drive sys-
tem state to be synchronized with a linear response combi-
nation of response system states, has shown some remark-
able features. Namely, by exploiting the Lyapunov stability
theory and the pole placement technique, synchronization is
rigorously proved to be achievable for any chaotic (hyper-
chaotic) map defined to date, including the two cases n < m
and n > m. Finally, the effectiveness of the method has been
illustrated by synchronizing a two-dimensional chaotic Hénon
map with a three-dimensional hyperchaotic Wang map, and a
three-dimensional hyperchaotic Hénon-like map with a two-
dimensional chaotic discrete-time Lorenz system.
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