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Finite-difference time-domain modeling of curved material interfaces
by using boundary condition equations method∗
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To deal with the staircase approximation problem in the standard finite-difference time-domain (FDTD) simulation,
the two-dimensional boundary condition equations (BCE) method is proposed in this paper. In the BCE method, the stan-
dard FDTD algorithm can be used as usual, and the curved surface is treated by adding the boundary condition equations.
Thus, while maintaining the simplicity and computational efficiency of the standard FDTD algorithm, the BCE method can
solve the staircase approximation problem. The BCE method is validated by analyzing near field and far field scattering
properties of the PEC and dielectric cylinders. The results show that the BCE method can maintain a second-order accu-
racy by eliminating the staircase approximation errors. Moreover, the results of the BCE method show good accuracy for
cylinder scattering cases with different permittivities.
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1. Introduction
The interactions of electromagnetic waves with a curved

surface have been widely discussed in many applications, such
as material science, optics, photonic crystals, antenna design,
and remote sensing.[1–6] In recent decades, a number of nu-
merical methods have been reported for the interactions of
electromagnetic waves with curved surfaces, including finite
difference methods,[7,8] finite element methods,[9,10] and inte-
gral equation methods.[11,12] Among these methods, the finite-
difference time-domain method is widely used in computa-
tional electrodynamics for easy implementation and accurate
results.[13–17] When modeling a curved surface, however, the
numerical accuracy may be reduced, because the standard
FDTD algorithm uses staircase grids to approximate the mate-
rial interface.[18] The staircase approximation, as depicted in
Fig. 1, is generally adopted because of the discretization of
the surface position. Obviously, the scattering properties of
the curved surface will change going from the real shape to
the staircase shape, especially if the mesh is coarse and the
dielectric contrast is large.[19]

A possible solution to the staircase approximation prob-
lem is using non-orthogonal grids or curvilinear coordinates
to approximate the curved surface.[20,21] Obviously, while
improving the numerical accuracy, these methods would in-
crease the complexity of the algorithm and cause numerical
artifacts.[19] A more commonly used method is the confor-
mal FDTD method.[22] However, the numerical stability of
the contour-path FDTD method may not be guaranteed, be-
cause there are electric nodes whose values are borrowed from
neighbor cells.[23] Research is ongoing for the improvements

of the contour-path FDTD method based on the numerical in-
stability problems.[23,24]
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Fig. 1. (color online) Staircase approximation of a circular cylinder
in FDTD calculation. Here, UPML means uniaxial perfectly matched
layer. TF/SF: total field/scattering field.

Another possible way for solving the staircase approx-
imation problem is using the effective permittivity to model
the dielectric interface. There are several works presenting
different kinds of effective permittivity methods, including
the volume average method, a first-neighbor average method,
the Maxwell–Garnett method, an inverted Maxwell–Garnett
method, and the Bruggeman formula method.[19] The problem
of the effective permittivity method resides in the selection
of the most suitable effective permittivity value. There have
been improvements to the effective permittivity method.[25,26]

Among these improvements, the sub-pixel smoothing method
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shows second-order accuracy by employing the mean permit-
tivity for surface-parallel electric components and the har-
monic mean permittivity for surface-perpendicular electric
components.[27,28]

A third approach is to simulate the real shape by con-
sidering the physical location of curved surfaces.[29,30] These
methods show good accuracy and almost need no additional
computational cost. However, the complexity of the algorithm
would be increased due to the modification of the Yee algo-
rithm. According to the classical electromagnetic theory, ma-
terial interface boundary condition equations are essential for
the scattering problems calculation.[31] Therefore, we utilize
the Yee algorithm as usual and treat the surface interface as
a kind of interface boundary. The layer of grids across the
boundary is calculated by considering the boundary condition
equations and physical location of the surface interface. Thus,
while maintaining the simplicity and computational efficiency
of the Yee scheme, the algorithm can solve the staircase ap-
proximation problem.

In this work, the boundary condition equations (BCE)
method is utilized to deal with the staircase approximation
problem in curved surface scattering. The paper is organized
as follows. Firstly, the two-dimensional BCE algorithm is pro-
posed in this paper. Subsequently, the BCE method is vali-
dated by analyzing the induced surface current on a PEC circu-
lar cylinder. Furthermore, the near field scattering properties
of the dielectric circular cylinders are investigated, and the rel-
ative errors of different methods are compared. Then, we dis-
cuss the far field scattering properties of dielectric cylinders
and show the effect of different dielectric permittivities on dif-
ferent methods. Finally, some concluding remarks are derived.

2. Numerical method
In this section, the BCE method is introduced to solve the

staircase approximation problem in curved surface scattering.

2.1. Two-dimensional FDTD method

The finite difference time domain method is a state-of-
the-art method for solving Maxwell’s equations in complex
geometries.[13] Considering linear, isotropic, non-dispersive,
and lossy media, the FDTD method solves Maxwell’s curl
equations as follows:[13]

∂E
∂ t

=
1
ε
∇×𝐻− 1

ε
(𝐽source +σ𝐸) , (1a)

∂H
∂ t

=− 1
µ
∇×𝐸− 1

µ
(𝑀source +σ

∗𝐻) , (1b)

where 𝐸 and 𝐻 are electric and magnetic field vectors, 𝐽source

and 𝑀source are electric and magnetic sources, ε , µ , σ , and σ∗

are electric permittivity, magnetic permeability, electric con-
ductivity, and equivalent magnetic conductivity.

For TE wave incidence, Maxwell’s equations in two-
dimensional FDTD can be found in previous publications
as[13]

En+1
x (i+1/2, j)

= Ca (m)En
x (i+1/2, j)+Cb (m)

×Hn+1/2
z (i+1/2, j+1/2)−Hn+1/2

z (i+1/2, j−1/2)
∆y

,

(2a)

En+1
y (i, j+1/2)

= Ca (m)En
y (i, j+1/2)−Cb (m)

×Hn+1/2
z (i+1/2, j+1/2)−Hn+1/2

z (i−1/2, j+1/2)
∆x

,

(2b)

Hn+1/2
z (i+1/2, j+1/2)

= Da (m)Hn
z (i+1/2, j+1/2)−Db (m)

×
[

En
y (i+1, j+1/2)−En

y (i, j+1/2)
∆x

− En
x (i+1/2, j+1)−En

x (i+1/2, j)
∆y

]
, (2c)

where

Ca(m) =
2ε(m)−σ(m)∆t
2ε(m)+σ(m)∆t

, Cb(m) =
2∆t

2ε(m)+σ(m)∆t
,

Da(m) =
2µ(m)−σ∗(m)∆t
2µ(m)−σ∗(m)∆t

, Db(m) =
2∆t

2µ(m)+σ∗(m)∆t
.

Two-dimensional FDTD equations for TM wave inci-
dence can also be found in previous publications.[13]

2.2. Dielectric interface boundary condition

The FDTD computation setup is presented in Fig. 1.
The FDTD calculation region is surrounded by the uniaxial
perfectly matched layer (UPML) to simulate electromagnetic
wave propagation outside the computation region without re-
flection. In the computation region, there are plane waves
incident on the infinite cylinder. The plane waves are added
by using the total field/scattering field (TF/SF) method.[13]As
shown in Fig. 1, the FDTD computation region is divided by
discrete grids. Within the grids, there are Hz, Ex, and Ey com-
ponents represented by circles and arrows. There are two re-
gions painted by different colors. The two regions represent
two kinds of materials. The red line between the two mate-
rials is the material interface, which is usually approximated
by the black line with a staircase shape in FDTD simulations.
By using the staircase approximation, electromagnetic wave
scattering will change going from the real shape to the stair-
case shape, especially if the mesh is coarse and the dielectric
contrast is large.[19] In order to make the material parameters
change smoothly and improve the numerical accuracy, the av-
eraged material parameters of adjacent grids have been used
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by earlier researchers. Usually, there are two kinds of method,
namely arithmetic mean and harmonic mean method,[32] they
are

Arithmetic mean:[32]

εeff =
ε1 + ε2

2
, µeff =

µ1 +µ2

2
, (3a)

Harmonic mean:[32]

εeff =
2ε1ε2

ε1 + ε2
, µeff =

2µ1µ2

µ1 +µ2
. (3b)

However, these methods still suffer from the drawbacks of
staircase approximation. To improve the numerical accuracy,
the boundary condition equations on the material interface
must be considered. For the curved surface case, we can use
the same Yee algorithm as usual and just apply the boundary
condition equations on the interface boundary. To calculate
the grids across the interface boundary, the physical location
of the interface boundary must be considered rigorously.[29]

Figure 2 shows the electromagnetic fields configuration
near the material interface. Consider the scheme for up-
dating the Hz field, the magnetic field point and the near-
est four electric field points are treated as a group. When
an interface passes through the group of points, it separates
some electric fields and the magnetic field into different me-
dia. In Fig. 2, for example, the material interface intersects
one line connecting Ey(i, j+ 1/2) and Hz(i+ 1/2, j+ 1/2) at
point Int1 and another line connecting Ex(i+ 1/2, j + 1) and
Hz(i + 1/2, j + 1/2) at point Int2. Thus, Ex(i + 1/2, j + 1)
and Ey(i, j + 1/2) are separated from the other three compo-
nents. Here, ϕx denotes the ratio of the distance between point
Int1 and Hz(i+ 1/2, j + 1/2) to the distance between Hz(i−
1/2, j+1/2) and Hz(i+1/2, j+1/2). ϕy denotes the ratio of
the distance between point Int2 and Hz(i+1/2, j+1/2) to the
distance between Hz(i+1/2, j+3/2) and Hz(i+1/2, j+1/2).
ET(int11) and EN(int11) are the tangential and normal compo-
nents of the electric field respectively at point Int1; ET(int21)

and EN(int21) are those components at point Int2. In addition,
it can be seen from Fig. 2 that the surface interface makes an
angle of α with the x direction.

To update Hz(i + 1/2, j + 1/2) in Fig. 2, both En
x (i +

1/2, j+1) and En
y (i, j+1/2) in Eq. (2c) must be replaced by

new values of En
x (i+1/2, j+1) and En

y (i, j+1/2) in medium
2. The new En

y (i, j+ 1/2) in medium 2 can be approximated
as

En
y (int12)−En

y (i+1, j+1/2)

= (0.5+ϕx)
[
En

y (i, j+1/2)−En
y (i+1, j+1/2)

]
, (4)

i.e.,

En
y (i, j+1/2) =

En
y (int12)− (0.5−ϕx)En

y (i+1, j+1/2)
(0.5+ϕx)

. (5)

Here, int12 means that the point is just below the boundary
interface in media 2. For grids across the boundary, coeffi-
cients of Ca, Cb, Da, and Db in Eq. (2) are calculated based on
the location of the boundary. To determine the location of the
boundary, the surface location, intersection ratio, and surface
slope angle are calculated in the preprocessing stage.

Similarly, the formula of the new En
x (i+1/2, j+1) is

En
x (i+1/2, j+1) =

En
x (int22)− (0.5−ϕy)En

x (i+1/2, j)
(0.5+ϕy)

, (6)

where En
y (int12) and En

x (int22) in Eqs. (4)–(6) are unknown
parameters, which can be calculated by the boundary condi-
tion equations near the material interface. Boundary condi-
tion equations at the dielectric interface state that the tangen-
tial component of the electric field is continuous across the
boundary, whereas the normal component of the electric field
changes discontinuously across the boundary.[31] The calcula-
tion of En

x (int2d) will be shown by applying boundary condi-
tion equations.

According to the forward difference approximation with
the first-order accuracy, we obtain

∂En
x (i+1/2, j)

∂y
=

[En
x (i+1/2, j+1)−En

x (i+1/2, j)]
dy

, (7)

and based on the forward difference approximation with the
second-order accuracy, we obtain

∂En
x (i+1/2, j)

∂y
=

[−En
x (i+1/2, j+2)+4En

x (i+1/2, j+1)−3En
x (i+1/2, j)]

2 · dy
. (8)

Substituting Eq. (8) into Eq. (7), we can obtain

En
x (i+1/2, j)

= 2En
x (i+1/2, j+1)−En

x (i+1/2, j+2) , (9)

and then, En
x (int21) can be approximated as

En
x (int21)−En

x (i+1/2, j+1)

= (0.5−ϕy) [En
x (i+1/2, j)−En

x (i+1/2, j+1)]

= (0.5−ϕy) [En
x (i+1/2, j+1)−En

x (i+1/2, j+2)] , (10)

i.e.,

En
x (int21) = (1.5−ϕy)En

x (i+1/2, j+1)

− (0.5−ϕy)En
x (i+1/2, j+2) . (11)
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Here, int21 means that the point is just above the boundary
interface in media 1.

Similarly, the formula of En
y (int21) is

En
y (int21)

= 1.5
[
(1−ϕy)En

y (i, j+1/2)+ϕyEn
y (i, j+3/2)

]
−0.5

[
(1−ϕy)En

y (i−1, j+1/2)

+ϕyEn
y (i−1, j+3/2)

]
. (12)

With En
x (int21) and En

y (int21) known, we can derive En
N(int21)

and En
T(int21) using coordinates transformation(
En

N (int21)
En

T (int21)

)
=

(
cosα sinα

−sinα cosα

)
·
(

En
x (int21)

En
y (int21)

)
= R ·

(
En

x (int21)
En

y (int21)

)
. (13)

To calculate En
N(int22) and En

T(int22), the boundary con-
dition equations at the dielectric interface should be applied
as[33]

𝑛× (𝐸2−𝐸1) = 0, 𝑛× (𝐻2−𝐻1) = 0,

𝑛 · (𝐷2−𝐷1) = 0, 𝑛 · (𝐵2−𝐵1) = 0, (14)

where 𝐷 = ε𝐸 and 𝐵 = µ𝐻 are the electric flux density and
magnetic flux density.

Then, En
N(int22) and En

T(int22) can be calculated as(
En

N (int22)
En

T (int22)

)
=

(
ε1/ε2 0

0 1

)
·
(

En
N (int21)

En
T (int21)

)
= T ·

(
En

N (int21)
En

T (int21)

)
. (15)

In addition,(
En

x (int22)
En

y (int22)

)
=𝑅−1 ·

(
En

N (int22)
En

T (int22)

)
. (16)

Therefore, the boundary condition equations for material in-
terface can be simplified as(

En
x (int22)

En
y (int22)

)
=𝑅−1𝑇𝑅

(
En

x (int21)
En

y (int21)

)
, (17)

where the matrices 𝑅 and 𝑇 are defined as

𝑅=

(
cosα sinα

−sinα cosα

)
, 𝑇 =

(
ε1/ε2 0

0 1

)
. (18)

Thus, we derive the formulas of En
x (int22) based on

boundary condition equations. Similarly, En
y (int12) can be

calculated. Then, the Hz(i+1/2, j+1/2) field is updated ac-
cording to Eq. (2c). Here, new values of En

x (i+1/2, j+1) and
En

y (i, j+1/2) in medium 2 are utilized in Eq. (2c). Parameters
of medium 2 are used in Da and Db.

Consider the scheme of updating the Ex(i+ 1/2, j + 1)
field, the electric field point and the nearest two magnetic field
points are treated as a group. When an interface passes through
the group of points, it separates one magnetic field and the
electric field into different media. The configuration can be
presented in Fig. 2.

X

Z

Y

int 1

int 2

ϕx

α

media 1 

media 2 

Hz↼i↩/↪ j⇁/↽

Hz↼i⇁/↪ j↩/↽

Ex↼i⇁/↪ j↽

Ey↼i↪ j⇁/↽

EN(int 11)

ET(int 21)
EN(int 21)

ET(int 11)

Ex↼i⇁/↪ j⇁↽

Ey↼i⇁↪ j⇁/↽

Hz↼i⇁↪ j⇁/↽

Hz↼i⇁/↪ j⇁/↽

Hz↼i⇁/↪ j/⇁↽

ϕy

Fig. 2. (color online) Electromagnetic fields configuration for the ma-
terial interface. Here, ET and EN are the tangential and normal compo-
nents of the electric field.

To update Ex(i+1/2, j+1) in Fig. 2, Hn+1/2
z (i+1/2, j+

1/2) in Eq. (2a) must be replaced by a new value of
Hn+1/2

z (i+1/2, j+1/2) in medium 1.

Hn+1/2
z (i+1/2, j+1/2)−Hn+1/2

z (int21)

= ϕy
[
Hn+1/2

z (i+1/2, j+1/2)

−Hn+1/2
z (i+1/2, j+3/2)

]
, (19)

i.e.,

Hn+1/2
z (i+1/2, j+1/2)

=
Hn+1/2

z (int21)−ϕyHn+1/2
z (i+1/2, j+3/2)

(1−ϕy)
. (20)

Here, Hn+1/2
z (int21) is an unknown parameter, which can be

calculated by applying the boundary condition equations in
Eq. (14) as

Hn+1/2
z (int22)−Hn+1/2

z (i+1/2, j+1/2)

= ϕy
[
Hn+1/2′

z (i+1/2, j+3/2)−Hn+1/2
z (i+1/2, j+1/2)

]
= ϕy

[
Hn+1/2

z (i+1/2, j+1/2)

−Hn+1/2
z (i+1/2, j−1/2)

]
, (21)

i.e.,

Hn+1/2
z (int21) =

µ2

µ1
Hn+1/2

z (int22)

=
µ2

µ1

[
(1+ϕy)Hn+1/2

z (i+1/2, j+1/2)

−ϕyHn+1/2
z (i+1/2, j−1/2)

]
. (22)

The scheme for updating the Ey(i, j+1/2) field in Fig. 2 is the
same as that of the Ex(i+1/2, j+1) field, Hn

z (i+1/2, j+1/2)
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in Eq. (2b) is replaced by the new value of Hn
z (i+1/2, j+1/2)

in medium 1.

2.3. PEC interface boundary condition

In the case of a PEC interface, the boundary condition
equations are different from that of the dielectric interface.
Assuming media 2 in Fig. 2 is PEC, the boundary condition
equations become[33]

𝑛×𝐸1 = 0, 𝑛 ·𝐵1 = 0, 𝐸2 = 0, 𝐵2 = 0. (23)

Then, Hz(i+1/2, j+1/2) = 0.
To update Ex(i+1/2, j+1) in Fig. 2, Hn+1/2

z (i+1/2, j+
1/2) in Eq. (2a) must be replaced by a new value of Hn+1/2

z (i+
1/2, j+1/2) in medium 1.

Hn+1/2
z (i+1/2, j+1/2)−Hn+1/2

z (int21)

= ϕy
[
Hn+1/2

z (i+1/2, j+1/2)

−Hn+1/2
z (i+1/2, j+3/2)

]
, (24)

i.e.,

Hn+1/2
z (i+1/2, j+1/2)

=
Hn+1/2

z (int21)−ϕyHn+1/2
z (i+1/2, j+3/2)

(1−ϕy)
. (25)

Here, Hn+1/2
z (int21) is an unknown parameter, which can be

calculated by applying the boundary condition equations in
Eq. (23),

Hn+1/2
z (int21)−Hn+1/2

z (i+1/2, j+3/2)

= (1−ϕy)
[
Hn+1/2

z (i+1/2, j+1/2)

−Hn+1/2
z (i+1/2, j+3/2)

]
= (1−ϕy)

[
Hn+1/2

z (i+1/2, j+3/2)

−Hn+1/2
z (i+1/2, j+5/2)

]
, (26)

i.e.,

Hn+1/2
z (int21)

= (2−ϕy)Hn+1/2
z (i+1/2, j+3/2)

− (1−ϕy)Hn+1/2
z (i+1/2, j+5/2) . (27)

The scheme for updating the Ey(i, j+1/2) field in Fig. 2
is the same as that of the Ex(i+ 1/2, j+ 1) field, Hn+1/2

z (i+
1/2, j + 1/2) in Eq. (2b) is replaced by the new value of
Hn+1/2′

z (i+1/2, j+1/2) in medium 1.
Thus, we have set up the methodology for adding the

boundary condition equations in a two-dimensional TE FDTD
algorithm. In summary, the flow chart of the BCE method
is drawn in Fig. 3. Similarly, we can derive the methodol-
ogy for adding the boundary condition equations in the two-
dimensional TM FDTD algorithm.

calculate Ey
n+1(i, j+½), 

Ex
n+1 (i+½, j+1) in media 2 by 

adding boundary condition 

equations in Eqs. (11) and ( 12     ) 

  Eq. (   18  )     (       5) and (6) 

calculate Hz
n+½

(i+½, j+½) in 

media 1 by adding boundary 

condition equations in 

Eq. (23) Eq. (21 )

time stop? 

start

time step n= n+1

end

calculate surface location (ix , jy), 
intersection ratio ( x, y), and surface 

slope angle a

initial data

yes

no

grids across the 
boundary ?

calculate Hz
n+½

(i+½, 

j+½) according to 

Eq. (2c)

calculate Ex
n+1 (i+½, 

j+1) and  Ey
n+1(i, j+½) 

according to 

Eqs. (2a) and (2b)

calculate Hz
n+½(i+½, j+½) 

according to Eq. (2c)

calculate Ex
n+1

(i+½, j+1) and  

Ey
n+1 (i, j+½) according to 

Eqs.  (2a) and (2b)

yes no

ϕ ϕ

Eqs.

Fig. 3. Flow chart of the boundary condition equations method.

The BCE method utilizes the standard FDTD algorithm
with a second-order accuracy. All the approximations across
the boundary are based on the one side difference approxi-
mation or non-centered difference approximation. Thus, it is
sufficient to guarantee a second-order accuracy globally.[30]

In addition, the BCE method can be extended to solve three-
dimensional problems. The surface location (i, j, k) and in-
tersection ratio (ϕx, ϕy, ϕz) should be calculated instead of
the surface location (i, j) and intersection ratio (ϕx, ϕy) in
the preprocessing stage, also, matrix R and T must be re-
placed by a coordinate transform matrix in three dimensions.
The boundary condition equations are similar to those of two-
dimensional problems.

3. Results and discussion
In this section, analytical and numerical data validations

of the BCE method are presented. Comparisons of differ-
ent methods are made, including the staircase approxima-
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tion (SA) method, arithmetic mean (AM) method, analytical
solution (AS) method, and BCE method. Results from the
sub-pixel smoothing (SPS) method are also given for method
validation.[27,28]

3.1. PEC circular cylinder

To validate the FDTD algorithm, the induced surface cur-
rent of a PEC circular cylinder is analyzed. The PEC circu-
lar cylinder has a radius of a = 5/ki and is under transverse
electric (TE) illumination. Here, ki = 2π/λ is the wave vec-
tor. Figure 4 is a plot of the BCE method predicted surface
currents and the SA method predicted surface currents com-
pared to the reference data.[22] It can be seen from Fig. 4 that
the BCE method predicted surface currents agree well with
the series solution and contour FDTD results, whereas the SA
method predicted surface currents do not agree well with the
reference data.
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3.2. Dielectric circular cylinder, near field

In this part, the near field scattering properties of a kia= 5
dielectric circular cylinder is analyzed. The permittivity and
permeability in free space are given as ε0 = 1, µ0 = 1, σ0 = 0,
and σm,0 = 0. The material parameters of the dielectric cir-
cular cylinder are εd = 2, µd = 1, σd = 0, and σm,d = 0.
The incident waves are time-harmonic TE mode fields with an
amplitude of |Hin| = 1.0 A/m and transverse magnetic (TM)
mode fields with an amplitude of |Ein| = 1.0 V/m. The in-
cident waves have a wavelength of λ = 1 m. The grid size
is chosen as λ/160, and the simulation time is chosen to be
t = 1.67× 10−7 s to make sure that the numerical results are
convergent. We use the SA, BCE, and AS methods to calculate
a total field region of [−2 : 2] m×[−2 : 2] m. For the infinite
cylinder scattering cases, analytical solutions can be derived
from previous publications.[33–35]

To compare the local error in the whole computation re-
gion, the normalized L2 error for TE wave incidence can be

defined as

error =

[∫∫
(Hsa−Has)

2 dxdy
]1/2

[∫∫
(Has)

2 dxdy
]1/2

≈

[
∑(Hsa−Has)

2
]1/2

[
∑(Has)

2
]1/2 . (28)

The normalized L2 error for TM wave incidence is simi-
lar to that for TE wave incidence.

Figure 5 shows normalized L2 errors of the BCE method
predicted total field amplitude and the SA and AM methods-
predicted total field amplitude. It can be seen from Fig. 5 that
the SA, AM, and BCE methods are convergent with the de-
crease of the grid size for both TE and TM illuminations. The
BCE method can maintain a second-order accuracy by elimi-
nating the staircase approximation error, whereas the SA and
AM method can only achieve a first-order accuracy. For the
TE wave incidence, the BCE method with a grid size of λ /40 is
good enough to achieve a better accuracy than the SA method
with a grid size of λ /160. For the TM wave incidence, the
SA and AM methods have the same normalized L2 error, be-
cause there are no magnetic permeability differences between
the circular cylinder and air.
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cidence on the dielectric cylinder. SA, AM, and BCE are staircase
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method, respectively. (a) TE wave illumination and (b) TM wave il-
lumination.
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3.3. Multilayer dielectric cylinder, near field

In addition, the BCE method can be used to deal with
multilayer object scattering problems. For the multilayer cir-
cular cylinder scattering cases, analytical solutions can be de-
rived based on the Mie theory.[36,37] In this part, the near field
scattering properties of two double-layer dielectric circular
cylinders is analyzed. The radius of the first double-layer cir-
cular cylinder is a = 5/(2π) m and ai = 5/(4π) m. The radius
of the second double-layer circular cylinder are a= 15/(2π) m
and ai = 15/(4π) m. The material parameters of the outer di-
electric circular cylinders are εd = 2, µd = 1, σd = 0, and
σm,d = 0. The material parameters of the inner dielectric cir-
cular cylinders are εd,i = 4, µd = 1, σd,i = 0, and σm,d,i = 0.
The incident waves have a wavelength of λ = 1 m. We use
the SA, BCE, SPS, and AS methods to calculate a total field
region of [−2 : 2] m×[−2 : 2] m.
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Fig. 6. (color online) The normalized L2 errors for plane wave inci-
dence on the double layer dielectric cylinder (a= 5/(2π), ai = 5/(4π)).
SA, BCE, and SPS are staircase approximation, boundary condition
equations, and sub-pixel smoothing method, respectively. (a) TE wave
illumination and (b) TM wave illumination.

Figures 6 and 7 show normalized L2 errors of the BCE
method predicted total field amplitude and the SA and SPS
methods-predicted total field amplitude. It can be seen from
the two figures that the BCE and SPS methods can maintain
a second-order accuracy by eliminating the staircase approxi-
mation error, whereas the SA method can only achieve a first-
order accuracy. Meanwhile, it can be seen from the two figures

that the results of the BCE method show better accuracy than
that of the SPS method. The reason is that the BCE method
is able to consider the physical location of curved surfaces ac-
cording to the surface location and intersection ratio. Compar-
ing Fig. 6 with Fig. 7, it can be seen that the results of the BCE
and SPS methods show less improvements of the staircase er-
rors for larger structures. The reason is that the dielectric in-
terface becomes smoother with the increase of the structure
size.
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Fig. 7. (color online) The normalized L2 errors for plane wave in-
cidence on the double layer dielectric cylinder (a = 15/(2π),ai =
15/(4π)). SA, BCE, and SPS are staircase approximation, boundary
condition equations, and sub-pixel smoothing methods, respectively. (a)
TE wave illumination and (b) TM wave illumination.

3.4. Dielectric circular cylinder, far field

To compare the performance of the SA method and BCE
method, the far field RCS of a dielectric circular cylinder
with a = 0.2λ is analyzed. The permittivity and permeabil-
ity in free space are given as ε0 = 1, µ0 = 1, σ0 = 0, and
σm,0 = 0. The material parameters of the dielectric circular
cylinder are εd = 9, µd = 1, σd = 0, and σm,d = 0. The inci-
dent waves are time-harmonic TE mode fields with an ampli-
tude of |Hin|= 1.0 A/m and TM mode fields with an amplitude
of |Ein| = 1.0 V/m. The incident waves have a wavelength of
λ = 1 m. The grid size is chosen as λ/80, and the simulation
time is chosen to be t = 1.25× 10−8 s to make sure that the
numerical results are convergent. We use the SA, BCE, and
analytical solution methods to calculate the far field RCS.
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Figure 8 shows the BCE method predicted RCS and the
SA method predicted RCS compared with the analytical solu-
tion results. Obviously, the results of the BCE method agree
well with those of the analytical solution method for large di-
electric contrast cases. It can be seen from Fig. 8 that the re-
sults of the SA method with a grid size of λ/80 do not agree
well with the analytical solution results for the large dielec-
tric contrast case. The reason is that the scattering properties
of a curved surface will change going from the real shape to
the staircase shape, especially if the mesh is coarse and the
dielectric contrast is large.[19] Meanwhile, the results of the
SA method show better agreement with the analytical solution
results with a smaller grid size of λ/320.
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methods. (a) TE wave illumination and (b) TM wave illumination.

To demonstrate the method capability, the far field RCS
of two cylinders with complex geometries are analyzed. The
two cylinders are presented in Figs. 9 and 10. The cylinder
in Fig. 9 has a square shape with a = λ , and the cylinder in
Fig. 10 is a combination of a circular cylinder and a rectan-
gle cylinder. The material parameters of the two cylinders are
εd = 9, µd = 1, σd = 0, and σm,d = 0. The incident waves have
a wavelength of λ = 1 m. The grid size is chosen as λ/80, and
the simulation time is chosen to be t = 1.67×10−7 s to make
sure that the numerical results are convergent. We use the SA
and BCE methods to calculate the far field RCS, and results of

the MOM method are used as the benchmark for the compari-
son with the FDTD results.[35]
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Figures 9 and 10 show the BCE method predicted RCS
and the SA method predicted RCS compared with the re-
sults of the MOM method. Obviously, the results of the BCE
method agree well with those of the MOM method for both
TE and TM wave illuminations, whereas the results of the SA
method with a grid size of λ/80 do not agree well with that
of the MOM method for TE wave illumination. The reason is
that the sloped surfaces on the square cylinder will introduce a
staircase error in the FDTD simulation.[19] The BCE method is
able to eliminate the staircase approximation error and restore
the second-order accuracy in FDTD simulations.

4. Conclusion
The BCE method is proposed to deal with the curved sur-

face scattering in the FDTD calculation. In this method, the
curved surface interfaces are modeled by adding the boundary
condition equations. Thus, the real shapes of a curved sur-
face can be simulated and the staircase approximation errors
can be eliminated. To validate the BCE method, various scat-
tering properties are analyzed, including the induced surface
current of a PEC circular, and the near field and far field scat-
tering of the dielectric cylinders. The results show that the
BCE method can maintain a second-order accuracy by elim-
inating the staircase approximation error effectively, whereas
the SA and AM methods can only achieve a first-order accu-
racy. The results of the BCE method show better accuracy than
that of the SPS method by considering the physical location of
curved surfaces according to the surface location and intersec-
tion ratio. In addition, the results of the BCE method agree
well with those of the analytical solution method for different
dielectric contrast cases.
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