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Due to its high computational efficiency and ability to consider nonparallel and nonlinear effects, nonlinear parabo-
lized stability equations (NPSE) approach has been widely used to study the stability and transition mechanisms. However,
it often diverges in hypersonic boundary layers when the amplitude of disturbance reaches a certain level. In this study, an
improved algorithm for solving NPSE is developed. In this algorithm, the mean flow distortion is included into the linear
operator instead of into the nonlinear forcing terms in NPSE. An under-relaxation factor for computing the nonlinear terms
is introduced during the iteration process to guarantee the robustness of the algorithm. Two case studies, the nonlinear
development of stationary crossflow vortices and the fundamental resonance of the second mode disturbance in hypersonic
boundary layers, are presented to validate the proposed algorithm for NPSE. Results from direct numerical simulation
(DNS) are regarded as the baseline for comparison. Good agreement can be found between the proposed algorithm and
DNS, which indicates the great potential of the proposed method on studying the crossflow and streamwise instability in
hypersonic boundary layers.
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1. Introduction

The mechanisms of transition from laminar to turbulent
flow are of strong academic interests. Understanding the tran-
sition process and predicting its location are necessary for ac-
curate computing of aerodynamic drag and heat protection
configurations. Under flight conditions, natural transition is
dominant because of the low free stream turbulence level.
Therefore, stability theory plays a significant role in under-
standing the transition. There are usually three methods to
describe the amplification of unstable disturbances in bound-
ary layers. They are linear stability theory (LST), direct nu-
merical simulation (DNS), and (nonlinear) parabolized sta-
bility equations (PSE/NPSE). LST is a local method based
on the quasi-parallel hypothesis. It can predict the linear
growth of an infinitesimal disturbance well.['*! However, it
ignores the nonparallel and nonlinear effects. DNS can ob-
tain complete information of disturbances through solving
the Navier—Stokes equations directly but with high computa-
tional demands. NPSE approach developed by Bertolotti and
Herbert>*! takes into account the nonparallel and nonlinear
effects, the solution accuracy of NPSE is comparable with
DNS while the computational cost is much less.

NPSE is solved by a marching method. Due to its high
computational efficiency and accuracy, The NPSE approach

has been widely used to study the stability and transition. This
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approach was initially applied to an incompressible Blasius
boundary layer by Bertolotti.[>*! Then its application was ex-
tended to three-dimensional flow and compressible flow.l!
For the crossflow instability, Wang et al.!%! applied this ap-
proach to calculate the development of crossflow waves and
predicted the nonlinear saturation characteristic. Haynes!”!
made detailed comparisons between NPSE results and exper-
imental measurements.!®! The remarkably good agreements
validated this approach for three-dimensional flow subjected
to crossflow instability. Malik[®! adopted this approach to sim-
ulate the nonlinear development of stationary crossflow vor-
tices over a swept airfoil, and investigated the secondary in-
stability of saturated crossflow vortices. Xul!%!!l and Lil!%13]
also obtained the baseflow for the secondary instability analy-
sis by this approach.

For investigating the transition dominated by streamwise
instabilities, NPSE approach is also an efficient method. By
this approach, Zhang and Zhou!'#! investigated the subhar-
monic resonance in a subsonic boundary layer and acquired an

(151 Mayer!'®! simulated

essential agreement with DNS results.
the oblique breakdown initialized by first-mode disturbances
in a Ma = 3 boundary layer by NPSE approach. The tran-
sition onset location agrees well with DNS results.!!”! Zhang
and Zhou!'®! also investigated the subharmonic secondary in-
stability induced by first-mode and second-mode disturbances

in a Ma = 4.5 boundary layer by this approach.
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Despite the computational advantage of the NPSE ap-
proach, numerical instabilities may lead to convergence failure
when the disturbance amplitude increases to a threshold, ']
especially in hypersonic flow.!?°! Chang!?!! and Li!'?! calcu-
lated the development of stationary crossflow vortices in a
Ma = 2.4 supersonic flow over a swept airfoil. For the most
unstable mode disturbances, all calculations diverge when
the amplitudes of the disturbances reach the levels of about
0.17. Kuehl®??! also investigated the development of station-
ary crossflow vortices in a hypersonic boundary on a cone
with 6 degree yaw. The NPSE calculation also diverges in
downstream when the amplitude reaches about 0.13. The work
of Kuehl concludes that the NPSE approach tends to diverge
when the amplitudes of stationary crossflow disturbances in-
crease to a certain level in hypersonic flow. However, the sat-
urated stationary crossflow vortices are required to be consid-
ered in order to study the breakdown induced by the secondary
instability as in the case of low-speed or/and subsonic flow.

For this aim, therefore, an improved algorithm for solving

2./
Pa—q+Aa—q+Ba—q+Ca—+D 'y, 24

a2/
— V. q

NPSE is developed in this research. The nonlinear develop-
ment of stationary crossflow vortices and the fundamental res-
onance of second-mode disturbances are investigated in hyper-
sonic boundary layers. The results obtained by the improved
NPSE approach were compared with those by the traditional
NPSE approach and DNS for validation.

2. Methodology
2.1. Traditional NPSE

In general, the instantaneous flow quantities q =
[p,u,v,w,T] can be decomposed into steady laminar base flow
and perturbation quantities in the form q = go + q’. Here, p
is the density, T is temperature, u,v,w represent the velocity
components in streamwise, wall-normal, and spanwise direc-
tions respectively; go = [po, 1o, Vo, wo,Tp] are the base flow
quantities and ¢’ = [p’,u/,V/,w', T'] the corresponding pertur-
bation quantities. The disturbance equations can be derived
from Navier—Stokes equations. After a nondimensional pro-
cedure they are presented in a compact form as follows:

(92 q/ (92 q/

v azq/ 82q/

or " ox TPy TV W92

XX axz

=F, (1)

o2 Y oray T axaz V7 ayaz

where x,y, z represent streamwise, wall-normal, and spanwise directions respectively and ¢ denotes the time. Coefficient matrixes

I''A, B, C,D,V,, V., V., V,, Vi, V,, are functions of base flow quantities. Nonlinear terms are denoted by the vector F’

which is a function of perturbation and base flow quantities.

Each perturbation quantity is assumed to be periodic in temporal and spanwise directions; the disturbances and nonlinear

terms are then expressed by the truncated Fourier series

M,

qd (x,y,z,t) = Z
m=— M|n7 M2

F(x,y,z,t) =
m=—M|n=—M,

{ / O (%) dx} exp(infz — imar), (2a)

M,
) Z F,exp(infBz— imot), (2b)

where M| and M, represent one-half of modes used in the analysis; 8 is the nondimensional spanwise wave number, and ® the
nondimensional frequency of a disturbance. (;Aﬁmn = [P, @, 9,W, T],un is the shape function vector of the Fourier mode (1,n) and
Qi the streamwise complex wave number; they both vary slowly in x direction. Substituting Egs. (2a) and (2b) into Eq. (1), the
stability equations are derived as

A2 B v v, SO, ®
The matrixes A,,,;, By, and Fm,, are given by
A = A =210, Vi — infBVy, (4a)
By, = —imoI +i0u,A+inBC + D + (a,in —i dg‘;""> Vi +n* BV,
+ 10 B Viz + (B — 104 Viy — I”BV)Z);y - yyaayzz’ (4b)

“ X
F,, = Fyexp {i / Oy (X) df} . (4c)
X0
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By analyzing the magnitude of each term in Eq.(3),
the partial derivative of viscous terms at x direction, i.e.,
V02 Pun/ 9x* and Vi3 by /dxy, can be ignored. In this
manner, the nonlinear parabolized stability equations are ob-

tained.

d ¢mn
dx

This equation has two unknown variables, d)mn and «,,;,, there-

Amn

+ an¢mn = mn (5)

fore an additional condition is required to remove the arbi-
trariness. This supplementary condition is usually not unique.
In three-dimension compressible boundary layer the following

form is applied,
8umn « OV . OWn
i, D P dy=0. 6

In the solution procedure, equation (6) is utilized in the form

of iterative formula below,

G (new) = %mn(old)
i aﬁmn a‘,}\mn a"’\)mn
_ Ak Ak A~k d 7
qmn /po (umn a vmn a mn a > y7 ( )
where

A% A A% A A% A
qmn = /pO(umnumn F Vo Vmn + Wmnwmrl) dy7

the superscript * denotes the complex conjugate.
Equation (5) can be rapidly solved by a marching method.
Discretizing the partial derivative O Py /dx will eventually

lead to a system of algebraic equations as

Lmn(qo) H_l Rm”(q0)¢n1n + an (q()v )7 (3)

in which the superscript i + 1 denotes the current streamwise
location where the perturbation quantities are to be solved and
the i denotes the last streamwise location where all perturba-
tion quantities are known. The matrixes L,,, and R,,, consist
of the matrixes appearing in Eq. (5) and the finite difference
operators. They are both unary functions of gy. The vector

E,,isa binary function of gy and the unknown variable q’.

{ Lmn (110) l+1
Lmn (qO + qOO) Aintll

Here, gy, is the mean flow distortion induced by the nonlinear
interactions. In this algorithm, the mode (0,0) is solved by the
same method with the traditional NPSE approach. However,
the mean flow distortion is moved into the linear operator in-
stead of the nonlinear terms when solving the higher harmonic
modes. In other words, the base flow and the mean flow distor-

tion are both contained in the linear operator and have linear

= Rmn(QO)Qgi,m + an(QOy q/)a
= Rmn(qo + qé)O)éirm + Fm/l(qo + q607 q/ - q60)>

Therefore, an iterative procedure for 13’,,,,, is needed to solve
the @it

The marching approach for solving Eq. (8) can be out-
lined as follows:

(6)) éﬁ;} and @i, are initialized by using the quantities at
the i-th location and the nonlinear forcing vector ﬁ}nn is calcu-
lated.

(i) @it] is obtained by solving Eq. (8) and a new 0, is
determined by the formula (7). Repeat this process until the
change of o, is less than a specified tolerance. Then an ap-
proximate ¢it! is obtained.

(iii) A new E,, is calculated by using the approximated

’“ and oy, Repeat the steps (ii) and (iii) until every Fourier
mode is convergent.

(iv) March to the next streamwise location and repeat

steps (1)—(iii).
2.2. Improved NPSE approach

In hypersonic boundary layers, the traditional NPSE ap-
proach easily diverges when the nonlinear interactions are sig-
nificant. Chang!'®! pointed out that these significant nonlin-
ear interactions lead the nonlinear forcing terms to carry more
weight than linear operator in the NPSE. Dong!?* and Cao!?*!
found that the mean flow distortion has a significant contri-
bution to the instabilities of higher harmonic modes. In their
work, the mean flow distortion was added to the base flow and
the stability of the distorted base flow was study. The results
from their work indicate the superiority of adding the flow dis-
tortion in a linear operator rather than the nonlinear forcing
terms. What is more, moving the mean flow distortion into the
linear operator benefits to reduce the weight of the nonlinear
forcing terms. The improved algorithm for NPSE proposed by
this paper is based on this idea.

Different from the traditional approach, the improved al-
gorithm considers the mean flow distortion in the linear oper-
ator. The iterative form governing equations of the improved
algorithm can be represented as

m=0,n=0;
m#£0orn#0.

©))

contributions to the other modes.
Additionally, an under-relaxation factor is introduced in
the formula (4c) for robustness when calculating E,, itera-

tively. The new form of the formula (4c) containing an under-

i /x:amn(x)di},

relaxation factor can be written as

ﬁ;nn = [(1 - 6)an(old) + 6an] €xp {_
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where F,,o1q) and F,, are the values obtained by the for-
mula (2b) in the previous and current iterations; & is the under-
relaxation factor set as 0.2.

3. Results and discussion

The improved NPSE approach is applied to two challeng-
ing research cases in this study. One is the nonlinear devel-
opment of stationary crossflow vortices in a hypersonic three-
dimensional boundary layer; the other is the fundamental res-
onance of second-mode disturbances in a hypersonic flat-plate
boundary layer. In order to verify the effectiveness and re-
liability of this improved approach, the results by traditional
NPSE approach and by DNS are also provided as compar-

isons.

3.1. Nonlinear development of stationary crossflow vor-

tices

Accurately simulating the nonlinear developments and
amplitude saturation characteristics of stationary crossflow
vortices is a necessary work for studying the crossflow sec-
ondary instability. In hypersonic three-dimensional bound-
ary layers, however, the traditional NPSE algorithm tends
to diverge when the amplitude of disturbance amplifies to a
threshold. [1-22]

3.1.1. Steady base flow and linear stability analysis

Figure 1 sketches the physical model, a swept blunt plate
with infinite spanwise length is yawed in hypersonic free
steam. The temperature of the free stream 7., = 226.5 K,
the Mach number Ma = 10, and the Reynolds number Re =

30 1

20 |

y/mm

10 |

y/mm
T

0 0.2 0.4 0.6 0.8 1.0

PeQRo/ oo = 131800, where Ry = 35 mm is the nose ra-
dius at the leading edge of the blunt plate. The sweep angle is
SA = 45°. The flow quantities are scaled by the free stream
values. P = p*/Peoy 4 = U/ Qooy V=V"/0c0y W = W*/Qeo,
T =T"/Tw, p= p*/(p-Q2). The coordinates are scaled by
the nose radius Ry, x = x*/Ro, y = ¥*/Ro, 2= z*/Ro. The hy-
personic steady flow over the swept blunt plate is obtained by
an NS equations solver. The hypothesis of calorically perfect
gas is applied. An adiabatic and no slip condition is adopted
on the wall.

Fig. 1. Schematic illustration of the physical model.

Figure2 displays the development of streamline and
crossflow velocity components at different streamwise loca-
tions. It shows that the boundary layer thickness increases
in the streamwise direction while the crossflow velocity de-
creases slowly. The crossflow instability is analyzed by LST,
and two unstable disturbances with different spanwise wave-
lengths are investigated. Their spanwise wavelengths are
109.96 mm and 54.98 mm, respectively.

30 ‘ T ‘ T

(b)

10 F

0
—0.15

—0.10 —0.05 0

u
c

Fig. 2. Velocity distribution at x* /Ry = 6, 12, 18, 24, 30, 36, 42 (The arrow marks the increase of x* location): (a) Streamline velocity profiles; (b)

Crossflow velocity profiles.
Figure 3 shows their growth rates and N factors. As
shown in the figure, the disturbance with A, = 109.96 mm has

a large growth rate in the whole computational zone, and its

N factor increases to 10 downstream. The disturbance with
A, = 54.98 mm amplifies by a larger growth rate upstream,

and then it damps after the location of x = 57 where its N
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factor reaches a peak value of 7. These two unstable distur-
bances have different growth characteristics, and their large

N factors mean that the disturbances can amplify to a satu-

rated amplitude. The traditional NPSE approach will diverge
in these cases. These are the reasons for setting the physical

parameters as described above.

0.4 T T T T 10 T
“ —_— A=109.96 mm 1
| 1 i |
03F Vv =m==a==- A=54.98 mm - 8 b
CN 1 i
A 1 - |
i ) (a) ] i 1
0.2} * 4 6F §
b
Z
0.1}F . 4+ g
. |
\\ 1
R ~ 1 B A=109.96 mm
or oo 1 2
I I Y 7 A — A=54.98 mm
-~
~0.1 1 1 1 1 0 s 1 1 1
0 20 40 60 80 100 0 20 40 60 80 100

Fig. 3. The growth rates and N factors of two waves obtained by LST: (a) growth rates and (b) N factors.

3.1.2. Nonlinear development of stationary crossflow
vortices

The inlet conditions for NPSE and DNS are provided by
the LST results. For the unstable disturbance with the span-
wise wavelength 54.98 mm, the N factor (see Fig. (3b)) sug-
gests the disturbance will amplify to a peak value at about
x = 57. The nonlinear evolution of disturbances with two dif-
ferent initial amplitudes are computed. The initial amplitudes

of disturbances (based on the streamwise velocity disturbance)

Figure4 displays the amplitude evolutions of different
modes. For the case of Ag = 8 x 1077, as can be seen in
Fig.4(a), the amplitude of the fundamental mode (0,1) in-
creases to a peak value of about 0.07 at about x =48, and then
it decreases quickly. The damping location of the disturbance
is brought forward due to the nonlinear interactions. Because
the amplitude is not large, both of the traditional NPSE and
improved NPSE approaches accurately simulate the develop-

ment of amplitudes and the agreement with the DNS result is

are specified as Ag = 8 x 107> and Ag = 1 x 1072 respectively.  perfect.
0.10 M T T T T T T 0.3 T T T T T T
I ® traditional NPSE ] A s traditional NPSE |
o | Bl Estg i - o improved NPSE ]

— DNS

0.06
0.04

0.02

xT

— DNS 1

Gt

10 20 30

40 50 60 70 80 90
T

Fig. 4. The nonlinear evolution of the amplitudes of streamwise velocity disturbance (A, = 54.98 mm) for (a) Ao = 8 x 107> and (b) Ag = 1 x 1073,
The vertical line denotes the divergence location of the traditional NPSE approach.

For the case of Ag = 1 x 1073, as shown in Fig. 4(b), the
amplitude of the fundamental mode (0, 1) reaches a peak value
of about 0.21 at x = 32, and then decreases quickly. The mean

flow distortion reaches a peak amplitude of about 0.12. In this

case, the disturbance amplifies to a larger amplitude compared
with the small initial value case and the nonlinear interactions
are also more significant. It can be seen that the result of the

improved NPSE approach is in excellent agreement with that
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of DNS. However the traditional NPSE approach diverges at
the location of x = 26 where the amplitude of the mode (0, 1)
just reaches to 0.13.

For the unstable disturbance with the spanwise wave-
length 109.96 mm, the LST result (see Fig. 3(b)) suggests the
disturbance amplifies in the whole region. As in the case
above, two cases with different initial amplitudes are also
investigated. The initial amplitudes are Ag = 3 x 107> and

Ao = 1 x 1073 respectively. The amplitudes evolution of the

streamwise velocity disturbances are presented in Fig.5. For
the case of Ag = 3 x 107, the disturbance amplifies rapidly in
a long streamwise range, and the amplification tends to slow
finally due to the strong nonlinear interactions. The amplitude
of the mode (0, 1) reaches to around 0.25 finally. As shown in
Fig. 5(a), the result obtained by the improved NPSE approach
agrees excellently with that of DNS. However the traditional
NPSE calculation diverges when the amplitude of the mode
(0,1) increases to 0.11 at x = 69.

0.3 ] 0.3 e T T
| s traditional NPSE 1 » traditional NPSE
L —. d NPSE | o improved NPSE
improve C _ DNS
— DNS
0.2 0.2 |
3 s |
<t - L
0.1 0.1
L (a) - (b)
5 / o° i o I T
ol i A o8 ol - .‘4‘4 ST A
0 10 20 30 40 50 60 70 80 90 0 10 20 30 40 50 60 70 80 90

x

xT

Fig. 5. The nonlinear evolutions of the amplitudes of streamwise velocity disturbance (A, = 109.96 mm) (a) Ag = 3 x 1075 and (b) Ag = 1 x 1073,
The vertical line denotes the divergence location of the traditional NPSE approach.

When the initial amplitude increases to Ag = 1 x 1073, as
shown in Fig. 5(b), the disturbance amplifies quickly, and then
the amplitude of the mode (0, 1) sustains equilibrium at a level
of about 0.23. The improved NPSE approach still obtains an
excellent result comparable to DNS except for a slight devia-
tion in the tail of the computational field. However, the tradi-
tional NPSE approach diverges at the location x = 36 where
the amplitude of the mode (0, 1) just reaches 0.13.

As shown in Figs. 4 and 5, the traditional NPSE approach

diverges easily when the amplitude of the mode (0, 1) exceeds

0.1. It is also reported in Kuehl’s work!??! when calculating
the nonlinear development of stationary crossflow vortices in
hypersonic boundary layers. However, it is shown that the im-
proved NPSE approach still excellently simulates the develop-
ment of disturbances even though the amplitude of the mode
(0, 1) increases to about 0.25. The amplitude saturation char-
acteristic of stationary crossflow vortices can also be obtained
by this approach. To obtain the results presented in Figs. 4 and
5, the improved NPSE approach took no more than 15 minutes
CPU time however DNS required more than 400 hours.

0.25 T T 0.08 T T 0.12 T — T
DNS DNS 1 DNS |
- — — — improved NPSE - - —-improved NPSEl | - ---- improved NPSE
0.20 I 1 3 ]
0.04 4 0.09 .
0.15
S 3 0F 13 0.06 .
0.10 | ]
—0.04f 0.03 .
0.05 T I
0 —0.08L L L 0
1.0 1.5 2.0 2.5 1.0 1.5 2.0 2.5 1.0 1.5 2.0 2.5
) Y )

Fig. 6. Development of the streamwise velocity disturbance in x direction (4, = 109.96 mm, Ay = 3 x 10—5). The arrow marks the increase of streamwise

location x.
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To further examine the improved NPSE approach, the
eigenfunctions development of streamwise velocity distur-
bance are studied. In Fig. 6, DNS results are used as baseline
for comparison. As shown in which, the improved NPSE ap-
proach accurately describes the evolution of the fundamental
mode (0, 1), the mean flow distortion mode (0,0), and the har-
monic mode (0,2) along the streamwise direction. The results
of the improved NPSE agree excellently with those of DNS.

3.2. Fundamental resonance of second mode disturbances

When the traditional NPSE approach is applied to calcu-
late the fundamental resonance of second-mode disturbances,
it usually diverges before the 3D disturbance amplifies to a
large amplitude. Therefore, the computational work on this
subject is mainly done by DNS rather than by NPSE approach.
In this section, the improved NPSE approach is applied to
study the fundamental resonance of second mode disturbances
in a hypersonic boundary layer.

10° F T T | E
1071 F o0 -
i (1,0) 1

1072 *® Im =
I m traditional NPSE ]

- o improved NPSE |

< 107°F E
F — DNS by Yu ]

I o ]

104 | (1,1) - E
F 2 E

I "e,, . ]

107° F Nt E
g . E

1076 I ! ! | ! ! | ! ! |

450 500 550 600
T

Fig. 7. The evolution of Klebanoff-type second mode disturbances in
Ma = 6 flat-plate boundary layer. The vertical line denotes the divergence
location of the traditional NPSE approach.

Yul?>! investigated the nonlinear interaction mechanisms
of disturbances in supersonic flat-plate boundary layers by
DNS. In Ref. [25], the casel in the table 1 illustrated the non-
linear interaction mechanisms of Klebanoff-type second mode
disturbances. The same case is investigated by the improved
NPSE approach in this study. An unstable 2D disturbance of
the second mode is introduced at the inlet, accompanied by a
pair of stable 3D disturbances with the same frequency. Fig-
ure 7 shows the evolutions of Klebanoff-type second mode dis-
turbances in a Ma = 6 flat-plate boundary layer. As illustrated
by the DNS results, the 3D disturbance is damped at the be-
ginning as predicted by the linear theory. When the 2D distur-

bance increases to a certain level, the 3D disturbance amplifies

rapidly from x = 550 due to the effect of fundamental reso-
nance. The amplitude of the 2D disturbance at this location
is about 0.09. As shown in the figure, the traditional NPSE
approach diverges at x = 558 where the 3D disturbance just
starts to amplify. However the improved NPSE approach de-
scribes the process of fundamental resonance excellently. De-
spite its success in studying the dynamics of the fundamental
resonance, we should point out that the improved algorithm

diverges downstream after x = 590.

4. Conclusions

An improved algorithm for solving NPSE is developed in
this paper to address the divergence problem of the traditional
NPSE solving technique for hypersonic flow. In this approach,
the mean flow distortion generated by nonlinear interaction
is included into the linear operator. An under-relaxation fac-
tor is introduced in the iterative computation of the nonlinear
terms. This improved NPSE approach is applied to study the
nonlinear evolution of disturbances induced by the crossflow
instability and streamwise instability in hypersonic boundary
layers. Good agreement with DNS is achieved in the challeng-
ing cases. The improved algorithm is able to accurately cap-
ture the large-amplitude saturation characteristic of stationary
crossflow vortices and the process of fundamental resonance
in hypersonic flow. It is shown that the proposed algorithm
has great potential in studying the crossflow instability and

streamwise instability in hypersonic boundary layers.
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