
Chin. Phys. B Vol. 25, No. 8 (2016) 080501

Robust pre-specified time synchronization of chaotic systems by
employing time-varying switching surfaces in the sliding

mode control scheme
Alireza Khanzadeh and Mahdi Pourgholi†

Faculty of Electrical Engineering, Shahid Beheshti University, A.C. Tehran, Iran

(Received 25 September 2015; revised manuscript received 25 April 2016; published online 25 June 2016)

In the conventional chaos synchronization methods, the time at which two chaotic systems are synchronized, is usually
unknown and depends on initial conditions. In this work based on Lyapunov stability theory a sliding mode controller with
time-varying switching surfaces is proposed to achieve chaos synchronization at a pre-specified time for the first time. The
proposed controller is able to synchronize chaotic systems precisely at any time when we want. Moreover, by choosing
the time-varying switching surfaces in a way that the reaching phase is eliminated, the synchronization becomes robust
to uncertainties and exogenous disturbances. Simulation results are presented to show the effectiveness of the proposed
method of stabilizing and synchronizing chaotic systems with complete robustness to uncertainty and disturbances exactly
at a pre-specified time.
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1. Introduction

In recent decades, chaos synchronization has attracted at-
tention of many researchers. The aim of the synchronization
is that a slave system follows completely the master system,
despite existence of uncertainties and exogenous disturbances
in both systems and difference in their initial conditions. So
far various control methods have been utilized for synchro-
nizing chaotic systems, e.g. back stepping method,[1,2] lin-
ear feedback control,[3,4] nonlinear feedback control,[5] adap-
tive control,[6,7] adaptive feedback,[8] fuzzy logic control,[9]

LMI-based control,[10] observer-based control,[11,12] active
control,[13–16] Lyapunov stability theory,[17–20] and so on. In
Refs. [21] and [22], active controls have been used under the
assumption of known parameters and Lyapunov stability the-
ory has been used for establishing parameter update laws when
parameters are uncertain or fully unknown.

The sliding mode control (SMC) is the other control
method that has been also utilized effectively for chaos syn-
chronization. Although robustness to uncertainty and distur-
bances in sliding phase is one of the most important advan-
tages of SMC, neither uncertainty nor disturbances have been
considered in Refs. [23]–[29]. Uncertainty and disturbances
have been considered in Refs. [30]–[34] but these studies are
not completely robust due to the existence of the reaching
phase. However, this problem has been resolved in Refs. [35]–
[38] by establishing a reaching law and in Ref. [39] by elim-
inating the reaching phase. All the papers, which have been
so far mentioned, have asymptotical stability. As a result, in

these papers, synchronization will be realized at infinity ana-
lytically.

Finite-time stability for chaos synchronization, stabiliza-
tion and control has been achieved in some studies such as
Refs. [40]–[48] with control methods other than the sliding
mode one. Sun et al. in Ref. [49] have proposed an adaptive
combination sliding mode controller based on using the non-
singular terminal sliding mode control technique. In Ref. [50],
finite-time synchronization has been accomplished by intro-
ducing a new nonsingular terminal sliding surface. Similarly,
Aghababa and Aghababa in Ref. [51] have managed to syn-
chronize two chaotic systems finite-timely by introducing a
novel nonsingular terminal sliding surface. In some papers
such as Refs. [52]–[54], finite-time stability is available only
for either the reaching phase or sliding phase. Sun et al. in
Ref. [55] not only have succeeded in finite-time synchroniza-
tion but also have made synchronization completely robust by
eliminating the reaching phase. Nevertheless, in all these pa-
pers, only an upper bound of synchronization time has been
determined and it depends directly on the initial error. Hence,
the greater the differences, the more time the controller must
take to synchronize chaotic systems. For reducing this time
and subsequently the energy consumption, initial conditions
of two chaotic systems must be made nearer to each other at
the initial time as far as we can.

Effati et al. in Ref. [56] could accomplish the chaos syn-
chronization at a pre-specified time by an optimal control de-
sign. In their work, the proposed controller is only applicable
to chaotic Chen systems, uncertainty and disturbances must
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not exist and more important than the others is that we have to
solve a two-point boundary value problem (TPBVP).

Motivated by the above discussion, the aim of this paper
is to resolve the above problems by using the sliding mode
technique. To the best of our knowledge, this is the first work
in synchronizing and stabilizing a large class of chaotic sys-
tem in the presence of uncertainty and disturbances precisely
at a time when that time has been set in advance. Indeed, what
is intended to be carried out is that two chaotic systems with
uncertainty and disturbances are synchronized exactly at any
time when we want, is needed or asked for free of worrying
about how much two chaotic systems are far from each other
at the initial time. We will show that it can be achieved re-
markably without requiring the solution of a time-consuming
TPBVP by employing time-varying switching surfaces. More-
over, these surfaces are determined in such a way that the
reaching phase is eliminated such that the synchronization pro-
cess is completely robust to uncertainty and disturbances.

2. Preliminaries
Theorem 1[57,58] Assume that a continuous, positive-

definite function V (t) satisfies the following differential in-
equalities:

V̇ (t)≤−cV η (t) , ∀t ≥ t0, V (t0)≥ 0, (1)

where c > 0 and 0 < η < 1 are constants. Then, for any given
t0, V (t) satisfies the following inequality:

V 1−η (t)≤V 1−η (t0)− c(1−η)(t− t0),

t0 ≤ t ≤ t1 (2)

and

V (t) = 0, ∀t ≥ t1 (3)

with t1 given by

t1 ≤ t0 +
V 1−η (t0)
c(1−η)

. (4)

Lemma 1[59] Assume that a1, a2, . . . , an and 0 < q < 1
are real numbers, then we have

(|a1|+ |a2|+ · · ·+ |an|)q ≤ |a1|q + |a2|q + · · ·+ |an|q . (5)

3. System description and problem statement

It is assumed that master and slave systems are modeled
as Eqs. (6) and (7) respectively.


ẏ1 = g1 (Y )+δg1 (Y, t)+dm

1 (t) ,
ẏ2 = g2 (Y )+δg2 (Y, t)+dm

2 (t) ,
· · ·

ẏn = gn (Y )+δgn (Y, t)+dm
n (t) ,

(6)

where Y =
[

y1 · · · yn
]
∈ Rn is the state vector of the master

system, gi : Rn → R for i = 1, . . . ,n are given nonlinear func-
tions of Y and t, δgi (Y, t) and dm

i (t) for i = 1, . . . ,n are the
master system uncertainty and disturbances respectively, and


ẋ1 = f1 (X)+δ f1 (X , t)+ds

1 (t)+u1 (X ,Y, t) ,
ẋ2 = f2 (X)+δ f2 (X , t)+ds

2 (t)+u2 (X ,Y, t) ,
· · ·

ẋn = fn (X)+δ fn (X , t)+ds
n (t)+un (X ,Y, t) ,

(7)

where X =
[

x1 · · · xn
]
∈ Rn is the state vector of the slave

system, fi : Rn → R for i = 1, . . . ,n are given nonlinear func-
tions of X and t, δ fi (Y, t) and ds

i (t) for i = 1, . . . ,n are the
slave system uncertainty and disturbances and finally ui for
i = 1, . . . ,n are control signals.

Synchronization will be realized when the difference be-
tween two chaotic systems, which is called the synchroniza-
tion error henceforth, becomes zero. Accordingly, the syn-
chronization error is defined as follows:

ei (t) = xi (t)− yi (t) , i = 1, . . . ,n. (8)

Taking first-order derivative with respect to time from both
sides of the above equation, we have

ėi = ẋi− ẏi, i = 1, . . . ,n. (9)

Now if equations (6) and (7) are substituted into Eq. (9),
the dynamics of the synchronization error is expressed by


ė1 = f1 (X)−g1 (Y )+δ f1 (X , t)−δg1 (Y, t)+ds

1 (t)−dm
1 (t)+u1 (X ,Y, t) ,

ė2 = f2 (X)−g2 (Y )+δ f2 (X , t)−δg2 (Y, t)+ds
2 (t)−dm

2 (t)+u2 (X ,Y, t) ,
· · ·

ėn = fn (X)−gn (Y )+δ fn (X , t)−δgn (Y, t)+ds
n (t)−dm

n (t)+un (X ,Y, t) .

(10)

In most cases of practical situations, uncertainty and distur-

bances are naturally bounded. Therefore, some assumptions

are made below.

Assumption 1 It is assumed that the uncertainties exist-

ing in Eqs. (6) and (7) are bounded by positive known numbers

Gi and Fi respectively, i.e.,

|δgi (Y, t)|≤Gi, Gi ≥ 0, i = 1, . . . ,n,

|δ fi (X , t)|≤Fi, Fi ≥ 0, i = 1, . . . ,n. (11)

Assumption 2 It is assumed that the disturbances exist-
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ing in Eqs. (6) and (7) are bounded by positive known numbers
Dm

i and Ds
i respectively, i.e.,

|dm
i (t)|≤Dm

i , Dm
i ≥ 0, i = 1, . . . ,n,

|ds
i (t)|≤Ds

i , Ds
i ≥ 0, i = 1, . . . ,n. (12)

4. Main result
The sliding mode control procedure is composed of two

stages. The first stage is to determine a sliding surface. The
next one is to establish a control law, insuring that the state tra-
jectory converges to the sliding surface and eventually reaches
it and stays on it forever. Accordingly, in the following sub-
section, the general form of switching surfaces is described. In
the next one, the control law is established by Lyapunov sta-
bility theory. Finally, an example of terminal functions whose
general properties are specified in the following subsection is
presented.

4.1. Switching surfaces definition

The switching surfaces are considered as follows:

si=ei−hi (t) , i = 1, . . . ,n, (13)

where hi (t) for i = 1, . . . ,n are called terminal functions.[60] It
is assumed that we are able to design a controller enforcing the
synchronization error to follow terminal function completely.
Thus, complete robustness will be fulfilled provided that

hi (t0)=ei (t0) , i = 1, . . . ,n, (14)

where t0 is the initial time. Without loss of generality, the ini-
tial time is considered to be zero. According to Eq. (14), the
value of the initial error must be available. Synchronization at
a pre-specified time will be satisfied if

hi (T ) = 0, i = 1, . . . ,n, (15)

where T is the synchronization time. For t > T , the terminal
functions must be zero, otherwise the slave system will deviate
from the master system proportional to the terminal functions’
value.

As the synchronization error follows the terminal func-
tions completely and it will be shown later that the derivatives
of the terminal functions exist in control signal formula, they
must be differentiable. In general, two distinct manners can be
adopted for determining the terminal functions. We can deter-
mine them dependently or independently.

4.2. Controller design

As mentioned earlier, if there is a controller to force the
synchronization error to follow the terminal functions com-
pletely, then robust synchronization will be realized exactly

at a pre-specified time. Mathematically, the switching sur-
faces (13) must remain at zero. To this end, the controller
will be designed on the basis of Lyapunov stability theory in
this way that the time derivative of a positive definite function
of the switching surfaces is negative definite.

Theorem 2 Synchronization between master and slave
systems (6) and (7) can be achieved in the presence of uncer-
tainty and disturbances precisely at a pre-specified time T only
if the controller in slave system is chosen as

ui (X ,Y, t) = − fi (X)+gi (Y )+ ḣi (t)

−
(
βi |si|µ + ki

)
sign(si) , i = 1, . . . ,n, (16)

where βi and ki for i= 1, . . . ,n and µ < 1 are positive constant.
Proof Consider the following positive-definite function:

V (S) =
n

∑
i=1
|si| , (17)

and taking the derivative of both sides of Eq. (17) with respect
to time, we obtain

V̇ (S) =
n

∑
i=1

ṡi · sign(si). (18)

Firstly, ṡi for i = 1, . . . ,n are determined. Thus, according to
Eq. (8), ṡi can be written as

ṡi (t) = ėi (t)− ḣi (t) . (19)

Replacing ėi (t) by Eq. (10), we have

ṡi = fi (X)−gi (Y )+δ fi (X , t)−δgi (Y, t)

+ds
i (t)−dm

i (t)+ui (X ,Y, t)− ḣi (t) . (20)

Control law ui(XYt) can be replaced by the terms on the right-
hand side of Eq. (16). Thus, with some simplifications, equa-
tion (20) can be written as

ṡi = δ fi (X , t)−δgi (Y, t)+ds
i (t)−dm

i (t)

−
(
βi |si|µ + ki

)
sign (si) . (21)

Now if both sides of Eq. (21) are multiplied by sign (si), we
have

ṡi sign (si) = (δ fi (X , t)−δgi (Y, t)+ds
i (t)

−dm
i (t))sign (si)− ki · sign (si) sign (si)

−βi |si|µ · sign (si) sign (si) . (22)

We know that sign (si) sign (si) = 1. Thus, equation (22) can
be rewritten as follows:

ṡi sign (si) = (δ fi (X , t)−δgi (Y, t)+ds
i (t)−dm

i (t)) sign (si)

−ki−βi |si|µ , (23)

ṡi sign (si) also satisfies the following inequality

ṡi sign (si) ≤ |(δ fi (X , t)−δgi (Y, t)+ds
i (t)−dm

i (t)) sign (si)|
−ki−βi |si|µ
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≤ |δ fi (X , t)−δgi (Y, t)+ds
i (t)−dm

i (t)| |sign (si)|
−ki−βi |si|µ

≤ (Gi +Fi +Dm
i +Ds

i )− ki−βi |si|µ . (24)

If it is assumed that

ki = Gi +Fi +Dm
i +Ds

i + γi,

γi > 0 for i = 1, . . . ,n, (25)

then

ṡi sign (si)≤−γi−βis
µ

i ≤−βi |si|µ . (26)

Combining inequality (26) with Eq. (17) yields

V̇ (S) =
n

∑
i=1

ṡi sign(si)

= ṡ1 sign (s1)+ ṡ2 sign (s2)+ · · ·+ ṡn sign (sn)

≤ −β1 |s1|µ −β2 |s2|µ −·· ·−βn |sn|µ

≤ −βmin
(
|s1|µ + |s2|µ + · · ·+ |sn|µ

)
, (27)

where βmin = min(β1,β2, . . . ,βn). Using Lemma 1, the fol-
lowing inequality can be obtained:

V̇ (S) ≤ −βmin (|s1|+ |s2|+ · · ·+ |sn|)µ

= −βmin (V (S))µ . (28)

According to inequality (28), the time derivative of Eq. (17) is
negative-definite. The implication of Eq. (28) is that the con-
troller (16) will return the synchronization error to the sliding
surface finite-timely once the smallest possible deviation from
the sliding surface is observed. Hence, the error trajectory fol-
lows the sliding surface. This guarantees that the slave sys-
tem (7) is synchronized with its master system (6) precisely at
time T .

Remark 1 With an ideal switch, the error trajectory
can never ever move apart from the sliding surface even so
slightly; however, a practical switch does not have this abil-
ity. Therefore, we should anticipate that the error trajectory
deviates from the sliding surface. The inequality (28) im-
plies that if the error trajectory is outside the sliding surface
at time t1, it will be returned to the sliding surface at time
t2 ≤ t1+V 1−µ (t1)/βmin(1−µ). Since the controller (16) with
observing the smallest possible deviation forces the error tra-
jectory to return to the sliding surface, neither the deviation
at time t1 nor V (t1) is significant at all. Hence, essentially,
(t2− t1) is small. Nonetheless, it can be further diminished by
making µ as far as possible nearer to zero and by increasing
βmin, but increasing βmin results in more energy consumption.
Indeed, the controller (16) must consume more energy in or-
der to return the error trajectory to the sliding surface in less
time. Therefore, we should make a compromise between two
desires. Ultimately, we will ensure that the slave system (7)
is synchronized with its master system (6) precisely at time
T if the parameters µ and βmin are chosen in such a way that
(t2− t1) is not comparable to T .

4.3. An example of the terminal functions

It is necessary for the terminal functions to be differen-
tiable and satisfy two conditions (14) and (15). Therefore, we
use the polynomial function and for simplicity they are pre-
sented for third-order chaotic systems. Consider the polyno-
mial function Q(t) as follows:

Q(t) = t7 +a6t6 +a5t5 +a4t4 +a3t3

+a2t2 +a1t +a0. (29)

We define terminal functions dependently for t ≤ T as follows:

h1 (t) = Q(t) , h2 (t) = Q̇(t) , h3 (t) = Q̈(t) (30)

and for t > T , all of them are equal to zero. Now, two condi-
tions (14) and (15) and differentiability at t = T will be met if
there are coefficients a0, . . . , a6 satisfying the following alge-
braic equations:

h1 (0) = a0 = e1 (0) , h2 (0) = a1 = e2 (0) ,

h3 (0) = 2a2 = e3 (0) , h1 (T ) = 0,

h2 (T ) = 0, h3 (T ) = 0, Q(3) (T ) = 0. (31)

The system of algebraic equations (31) is composed of seven
equations and seven unknowns. Assuming that the initial er-
rors are known, a0, a1, and a2 can be directly obtained from
the first three equations of Eq. (31):

a0 = e1 (0) , a1 = e2 (0) , a2 = e3(0)/2. (32)

Using Eq. (32), the remaining four equations of Eq. (31) can
be rewritten in the matrix form as follows:

T 3 T 4 T 5 T 6

3T 2 4T 3 5T 4 6T 5

6T 12T 2 20T 3 30T 4

6 24T 60T 2 120T 3




a3
a4
a5
a6



=


−e1 (0)−Te2 (0)−T 2e3 (0)

/
2−T 7

−e2 (0)−Te3 (0)−7T 6

−e3 (0)−42T 5

−210T 4

 . (33)

As the determinant of the coefficient matrix is equal to 12T 12,
there will be the terminal functions (30) that satisfy the con-
ditions (14) and (15) and at the same time differentiability at
t = T . According to the Cramer’s rule, the values of the re-
maining unknowns will be equal to


a3
a4
a5
a6

 =



20
T 3 − 45

T 4
36
T 5 − 10

T 6

− 10
T 2

25
T 3 − 21

T 4
6

T 5

2
T
− 11

2T 2
5

T 3 − 3
2T 2

−1
6

1
2T

− 1
2T 2

1
6T 3



T
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×


−e1 (0)−Te2 (0)−T 2e3 (0)

/
2−T 7

−e2 (0)−Te3 (0)−7T 6

−e3 (0)−42T 5

−210T 4

 , (34)

with knowing the exact values of the coefficients, the control
law is determined completely.

5. Simulation results
In this section, effectiveness and applicability of the pro-

posed method is illustrated by some examples. The first-order
differential equations are numerically approximated by the Eu-
ler method. Numerical simulations are implemented in MAT-
LAB software. For having as accurate simulation results as
possible, the step size 0.0001 is taken.

Two non-identical Lu[61] and Liu[62] chaotic systems are
considered as master and slave systems and their dynamics are
respectively as follows: ẏ1 = 36(y2− y1) ,

ẏ2 =−y1y3 +20y2,
ẏ3 = y1y2−3y3,

(35)

and 
ẋ1 = 10(x2− x1) ,
ẋ2 = 40x1− x1x3,
ẋ3 =−2.5x3 + x2

1.
(36)

Initial conditions of master and slave systems have been set
at Y0 =

[
−1.5 −2 −2.5

]
and X0 =

[
2 1.5 2.2

]
respectively.

Time solutions of corresponding state variables of master and
slave systems are compared in Fig. 1.
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Fig. 1. (color online) Comparison of the time response of the state be-
tween Lu system (35) and Liu system (36).

Firstly, simulation is performed without considering un-
certainty nor disturbances. Therefore, ki = 0 for i = 1,2,3.
The synchronization time has been set at T = 2 s. The con-
troller is applied to the slave system (36) when the controller
parameters have been set as βi = 1 for i = 1,2,3 and µ = 0.5.
Now that the control signals have been applied to the slave

system (36), we expect that the slave system is synchronized
with the master system exactly at t = 2 s. Figure 2 demon-
strates that the controller has satisfied our expectation because
the error reaches zero exactly at t = 2 s. This means that the
trajectory of the slave system has reached the trajectory of the
master system by the controller just at t = 2 s (Fig. 3). The
control signals have been depicted in Fig. 4.
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Fig. 2. (color online) Synchronization error between Lu system (35)
and Liu system (36) after applying the controller.
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Fig. 3. (color online) The state variable of Lu system (35) and
Liu system (36) synchronized at t = 2 s with initial conditions
Y0=

[
−1.5 −2 −2.5

]
and X0=

[
2 1.5 2.2

]
.
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Fig. 4. (color online) Control signals applied to the slave system in or-
der to synchronize Liu system (36) with Lu system (35) at t = 2 s with
initial conditions Y0=

[
−1.5 −2 −2.5

]
and X0=

[
2 1.5 2.2

]
.
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e1

e2

e3

0 1 2 3
Time/s

20

0

-20

-40

e
1
↪ 
e
2
↪ 
e
3

Fig. 5. (color online) Synchronization error between Lu system (35)
and Liu system (36) after applying the controller to the slave system to
be synchronized with master precisely at T = 1 s.
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Fig. 6. (color online) State variable of Lu system (35) and Liu sys-
tem (36) to be synchronized just at t = 1 s with initial conditions
Y0 =

[
−1.5 −2 −2.5

]
and X0 =

[
2 1.5 2.2

]
.
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Fig. 7. (color online) Control signals applied to the slave system in or-
der to synchronize Lu system (35) and Liu system (36) at t = 1 s with
initial conditions Y0=

[
−1.5 −2 −2.5

]
and X0=

[
2 1.5 2.2

]
.

Now, to show the ability of the proposed method of syn-
chronizing two chaotic systems at any pre-specified time, the
synchronization time is set at T = 1 s. Figure 5 shows that
synchronization is realized right at t = 1 s. Time series of state
variables are shown in Fig. 6. Control signals resulting in syn-
chronization exactly at t = 1 s are illustrated in Fig. 7. These

two simulations testify the ability of the proposed controller in
synchronizing two chaotic systems at any pre-specified time
free of worrying about how far they are from each other at the
initial time.

Here, it is assumed that uncertainty and disturbances are
present in both master and slave systems as follows:

ẏ1 = 36(y2− y1)+0.5y1 cos(3.5t)

+ cos(1.5t)+u(t−1) ,

ẏ2 =−y1y3 +20y2 +0.5y2 cos(5t)

+ cos(−0.5t)+u(t−2) ,

ẏ3 = y1y2−3y3 +0.5y3 cos(0.75t)

+ cos(1/7t)+u(t−3) ,

(37)

and 

ẋ1 = 10(x2− x1)+0.5x1 sin(3t)

+ sin(t)+u(t−4) ,

ẋ2 = 40x1− x1x3 +0.5x2 sin(1.5t)

+ sin(4t)+u(t−5) ,

ẋ3 =−2.5x3 + x2
1 +0.5x3 sin(0.5t)

+ sin(2t)+u(t−6) .

(38)

The initial conditions are just the same as the first one. Con-
trol signals are applied to Eqs. (38) when µ = 0.5, βi = 7 for
i = 1,2,3, k1 = k2 = 12 and k3 = 25. The controller is in-
tended to synchronize the slave system (38) with the master
system (37) exactly at t = 2 s in the presence of uncertainty
and disturbances. The time series of the synchronization er-
rors is illustrated in Fig. 8. This figure shows that the con-
troller has executed its duty because the synchronization error
has arrived at zero exactly at t = 2 s despite uncertainty and
disturbances in both systems. The time series of the state vari-
able of systems (37) and (38) are shown in Fig. 9. Figure 10
shows the control signals inducing systems (37) and (38) to be
synchronized just at t = 2 s in the presence of uncertainty and
disturbances.
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-20
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2
↪ 
e
3

e1

e2

e3

Fig. 8. (color online) Synchronization error between Liu system (36)
with Lu system (35) in the presence of uncertainty and disturbances
after applying the control signals to the slave system. (36)
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A very simple comparison between Fig. 2 and Fig. 8
shows that the existence of uncertainty and the presence of dis-
turbance have no effect on the system behavior. Strictly speak-
ing, the controller forces the synchronization error to follow
a pre-determined trajectory whether there exists uncertainties
and disturbances or not. This confirms system robustness to
uncertainty and disturbance from the beginning of the system
motion.
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Fig. 9. (color online) State variable of system (37) and system (38)
synchronized at t = 2 s in the presence of uncertainty and disturbances.
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Fig. 10. (color online) Control signals applied to the slave system in
order to synchronize system (38) with system (37) at t = 2 s in the pres-
ence of uncertainty and disturbances.

6. Conclusions
Synchronizing chaotic system exactly at a pre-specified

time in the presence of uncertainty and disturbances is
achieved for a large class of chaotic systems using time-
varying sliding mode control without requiring to solve a TP-
BVP for the first time. The complete robustness of the syn-
chronization process to uncertainty and disturbances is also
demonstrated. This approach could be applied to other types
of synchronization such as projective, function projective or
modified function projective synchronization. Central limita-
tion of this approach is the need for exact knowledge of the
values of initial conditions. Further work can be carried out

about relaxing the assumption of exact knowledge and intro-
ducing more suitable terminal functions that do not lower prac-
tical applications of this approach.

References
[1] Yassen M 2007 Phys. Lett. A 360 582
[2] Yu Y and Zhang S 2004 Chaos, Solitons & Fractals 21 643
[3] Wang F and Liu C 2006 Phys. Lett. A 360 274
[4] Jiang G P, Chen G and Tang W K S 2003 Int. J. Bifur. Chaos 13 2343
[5] Chen H H, Sheu G J, Lin Y L and Chen C S 2009 Nonlinear Analysis:

Theory, Methods & Applications 70 4393
[6] Chen S and Lu J 2002 Chaos, Solitons & Fractals 14 643
[7] Park J 2005 Chaos, Solitons & Fractals 26 959
[8] Wang T and Jia N 2012 Appl. Math. Comput. 218 7231
[9] Yau H T and Shieh C S 2008 Nonlinear Analysis: Real World Applica-

tions 9 1800
[10] Kuntanapreeda S 2009 Phys. Lett. A 373 2837
[11] Jiang G P, Zheng W X, Tang W K S and Chen G 2006 IEEE Trans.

Circuits and Systems II: Express Briefs 53 110
[12] Wen G and Xu D 2005 Chaos, Solitons & Fractals 26 71
[13] Chen H 2005 Chaos, Solitons & Fractals 25 1049
[14] Lei Y, Xu W and Zheng H 2005 Phys. Lett. A 343 153
[15] Ho M C, Hung Y C and Chou C H 2002 Phys. Lett. A 296 43
[16] Zhang H and Ma X 2004 Chaos, Solitons & Fractals 21 39
[17] Shen L and Wang M 2008 Chaos, Solitons & Fractals 38 106
[18] Li K Z, Zhao M C and Fu X C 2009 IEEE Trans. Circuits and Systems

I: Regular Papers 56 2280
[19] Shen L, Liu W and Ma J 2009 Chaos, Solitons & Fractals 42 1292
[20] Du H, Zeng Q, Wang C and Ling M 2010 Nonlinear Analysis: Real

World Applications 11 705
[21] Al-Sawalha A 2009 Chaos, Solitons & Fractals 42 1926
[22] Wang Z 2009 Nonlinear Dynamics 59 455
[23] Haeri M and Emadzadeh A A 2007 Chaos, Solitons & Fractals 31 119
[24] Vasegh N and Khellat F 2009 Chaos, Solitons & Fractals 42 1045
[25] Chen D, Zhang R, Ma X and Liu S 2012 Nonlinear Dynamics 69 35
[26] Kocamaz U E, Uyaroglu Y and Kizmaz H 2014 International Journal

of Adaptive Control and Signal Processing 28 1413
[27] Ablay G 2009 Nonlinear Analysis: Hybrid Systems 3 531
[28] Chiang T Y, Hung M L, Yan J J, Yang Y S and Chang J F 2007 Chaos,

Solitons & Fractals 34 437
[29] Kuo C 2011 Computers & Mathematics with Applications 61 2090
[30] Cai N, Jing Y and Zhang S 2010 Commun. Nonlinear Sci. Numer.

Simul. 15 1613
[31] Yau H T, Kuo C L and Yan J J 2006 Int. J. Nonlinear Sci. Numer. Simul.

7 333
[32] Lin T C, Chen M C and Roopaei M 2011 Engineering Applications of

Artificial Intelligence 24 39
[33] Yang C C and Ou C J 2013 Commun. Nonlinear Sci. Numer. Simul. 18

682
[34] Roopaei M, Sahraei B R and Lin T C 2010 Commun. Nonlinear Sci.

Numer. Simul. 15 4158
[35] Zhang B and Guo H 2015 Nonlinear Dynamics 81 867
[36] Yahyazaddeh M, Noei A R and Ghaderi R 2011 ISA Transactions 50

262
[37] Feki M 2009 Chaos, Solitons & Fractals 41 1390
[38] Zhang H, Ma X K and Liu W Z 2004 Chaos, Solitons & Fractals 21

1249
[39] Kuo C L, Shieh C S, Lin C H and Shih S P 2007 Commun. Comput.

Inform. Sci. 5 36
[40] Louodop P, Kountchou M, Fotsin H and Bowong S 2014 Nonlinear

Dynamics 78 597
[41] Yu W 2010 Phys. Lett. A 374 3021
[42] Wang H, Han Z Z, Xie Q Y and Zhang W 2009 Nonline Analysis: Real

World Applications 10 2842
[43] Guo R and Vincent U E 2010 Phys. Lett. A 375 119
[44] Kazerooni M, Pourdehi S, Sarvestani A S and Sarvestani R S 2013 3rd

International Conference on Control, Instrumentation and Automation
(ICCIA) p. 107

[45] Wang J, Chen X and Fu J 2014 Nonlinear Dynamics 78 1321
[46] Zhou X, Jiang M and Cai X 2014 Abstract and Applied Analysis 2014

1

080501-7

http://dx.doi.org/10.1016/j.physleta.2006.08.067
http://www.ncbi.nlm.nih.gov/pubmed/26841519
http://dx.doi.org/10.1016/j.physleta.2006.08.037
http://dx.doi.org/10.1142/S0218127403008004
http://www.ncbi.nlm.nih.gov/pubmed/27279763
http://www.ncbi.nlm.nih.gov/pubmed/27279763
http://www.ncbi.nlm.nih.gov/pubmed/26841519
http://www.ncbi.nlm.nih.gov/pubmed/26841519
http://dx.doi.org/10.1016/j.nonrwa.2007.05.009
http://dx.doi.org/10.1016/j.nonrwa.2007.05.009
http://dx.doi.org/10.1016/j.physleta.2009.06.006
http://dx.doi.org/10.1109/TCSII.2005.857087
http://dx.doi.org/10.1109/TCSII.2005.857087
http://www.ncbi.nlm.nih.gov/pubmed/26841519
http://www.ncbi.nlm.nih.gov/pubmed/26841519
http://dx.doi.org/10.1016/j.physleta.2005.06.020
http://dx.doi.org/10.1016/S0375-9601(02)00074-9
http://www.ncbi.nlm.nih.gov/pubmed/26841519
http://www.ncbi.nlm.nih.gov/pubmed/26841519
http://dx.doi.org/10.1109/TCSI.2008.2012208
http://dx.doi.org/10.1109/TCSI.2008.2012208
http://www.ncbi.nlm.nih.gov/pubmed/26841519
http://dx.doi.org/10.1016/j.nonrwa.2009.01.016
http://dx.doi.org/10.1016/j.nonrwa.2009.01.016
http://www.ncbi.nlm.nih.gov/pubmed/26841519
http://www.ncbi.nlm.nih.gov/pubmed/26841519
http://www.ncbi.nlm.nih.gov/pubmed/26841519
http://dx.doi.org/10.1007/s11071-011-0244-7
http://dx.doi.org/10.1002/acs.v28.12
http://dx.doi.org/10.1002/acs.v28.12
http://dx.doi.org/10.1016/j.nahs.2009.04.002
http://www.ncbi.nlm.nih.gov/pubmed/26841519
http://www.ncbi.nlm.nih.gov/pubmed/26841519
http://www.ncbi.nlm.nih.gov/pubmed/27286079
http://dx.doi.org/10.1016/j.cnsns.2009.06.012
http://dx.doi.org/10.1016/j.cnsns.2009.06.012
http://dx.doi.org/10.1016/j.engappai.2010.10.002
http://dx.doi.org/10.1016/j.engappai.2010.10.002
http://dx.doi.org/10.1016/j.cnsns.2012.07.012
http://dx.doi.org/10.1016/j.cnsns.2012.07.012
http://dx.doi.org/10.1016/j.cnsns.2010.02.017
http://dx.doi.org/10.1016/j.cnsns.2010.02.017
http://dx.doi.org/10.1007/s11071-015-2036-y
http://dx.doi.org/10.1016/j.isatra.2010.10.009
http://dx.doi.org/10.1016/j.isatra.2010.10.009
http://www.ncbi.nlm.nih.gov/pubmed/26841519
http://www.ncbi.nlm.nih.gov/pubmed/26841519
http://www.ncbi.nlm.nih.gov/pubmed/26841519
http://dx.doi.org/10.1007/978-3-540-77600-0
http://dx.doi.org/10.1007/978-3-540-77600-0
http://dx.doi.org/10.1007/s11071-014-1463-5
http://dx.doi.org/10.1007/s11071-014-1463-5
http://dx.doi.org/10.1016/j.physleta.2010.05.040
http://dx.doi.org/10.1016/j.nonrwa.2008.08.010
http://dx.doi.org/10.1016/j.nonrwa.2008.08.010
http://dx.doi.org/10.1016/j.physleta.2010.10.037
http://dx.doi.org/10.1007/s11071-014-1518-7


Chin. Phys. B Vol. 25, No. 8 (2016) 080501

[47] Wang T, Zhao S, Zhou W and Yu W 2014 ISA Transactions 53 1184
[48] Chuang C F, Wang W J, Sun Y J and Chen Y J 2013 Int. J. Sys. Sci. 44

1052
[49] Sun J, Shen Y, Wang X and Chen J 2014 Nonlinear Dynamics 76 383
[50] Aghababa M P, Khanmohammadi S and Alizadeh G 2011 Appl. Math.

Model. 35 3080
[51] Aghababa M P and Aghababa H P 2013 Arabian Journal for Science

and Engineering 38 3221
[52] Wang H, Han Z Z, Xie Q Y and Zhang W 2009 Commun. Nonlinear

Sci. Numer. Simul. 14 1410
[53] Xiang W and Huangpu Y 2010 Commun. Nonlinear Sci. Numer. Simul.

15 3241
[54] Mobayen S 2014 Complexity
[55] Sun J, Shen Y, Wang X and Chen J 2014 Nonlinear Dynamics 76 383
[56] Effati S, Saberi N H and Jajarmi A 2013 Nonlinear Dynamics 73 499

[57] Wang H, Han Z Z, Xie Q Y and Zhang W 2009 Nonlinear Analysis:
Real World Applications 10 2842

[58] Bhat S P and Bernstein D S 2000 SIAM Journal on Control and Opti-
mization 38 751

[59] Aghababa M P and Feizi H 2012 Transactions of the Institute of Mea-
surement and Control 34 990

[60] Liu J and Sun F 2007 Journal of Control Theory and Applications 5
189

[61] Lu J and Chen G 2002 Int. J. Bifur. Chaos 12 659
[62] Wang Z 2010 Nonlinear Dynamics 59 455
[63] Banerjee S, Mitra M and Rondoni L 2011 Oscillations, Feed-

back and Bifurcation in Mathematical Models of Angiogenesis and
Haematopoiesis, Vol. 1 (Berlin: Springer)

[64] Zhang J, Li C, Zhang H and Yu J 2004 Chaos, Solitons & Fractals 21
1183

[65] Ho M C and Hung Y C 2002 Phys. Lett. A 301 424

080501-8

http://dx.doi.org/10.1016/j.isatra.2014.03.016
http://dx.doi.org/10.1080/00207721.2011.652227
http://dx.doi.org/10.1080/00207721.2011.652227
http://dx.doi.org/10.1007/s11071-013-1133-z
http://dx.doi.org/10.1016/j.apm.2010.12.020
http://dx.doi.org/10.1016/j.apm.2010.12.020
http://dx.doi.org/10.1007/s13369-012-0459-z
http://dx.doi.org/10.1007/s13369-012-0459-z
http://dx.doi.org/10.1016/j.cnsns.2007.12.006
http://dx.doi.org/10.1016/j.cnsns.2007.12.006
http://dx.doi.org/10.1016/j.cnsns.2009.12.012
http://dx.doi.org/10.1016/j.cnsns.2009.12.012
http://dx.doi.org/10.1002cplx21624
http://dx.doi.org/10.1007/s11071-013-1133-z
http://dx.doi.org/10.1007/s11071-013-0804-0
http://dx.doi.org/10.1016/j.nonrwa.2008.08.010
http://dx.doi.org/10.1016/j.nonrwa.2008.08.010
http://dx.doi.org/10.1137/S0363012997321358
http://dx.doi.org/10.1137/S0363012997321358
http://dx.doi.org/10.1177/0142331211434657
http://dx.doi.org/10.1177/0142331211434657
http://dx.doi.org/10.1007/s11768-005-5275-5
http://dx.doi.org/10.1007/s11768-005-5275-5
http://dx.doi.org/10.1142/S0218127402004620
http://dx.doi.org/10.1007/s11071-009-9552-6
http://www.ncbi.nlm.nih.gov/pubmed/26841519
http://www.ncbi.nlm.nih.gov/pubmed/26841519
http://dx.doi.org/10.1016/S0375-9601(02)00987-8

	1. Introduction
	2. Preliminaries
	3. System description and problem statement
	4. Main result
	4.1. Switching surfaces definition
	4.2. Controller design
	4.3. An example of the terminal functions

	5. Simulation results
	6. Conclusions
	References

