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Decoherence suppression for three-qubit W-like state using
weak measurement and iteration method*
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Multi-qubit entanglement states are the key resources for various multipartite quantum communication tasks. For a
class of generalized three-qubit quantum entanglement, W-like state, we demonstrate that the weak measurement and the
reversal measurement are capable of suppressing the amplitude damping decoherence by reducing the initial damping factor
into a smaller equivalent damping factor. Furthermore, we propose an iteration method in the weak measurement and the
reversal measurement to enhance the success probability of the total measurements. Finally, we discuss how the number of
the iterations influences the overall effect of decoherence suppression, and find that the “half iteration” method is a better

option that has more practical value.
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1. Introduction

Quantum entanglement states are the critical re-
sources needed in quantum computation and quantum com-
munication, such as quantum teleportation,'3! quantum

[4-6] [7-10]

dense coding, quantum key distribution, quan-

tum secure direct communication,[!1=13] and quantum secret

14-16] However, a quantum state will couple with

sharing.!
the environment inevitably, which brings quantum noise and
breaks the coherence of quantum entanglement state, leading
to the degradation or even the failure of quantum tasks.
Several methods have been proposed to overcome the in-
fluence of decoherence on quantum entanglements. Quan-
tum entanglement purification is one of the most direct meth-
ods. The purification uses proper local operations and classical
communications to extract a sub-ensemble with higher purity
from a quantum ensemble polluted by noise.!'’~") Quantum
error coding is another important method to solve the deco-
herence problem, which is used to recover the initial quan-
tum information from the coded quantum messages by insert-

[20-22] Recently, a strategy

ing some redundant information.
based on the so-called decoherence-free subspace has been
proposed. This strategy utilizes a noiseless sub-space of the
quantum Hilbert space to construct the quantum code that can
avoid the decoherence. 232!

Weak measurement is a type of quantum measurement
that would not cause the quantum system to fully collapse,
thus the weak-measured system may be recovered through
some reversal operations. The probabilistic reversing opera-

tion of an unsharp measurement was discussed in the context

DOI: 10.1088/1674-1056/25/8/080310

of quantum error correction.!”®! Some researchers employed
an additional weak measurement to implement the recovery
and have experimentally demonstrated their methods on a sin-
gle superconducting qubit, single photonic qubit and arbitrary
cavity field states with finite photons.>’-2°! Al-Amri et al. pro-
posed an alternative way based on Hadamard and Controlled-
NOT (CNOT) gates that can shorten the reversal time.*%! This
approach was also discussed in Ref. [31] to recover an arbi-
trary pure two-qubit entanglement state that has undergone a
weak measurement. Recently, Korotkov and Keane,*?! Kim

133 B34 demonstrated that the weak mea-

et al.,'33] and Lee et al.
surement and the measurement reversal can protect the single
qubit state and two-qubit entanglement state from the ampli-
tude damping decoherence.

With the rapid development of quantum technology, mul-
tipartite communication will become an important form of
quantum communication, whose realization is based on multi-

s.13538] Current research

qubit quantum entanglement state
about decoherence suppression for multi-qubit entanglement
usually focuses on a few special quantum states, such as
Greenberger—Horne—Zeilinger (GHZ) state and W state. 3911
Based on Refs. [32]-[34], Liao er al.[*?! used the weak mea-
surement method and quantum measurement reversal to pre-
serve the entanglement of three-qubit GHZ state and three-
qubit W state, demonstrating that this method was capable of
enhancing the negativity of the entanglement and the fidelity
of teleportation. The three-qubit W-like state is a more general
quantum entanglement state that has been used in many quan-

tum communication schemes.[*3#3 However, research on de-
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coherence suppression for W-like state is rather insufficient.

In this paper, we use the weak measurement and the rever-
sal measurement to cope with the decoherence of three-qubit
Wk-like state in the amplitude damping channel, and demon-
strate that it is effective to improve the quality of the entan-
glement. Through the theoretical derivation, we obtain a more
concise result to show the effect of the decoherence suppres-
sion. After the weak measurement and the reversal measure-
ment, the initial damping factor of the amplitude damping
channel is changed into another smaller damping factor, and
we call it the equivalent damping factor. Unfortunately, if we
want to obtain a smaller equivalent damping factor, we must
increase the measurement strengths, which will eventually re-
duce the total success probability of the decoherence suppres-
sion. Further, to enhance the success probability, we propose a
method of iterated measurements and analyze the influence of
the number of the iterations on the success probability. Finally,
we present a method called “half iteration” that is optimal for
increasing the success probability when it obtains the same
equivalent damping factor as other methods.

2. Influence of amplitude damping on W-like
state

Amplitude damping is an important type of quantum de-
coherence, which can model many practical physical pro-
cesses, such as spontaneous emission and super-conduction
with zero-temperature energy relaxation. In an amplitude
damping channel, the evolutions of a single qubit system state
and the environment can be described as the following quan-

tum transformation: (46!

10)sys 10 Eny = 0)sys 0)Eny 5
Dsys 0eny = V1I=2[1)gys [0)pny » M
+\/7L|0>SYS [ Deny »

where A is the amplitude damping factor, SYS denotes the

Uap =

system, and ENV represents the environment. According to
quantum noise theory, the Kraus operator of this channel can
be given as

10 0 Vi

The three-qubit W-like state is described as
W) =0t [100) 4 g +B [010) e + 7[001) 4 g - €)

The coefficients o, B, and y are complexes that satisfy
la|> +|B|*> +|7|> = 1. The subscripts A, B, and C denote dif-
ferent qubits of the W-like state. After suffering the amplitude
damping, the evolution of the W-like state can be expressed as
the following operator-sum representation:

pi= Y E'®EPQEfpy(E} 9EF QEf)". 4)
i,=0,1

Here, p is the density matrix of the initial pure state |W;),
E{, E?, and Ef are the Kraus operators on qubits A, B, and C,
respectively. For the simplicity of analysis, we assume that
each qubit of the W-like state undergoes amplitude damping
with the same damping factor A, then we obtain the following

result:
A 0 0 0 0 000 |
0 (1I-A)|y* (1-2)yB* 0 (1-A)ya* 000
0 (1-2)By* (1-A)|B]* 0 (1-2)Ba* 00 0
0 0 0 0 0 000
pi= ) 2 -0
0 (1-A)ay* (1-A)af* 0 (1-A)|a/> 000
0 0 0 0 0 000
0 0 0 0 0 000
0 0 0 0 0 000 |

According to Eq. (5), we have po—pj|y—g. Compare p;
with po, then it will be easy to obtain the following equation:

p1=(1—2)po+ A |000) (000|. (6)

That is to say, after suffering the amplitude damping, the
W-like state lies in the initial state with probability (1 — 1) and
turns into state |000) with probability A.

From Eq. (6), the Bures fidelity of p; to po can be calcu-
lated as

F(pr.po) =1y Vapv)| =1-2. @)

3. Decoherence suppression for W-like state us-
ing weak measurement

In this part, we will discuss the effects of the weak mea-
surement and the reversal measurement on the W-like state un-
dergoing amplitude damping.

The weak measurement on a three-qubit system can be
described as a tensor product of three non-unitary quantum
operations, expressed as

1 0 1 0
My (p1,p2,p3) = OM ® OM

® [ b9 ] , ®)
0+v1—p;
where pi, p2, and p3 are the weak measurement strengths on
the three qubits of the W-like state respectively.

Before suffering amplitude damping, the weak measure-
ment is performed on the initial W-like state. Then, the three
qubits of the W-like state are distributed to the three remote
After that, the
users carry out the three-qubit reversal measurement described

users through amplitude damping channel.

as the following operation:

V1—=pn 0‘|®[v1_Pr2 O‘|

Mrev (prl»pr27pr3) = l 0 0 0 0
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where p;1, pro, and py3 are the reversal measurement strengths
and satisfy the optimal reversing condition:

pri=pi+A(1—p;). (10)

Considering the assumption that the three qubits of the
W-like state have the same amplitude damping factor A, let
p1 = p2 = p3 = p, then py| = pp = pr3 = pr. After the weak
measurement, the amplitude damping and the reversal mea-
surement above, the initial pure W-like state will evolve into a
mixed state having the following density matrix:

L 0 0 0 0 00 0
0 w us 0 pg 0 0 O
0 w3y Ms 0 pg 0 0 O
11l o 0o o 00 000
Pl o w ow owoool P
0 0 0 000
0 0 0 00 0
L0 0 0 00 0
where
w=A(1-p)(1-p;)°,
to = (1=2A)(1=p)(1—po)* |y,
s =(1-24)(1=p)(1—p:)*yB*,
s = (1=A)(1=p)(1—pr)ya’,
s = (1=A) (1= p)(1 = pePIBP,
o= (1= 2)(1 = p)(1 - pr)*Bar’
= (1-2)(1-p)(1—py)*|af,
L=(1—=p)(1—p)*(1=Apy). (12)

The total success probability of the weak measurement
and the reversal measurement is

Ps:(lfp)(lfpr)z(lfkpr)' (13)

Comparing Eq. (11) with Eq. (5), we can derive the fol-
lowing result:

P2=(1 = Aey) Po + Aey [000) (000 . (14)

Equation (14) means that for the W-like state, the weak
measurement and the reversal measurement change the ini-
tial amplitude damping channel into an equivalent amplitude
damping channel with a smaller damping factor as

(1 _pr)
= ——7"A<A. 15
Ae = 2p) (15)

Here, A.y is called the equivalent damping factor. The
Bures fidelity of p; to pg is

F(pa.po) =[Te(y/Vauprvi)| =1 -2 (16)

Obviously, F(p2,po) is higher than F(pi,po), showing
that the weak measurement and the reversal measurement can
suppress the decoherence of W-like state effectively.

The equivalent damping factor Ay, of the weak measure-
ment and the reversal measurement, varying with p and A is
shown in Fig. 1. It can be seen from Fig. 1 that, given a spe-
cific A, a smaller Ay can be obtained in the case of a stronger
weak measurement strength p; while given a specific p, Aey
increases with the increase of A.

Equvilent damping factor

Fig. 1. (color online) Equivalent damping factor of the weak measure-
ment and the reversal measurement.

The total success probability Ps of the weak measurement
and the reversal measurement is shown in Fig. 2. From this fig-
ure we can see that Ps decreases with p and A increasing. This
means that if we want to obtain a smaller A, by increasing p,
then we will obtain a smaller success probability, and Ps will
be much smaller in the case of larger A, which leads to a great
consumption of the quantum entanglement resources.

Success probability

Fig. 2. (color online) Total success probability of the weak measure-
ment and the reversal measurement.

According to this problem, we try to find whether the suc-
cess probability could be raised to some extent and thus to im-
prove the overall performance of the decoherence suppression
scheme above. This will be discussed below.

080310-3
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4. Improvement in success probability via iter-
ated measurements

We consider Eq. (15) again and change it into the follow-

ing expression:

(1 _pr)
0=+ (=2

Equation (17) means that a smaller (1 — p;) will lead to

2'eV:

a7

a smaller Ay in the case of a given A. Based on this think-
ing, if the weak measurement and the reversal measurement
are carried out several times, a smaller measurement strength
pair (p, pr) would be needed to obtain an equal Ay, which may
lead to a larger success probability.

If we perform a weak measurement successfully with
strength p, then we repeat the weak measurement once with
the same strength p; and if the corresponding reversal mea-
surement is successful with strength p;, we repeat the reversal
measurement once with the same strength p,. A pair of re-
peated operations above is called one iteration. The total mea-
surements with one iteration are described as

2
, 10 10
Maale) =1 = | ©|0 yi=p
2
1 0
(24 ,
O\/l—p’]
2 2
/1—=p. 0 \/1—=p. 0O
MreV72(p;): 0 prO] ®[ 0 Pr 0‘|
1 0 2
_pr
, 18
o|V1 J as)

where p’ and p! are used to denote the measurements with and
without iteration respectively, and they also satisfy the optimal
reversing condition p, = p' + A (1 —p').

After the iterated weak measurement, the amplitude
damping and the iterated reversal measurement, the pure W-
like state evolves into a mixed state whose density matrix (de-
noted as p3) has a similar form to Eq. (11). The corresponding
elements of the matrix p3 are

ui=A(1-p)(1-pl)s,

= (1=2)(1=p")(1=p)* P,
= (1= 2)(1—p")* (1= p))*yB*,
= (1=2)(1=p")* (1= p))*ya*,
= (1-2)(1—p")*(1=p))*|B,
= (1-2)(1—p")*(1-p))*Ba’,
w=(1-2)(1-p)(1-ppHal,
L'=1-p)(1=p)(1=2)+A(1-pp*. (19)

The total success probability of the operations above is

Py=(1-pP(1=p)*l(1-2)+A(1-p)’].  (20)

Then, we can obtain the following result:
P3=(1—A,)Po + As, [000) (000], @21)

where the equivalent damping factor is

(1-pp)?
T (Y @2

Comparing Eq. (22) with Eq. (17), if we want to obtain

[
)‘ev_

the same equivalent damping factors through using the mea-
surements without iteration as the iterated measurements, the
reversal measurement strength must meet the following condi-
tions:

pe=1-(1-p)* (23)
From Eq. (23), considering the optimal reversing condi-

tion pl = p'+A(1—p') and p; = p+ A (1 — p), the weak mea-
surement strength should satisfy

= =p Ay =) -2
p= ) : 24

When we choose the measurement strength pair (p, pr)

described in Eqgs. (23) and (24) to perform the measurements
without iteration, the total success probability can be obtained
according to Eq. (13).

eration .

0.2 4N teration -

0.1 4o

Success probability

Fig. 3. (color online) Comparison between the success probabilities ob-
tained by the method with one iteration and those by the method without
iteration.

Figure 3 shows the comparison between the success prob-
abilities obtained using the method without iteration and those
using the method with one iteration when both methods obtain
the same equivalent damping factors, and the corresponding
equivalent damping factors are shown in Fig. 4. In Figs. 3 and
4, the X axis means the initial amplitude damping factor and
the Y axis represents the iterated weak measurement strength.
Obviously, using iterated measurements has a higher success
probability.

On the other hand, if we want to obtain the same suc-
cess probabilities by using the two methods, then the follow-
ing condition should be satisfied according to Eqgs. (13) and
(20):

(1-p)1 _pr)2(1 —Apr)
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= (1=p)(1=p)*(1=2)+A(1=p))*]. (25

Let X =1—p;and Y = (1 — pl)?, equation (25) can be
changed into the following form:

(1=)X3(1=A+AX)=Y3(1 -2 +AY). (26)

To make Eq. (26) hold true, the condition X > Y must be
satisfied. Then, from Eqs. (17) and (22), we have

ALy < Aey- 7

The results above show that the measurements with one
iteration can increase the success probability of the decoher-
ence suppression and enhance the entanglement fidelity of
the three-qubit W-like state compared with the measurements
without iteration.

Equvilent damping factor

Fig. 4. (color online) Equivalent damping factors obtained by the
method with one iteration and by the method without iteration

5. Discussion
5.1. Measurements with more iterations

Since iteration can improve the overall performance of
the weak measurement and the reversal measurement, is it true
that we can obtain better results via increasing the number of
the iterations? Given a measurement strength pair (p”, p}),
we perform three iterations by a similar method to that in Sec-
tion 4. The equivalent damping factor can be obtained as fol-
lows:

1—p” 4
Y 28)
A(1=p!)*+(1-2)
The success probability of the measurements with three
iterations is

Py = (1=p")' (1= p{* (1= )+ A(1=p})*]. (29

Figure 5 shows the comparison among the success proba-
bilities obtained by three methods, i.e., the method with three
iterations, the method with one iteration, and the method with-
out iteration respectively, when they obtain the same equiv-
alent damping factors. From this figure it follows that the

method with three iterations obtains the highest success prob-
ability, but the success probability is quite small even if the
weak measurement strength p” is close to zero. For example,
when damping factor A = 0.27 and p” = 0, the success prob-
ability of the measurements with three iterations is 0.0651,
and the entanglement fidelity is 0.9049. This result shows that
when we want to obtain a very high entanglement fidelity by
increasing the strengths of the measurements or the number
of the iterations, the success probability will be very small.
So the excess number of the iterations is of no practical value
because of the excessive consumption of the initial W-like en-
tanglement states. This may result in a very low yield of the
decoherence suppression.

with
Y (thrde-it
P§ (one jiteratior

Success probability

Fig. 5. (color online) Comparison among the success probabilities ob-
tained by the method with three iterations, the method with one itera-
tion, and the method without iteration, respectively.

5.2. Increase of the success probability of the iteration

Consider Eq. (20) again. We can see that the success
probability of the measurements with one iteration decreases
with the decease of (1— p)2. If we perform the weak measure-
ment without iteration and the reversal measurement with one
iteration, we call this “half iteration”, then the success proba-
bility is changed into

Fg=(1-p)(1-p)*[(1-2)+2(1-p))*.  (30)

Success probability

Fig. 6. (color online) Comparison among the success probabilities of
the method with half iteration, the method with one iteration, and the
method without iteration, respectively.
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Using this half iteration method, the equivalent damping
factor can also be calculated by using Eq. (22).

Figure 6 shows the comparison among the success proba-
bilities obtained by the method with one iteration, the method
with half iteration, and the method without iteration respec-
tively. From the figure we can see that the method with half it-
eration obtains the highest success probabilities when the three
methods obtain the same equivalent damping factors.

6. Conclusions

In this paper, we show theoretically that decoherence of
the three-qubit W-like state undergoing amplitude damping
can be suppressed by weak measurement and the reversal mea-
surement. Given an initial damping factor A, this method is
capable of reducing A to a smaller equivalent damping factor
Aey, Which is related to the measurement strength. By increas-
ing the measurement strength, we can obtain a smaller Ay,
but the total success probability of the measurements will de-
crease quickly at the same time. To solve this problem, we
propose a method of iterated measurements and demonstrate
that it is useful to increase the success probability when its
equivalent damping factor is equal to the Ay of the measure-
ments without iteration. With increasing the iteration number,
the equivalent damping factor becomes smaller and the suc-
cess probability also becomes smaller. We find that the iter-
ation number bigger than three has no practical significance
because of the low yield, whereas another method called half
iteration is a better option that has the optimal overall effects.
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