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Quantum speed limits of a qubit system interacting with
a nonequilibrium environment*

Zhi He(贺志)†, Chun-Mei Yao(姚春梅), Li Li(李莉), and Qiong Wang(王琼)

College of Physics and Electronics, Hunan University of Arts and Science, Changde 415000, China

(Received 28 February 2016; revised manuscript received 3 May 2016; published online 25 June 2016)

The speed of evolution of a qubit undergoing a nonequilibrium environment with spectral density of general ohmic
form is investigated. First we reveal non-Markovianity of the model, and find that the non-Markovianity quantified by
information backflow of Breuer et al. [Phys. Rev. Lett. 103 210401 (2009)] displays a nonmonotonic behavior for different
values of the ohmicity parameter s in fixed other parameters and the maximal non-Markovianity can be achieved at a
specified value s. We also find that the non-Markovianity displays a nonmonotonic behavior with the change of a phase
control parameter. Then we further discuss the relationship between quantum speed limit (QSL) time and non-Markovianity
of the open-qubit system for any initial states including pure and mixed states. By investigation, we find that the QSL time
of a qubit with any initial states can be expressed by a simple factorization law: the QSL time of a qubit with any qubit-
initial states are equal to the product of the coherence of the initial state and the QSL time of maximally coherent states,
where the QSL time of the maximally coherent states are jointly determined by the non-Markovianity, decoherence factor
and a given driving time. Moreover, we also find that the speed of quantum evolution can be obviously accelerated in the
wide range of the ohmicity parameter, i.e., from sub-Ohmic to Ohmic and super-Ohmic cases, which is different from the
thermal equilibrium environment case.
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1. Introduction
The speed of evolution of a quantum system is an im-

portant question in quantum physics, which is intimately
associated with various quantum tasks including quantum
communication,[1] quantum computation,[2] quantum state
transfer,[3] quantum metrology,[4,5] quantum optimal control
theory,[6] as well as nonequilibrium thermodynamics.[7] The
maximal rate of evolution may be characterized by the quan-
tum speed limit (QSL) time defined as the minimal time τQSL

needed to evolve the initial state (pure or mixed) ρ0 to a tar-
get state ρτ through a unitary evolution. The shorter time
τQSL means the faster speed of evolution. For closed systems
with unitary evolution, there are two-type famous time bounds
i.e., Mandelstam–Tamm (MT) type bound[8] and Margolus–
Levitin (ML) type bound.[9] The generalizations of the MT
and ML bounds to nonorthogonal states and to driven sys-
tems have also been given in Refs. [10]– [16]. For open sys-
tems with non-unitary evolution, there appear to be some valu-
able time bounds for pure states[17–20] and mixed states,[21–24]

more recently which has attracted much attention.[25–32] Par-
ticularly, in Ref. [19] authors have shown that non-Markovian
effects can speed up quantum evolution for the amplitude-
damping model in the resonant case, which very recently has

been experimentally tested in cavity setups.[20] On the other
hand, in Refs. [33] and [34] the author has investigated the
decoherence of a qubit interacting with a nonequilibrium en-
vironment. More recently, in Refs. [35] and [36] the authors
have studied the correction to the geometric phase by non-
Markovian effect of nonequilibrium environment with general
ohmic form. However, a detailed investigation of the relation-
ship between the QSL time from an initial state ρ0 to a target
state ρτ and non-Markovianity of a qubit with a nonequilib-
rium environment is absent at present.

Motivated by the above considerations, in this paper we
will consider the speedup evolution of a qubit system inter-
acting with a nonequilibrium environment. First we discuss
non-Markovianity of nonequilibrium environment from the
point of view of information backflow.[37] Then we further fo-
cus on the relationship between the QSL time and the non-
Markovianity of the open system for any initial states. By
investigation, we obtain some interesting findings for non-
Markovianity of the nonequilibrium environment, which is
unrevealed in Refs. [35] and [36]. Concretely speaking, we
find that the non-Markovianity displays a nonmonotonic be-
havior for different values of the ohmicity parameter s in
fixed other parameters and the maximal non-Markovianity can
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be achieved at a specified value s. We also find that the
non-Markovianity displays a nonmonotonic behavior with the
change of a phase control parameter. More importantly, we de-
rive a simple factorization law for the QSL time of a qubit with
any initial states, namely the QSL time of any initial states are
equal to the product of the coherence of the initial states and
the QSL time of the maximally coherent states, which greatly
simplifies the calculation of the QSL time. Finally, we also
demonstrate that the speed of quantum evolution can be accel-
erated in the wide range of the ohmicity parameter, which is
different from the thermal equilibrium environment case.

The paper is organized as follows. In Section 2, we in-
troduce a phase damping model with nonequilibrium environ-
ment. We give some brief review of non-Markovianity mea-
sure and quantum speed limit for a qubit system undergoing
a nonequilibrium environment. We give some brief review
of non-Markovianity measure and quantum speed limit for
a qubit system undergoing a nonequilibrium environment in
Section 3. The results and discussions are given in Section 4.
Finally, we give the conclusion of our results in Section 5.

2. Model
It is well known that the famous dephasing model consist-

ing of a qubit interacting with a thermal equilibrium environ-
ment has been intensely investigated from the different points
of view[38–42] in the past few years. In the present paper, we
shall consider another dephasing model, namely a qubit inter-
acting with a nonequilibrium environment, which is first put
forward by Martens[33] as an analytically solvable model. Ac-
cording to Ref. [33], a distinct characteristic of the model is
that the energy gap E2 (t)−E1 (t) = h̄ω (t) of the qubit system
involved in the model is time-dependent due to the effect of the
environment, where E j(t) ( j = 1,2) is the instantaneous en-
ergy of state j as perturbed by the environment. The environ-
ment/bath is represented by a random function of time corre-
sponding to the transition frequency of the qubit system ω(t),
and the Fourier components of the time series denote the dif-
ferent modes of motion of the bath. Hence, the time-dependent
frequency ω(t) can be written as the form ω (t) =ω0+δω (t),
where

δω (t) =
∞

∑
k=1

ck cos(ωkt +θk(t)). (1)

The Fourier components ck are positive constants related to
the spectral density of the environment and the coupling of
the bath modes to the system. It is noted that in this model
the randomness stems from the nonstationary distribution of
random phases θk(t). Compared with the usual treatment, the
statistical properties of this random function are nonstation-
ary, corresponding physically to impulsively excited phonons

of the environment with initial phases that are not random, but
which have sharply defined values at t = 0. So, this environ-
ment is no longer at thermal equilibrium.

Based on the result of Ref. [33], the off-diagonal or co-
herence terms of the qubit with time t, ρ01(t) can be given as

ρ01(t) = ρ01(0)
〈

exp
[
−i
∫ t

0
δω(t ′)dt ′

]〉
e−iω0t

≡ ρ01(0)Λ(t)e−iω0t , (2)

where Λ(t) = e−β (t) is the so-called decoherence factor, and
β (t) is defined as

β (t) =
1
4

∫
∞

0
I(ω)[1− e−2Dt +(e−2Dt − e−4Dt)

×cos[2(ωt +θ(ω))]]. (3)

Here, the continuum limit has already been taken and diffu-
sion coefficients D(ω) = D independent of ω also have been
assumed for simplicity. Similar to the discussion of Refs. [35]
and [36], we shall take for the bath spectral density the expres-
sion

I (ω) = 4γΩ
−2

ω
s
Ω

1−s e−ω/Ω , (4)

which is a widely used physical spectral density in the the-
ory of spin–boson systems,[38–42] where γ is the dimension-
less dissipative constant, Ω is the cutoff frequency. With the
change of the s parameter, one goes from sub-Ohmic (s < 1)
reservoirs to Ohmic (s = 1) and super-Ohmic (s > 1) reser-
voirs, respectively.

In the following, for simplicity the initial phase of the
bath modes θ(ω) = −λω has been taken. The initial phase
control parameter λ is a key factor for the occurrence of non-
Markovian effect, which directly determines the nonmono-
tonic decay of the coherence of a qubit as pointed out in
Ref. [33]. For the spectral density as Eq. (4), by simple evalu-
ation we can obtain the β (t) as

β (t) = γ e−4Dt [−1+ e2Dt ]Γ (1+ s)

×{[1+4(t −λ )2
Ω

2]−(1+s)/2

×cos[(1+ s)arctan[2Ω(t −λ )]]+ e2Dt}. (5)

Recall that the β (t) has been obtained in Ref. [36], in which
authors discussed the non-Markovian effect on the correction
of geometric phase for the same model.

3. The non-Markovianity measure and quantum
speed limits
Recently, studying non-Markovianity of an open quantum

system has attracted considerable attention in various physi-
cal systems.[37,43–49] A popular and faithful non-Markovianity
measure is based on information backflow,[37] which is defined
as

𝒩 = max
ρ1,2(0)

∫
σ>0

dtσ(t,ρ1,2(0)), (6)
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where σ(t,ρ1,2(0)) is the rate of change of the trace distance
defined as

σ(t,ρ1,2(0)) =
d
dt

D(ρ1(t),ρ2(t)), (7)

where the trace distance describing the distinguishability be-
tween the two states is defined as[50]

D(ρ1,ρ2) =
1
2

tr|ρ1 −ρ2|, (8)

where |M|=
√

M†M, and 0 ≤ D ≤ 1. If D = 0, the two states
are the same, and if D = 1, the two states are totally distin-
guishable. The sign of σ(t,ρ1,2(0)) indicates the Markovian
or non-Markovian characteristics of a quantum process. For
example, σ(t,ρ1,2(0))≤ 0 corresponds to all dynamical semi-
groups and all time-dependent Markovian processes, and a
process is non-Markovian if there exists a pair of initial states
and at certain time t such that σ(t,ρ1,2(0)) > 0. Physically,
this means that for non-Markovian dynamics the distinguisha-
bility of the pair of states increases at certain times. Here,
we should remark that for a qubit undergoing single phase
damping channel the conditions of non-Markovianity, includ-
ing being based on information backflow,[37] divisibility,[43]

quantum Fisher information flow,[44] and quantum mutual
information,[45] are equivalent to each other.[46]

In the light of Eq. (6), the non-Markovianity 𝒩 also can
be rewritten as the following form

𝒩 = max
ρ1,2(0)

∑
n
[D(ρ1(τ

max
n ),ρ2(τ

max
n ))

−D(ρ1(τ
min
n ),ρ2(τ

min
n ))], (9)

where τmax
n and τmin

n correspond to the time points of the local
maximum and minimum of D(ρ1(t),ρ2(t)), respectively.

Generally speaking, it is very difficult to make the opti-
mization in Eqs. (6) and (9). In our previous work,[47] we have
analytically resolved the optimization of Eqs. (6) and (9) for
a qubit undergoing a dephasing process, and given the maxi-
mal trace distance and corresponding conditions. In Ref. [47]
for a dephasing model we have found that the optimal initial
states in Eqs. (6) and (9) are the equatorial, antipodal states of
the Bloch sphere of a qubit. The optimal trace distance is ob-
tained as D(ρ1(t),ρ2(t)) = |Λ(t)|, where Λ(t) = e−β (t) in our
considered model. The expression of the non-Markovianity
measure can be equally obtained as

𝒩 = ∑
n
[ |Λ(τmax

n )|− |Λ(τmin
n )| ], (10)

or
𝒩 =

∫
∂t |Λ(t)|>0

∂t |Λ (t)| dt, (11)

where in the calculation of Eq. (10), the condition |Λ(τmax
n )|>

|Λ(τmin
n )| is required.

Here, we would like to give a brief review of a unified
lower bound including both MT and ML types for the mini-
mal evolution time between a pure initial state ρ0 = |ψ0⟩⟨ψ0|
and its target state ρτ for an open quantum system. For a qubit
governed by the time-dependent master equation ρ̇t = ℒt (ρt)

with the positive generator ℒt , the unified lower bound[17–19]

can be given by

τ ≥ τQSL = max
{

1
Λ 1

τ

,
1

Λ 2
τ

,
1

Λ ∞
τ

}
sin2 [ℬ (ρ0,ρτ)] , (12)

where

Λ
p
τ =

1
τ

∫
τ

0
dt ‖ℒt(ρt)‖p,

the ‖A‖p = (σ p
1 + · · ·+σ

p
n )

1/p denotes the Schatten p norm
of operator A, σ1, . . . ,σn are the singular values of A. When
p = 1, the ‖A‖1 corresponds to the trace norm, which is equal
to their sum ‖A‖tr = ∑i σi. When p = 2, the ‖A‖2 corresponds
to the Hilbert–Schmidt norm, which is defined by ‖A‖hs =√

∑i σ2
i , and when p = ∞, the ‖A‖

∞
corresponds to the opera-

tor norm, which is given by the largest singular value ‖A‖op =

σmax. Taking into account the relationship[19] ‖A‖op ≤
‖A‖hs ≤ ‖A‖tr, thus for the pure initial states the QSL time
τQSL for the operator norm is the tightest bound. ℬ(ρ0,ρτ) =

arccos
√
⟨ψ0|ρτ |ψ0⟩ represents the Bures angle[50] between a

pure initial state ρ0 = |ψ0⟩⟨ψ0| and its target state ρτ .

Further we discuss the QSL time for any mixed initial
states case. It should be noted that the time lower bound as
shown Eq. (12) is derived from the pure initial states and can-
not be directly applied to mixed initial states. In the following,
for any mixed initial states we adopt the time lower bound pro-
posed by Zhang el al.,[21] which is defined as

τ ≥ τQSL = max

 1

∑
n
i=1 σiρi

,
1√

∑
n
i=1 σ2

i

 | f (τ)−1|Tr(ρ2
0 ),

(13)
where the

X̄ = τ
−1
∫

τ

0
X dt,

σi and ρi are the singular values of ρ̇t and the mixed initial
states ρ0, respectively. Also, f (t) is the relative purity[51] be-
tween the initial state ρ0 and the target state ρt of the quan-
tum system, which is defined as f (t) = Tr(ρ0ρt)

/
Tr(ρ2

0 ). As
pointed out in Ref. [21], for the pure initial states case equa-
tion (13) can reduce to the unified lower bound[17–19] as shown
in Eq. (12). Thus for any mixed initial states we will use
Eq. (13) as our time bound to discuss the speed of evolution of
a qubit system.
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4. Results and discussions
We consider the evolution speed of an open-qubit system

for any pure initial states ρ0 = |ψ(0)⟩⟨ψ(0)| with |ψ(0)⟩ =
sinα |0⟩+ cosα e iϕ |1⟩. In principle, we can use the time
bounds Eqs. (12) or (13) as our measure of the QSL time. In
order to show the equivalence of the time bounds Eqs. (12)
and (13) for any pure initial states, we will discuss them one
by one. According to Eqs. (2) and (12), by simple algebra the
QSL time τQSL can be obtained as

τQSL =
τ|sin2α|[1−ReΛ(τ)]∫

τ

0 |∂tΛ(t)|dt
. (14)

To reveal the relationship between the QSL time τQSL in
Eq. (13) and non-Markovianity 𝒩 in Eq. (11), we rewrite
Eq. (11) as[26]

𝒩 =
1
2

[∫
τ

0
|∂tΛ(t)|dt +Λ(τ)−1

]
. (15)

As a consequence, the QSL time τQSL can be represented as

τQSL =
τ|sin2α|

2𝒩/[1−Λ(τ)]+1
, (16)

where the fact that the Λ(t) = e−β (t) is a real number in our
model has been used. Interestingly, the expression of the
QSL time τQSL for our phase damping model is similar to
the expression of the QSL time of amplitude-damping model
in Ref. [26], where the QSL time is dependent on both the
non-Markovianity 𝒩 and the population Pτ in a given driving
time and initial states. But in our phase damping model, for
a given driving time and initial states the QSL time as shown
in Eq. (16) is related to both the non-Markovianity 𝒩 and the
decoherence factor Λ(τ).

For any mixed initial states of a qubit system, it has been
demonstrated in Ref. [21] that ρ1σ1 + ρ2σ2 is always less

than
√

σ2
1 +σ2

2 . For example, for a generally initial state
ρ0 = (1/2)(I +nxσx +nzσx +nzσz) there are

ρ1σ1 +ρ2σ2 =
√

n2
x +n2

y |∂tΛ(t)|/2

and √
σ2

1 +σ2
2 =

√
n2

x +n2
y |∂tΛ(t)|/

√
2

in the dephasing model. According to Eq. (13) and imple-
menting simple calculation, finally we can obtain the explicit
expression of the QSL time for any initial states ρ0 as

τQSL =
τCl1(ρ0)

2𝒩/[1−Λ(τ)]+1
, (17)

where the Cl1(ρ0) is the amount of coherence for the ini-
tially mixed states ρ0 quantified by the so-called l1 norm,[52,53]

which is defined by

Cl1(ρ) = ∑
i̸= j

|ρi j|.

Obviously, the expression (17) of the QSL time for mixed
states is very similar to the expression (16) for pure states
except for a factor of dependent-initial states. It is easy to
check that for any pure states as ρ0 = |ψ(0)⟩⟨ψ(0)| with
|ψ(0)⟩ = sinα |0⟩+ cosα e iϕ |1⟩, there is Cl1(ρ0) = |sin2α|.
Corresponding to the expression (17) for the generally mixed
states recovers the expression (16) for the pure states case.
Therefore, we derive that the QSL time of a qubit with any
initial states not only relates to coherence of the initial state
ρ̂0 but also to the non-Markovianity 𝒩 and decoherence fac-
tor Λ(τ) in a given driving time τ . More interestingly, from
Eqs. (16) and (17) we find that the QSL time for an open qubit
system can be rewritten as coherence of the initial state Cl1(ρ0)

and the initial states-independent factor

χ =
τ

2𝒩/[1−Λ(τ)]+1

for any initial states. Therefore, for the QSL time of a qubit
undergoing a dephasing model we can obtain an interesting
factorization law as

τQSL = χCl1(ρ0). (18)

Further, we consider the extreme case in which the qubits
are initially prepared in the maximally coherent states, i.e.,
Cl1(ρ0) = 1. Then equation (18) reduces to τQSL = χ , which
means that χ stands for the QSL time of the maximally co-
herent states. So if we need to calculate the QSL time of a
qubit for any initial states, the corresponding QSL time can
be simplified as the product of the coherence of the initial
state Cl1(ρ0) and the QSL time χ for the maximally coherent
states. This is similar to the factorization law of entanglement
as shown in Ref. [54], where it is found that for any pure states,
the entanglement under a one-sided noisy channel can be ex-
pressed as the products of initial entanglement and the channel
action on the maximally entangled state. It is noted that the ex-
pression (17) for the dephasing model with a nonequilibrium
environment is similar to that in Ref. [21] with a thermal equi-
librium environment, where they found that the QSL time for
the generally mixed states relates to the coherence of the initial
state Cl1(ρ0) and the quantity ∂tΛ(t). However, here we reveal
that the QSL time for the generally mixed states not only re-
lates to the coherence of the initial state Cl1(ρ0) but also to the
non-Markovianity 𝒩 and decoherence factor Λ(τ) in a given
driving time τ , which deeply excavates the physical mecha-
nism behind the speed of evolution of the open-qubit system.
More importantly, in this paper we mainly focus on the QSL
time of a qubit interacting with a nonequilibrium environment
rather than a thermal equilibrium environment.
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Having Eqs. (10), (11), (16), (17), and (18) in mind, we
can discuss the non-Markovianity 𝒩 , and the relationship be-
tween the QSL time and the non-Markovianity 𝒩 of the open-
qubit system for any pure and mixed initial states.

First we plot the non-Markovianity 𝒩 as a function of the
ohmicity parameter s for other fixed parameters (i.e., λ = 0.3,
Ω = 10, γ = 0.1, and D = 2, which is the same as that of
Ref. [36]) in Fig. 1. Recall that for the same model the au-
thors in Ref. [36] have obtained an interesting result that the
non-Markovian effect of the nonequilibrium environment can
appear in all values of the ohmicity parameter s > 0. Fur-
ther, they have also shown a hierarchy in the coefficients: the
bigger the value s, the more negative the diffusion coefficient
is, and the more recoherence induced by the environment. In
other words, the non-Markovian effect becomes stronger and
stronger with the increase of the s.

0 1 2 3 4 5 6

s

.

.

.



N

Fig. 1. The non-Markovianity 𝒩 as a function of the ohmicity parameter s.
Other parameters are λ = 0.3, Ω = 10, γ = 0.1, and D = 2, which is same
to that of the Ref. [36].

From Fig. 1, indeed we can clearly see that the non-
Markovianity can occur in all values of the ohmicity parameter
s > 0. However, it should be mentioned that the 𝒩 takes very
small values for s ≥ 5 instead of zero values, which is similar
to the assertion of Ref. [55] for the same non-Markovianity
measure of the equilibrium environment case. At the same
time, from Fig. 1 we also find an unrevealed phenomenon for
non-Markovianity 𝒩 , namely the non-Markovianity 𝒩 dis-
plays a nonmonotonic behavior for different values s instead of
a simply monotonic relationship as shown in Ref. [36]. Specif-
ically, there exists a critical value s = 3.71, where the maximal
non-Markovianity can be achieved. After the critical value
s = 3.71, the non-Markovianity 𝒩 decreases monotonically
with the increase of the s. Here, it should be noted that the crit-
ical value s corresponding to the maximal non-Markovianity
may change with different λ , Ω , γ , and D, which does not af-
fect our results. Actually, the conclusions in Ref. [36] may be
only based on the consideration of the cases for s= 1, 2, and 3,
where the non-Markovianity 𝒩 increases monotonically with

the change of ohmicity parameter at s = 1,2,3. Therefore, the
non-Markovianity exhibits a nonmonotonic behavior instead
of simply monotonic behavior with the change of the ohmicity
parameter s, which is a newly noticed phenomenon.

The above behavior can be understood by a common fea-
ture of all non-Markovianity measures, which is based on the
nonmonotonic evolution in time of certain coefficients (i.e.,
here the decoherence factor Λ(t)) which indicates the informa-
tion backflow from the environment to the considered system.
Conversely, for no memory effect the decoherence factor Λ(t)
monotonically decreases with time. Actually, the judgment
of memory/non-Markovian effect is also equivalent to the
fact that the decoherence rate, i.e., γ(t) = −Λ̇(t)

/
(2Λ(t)) =

β̇ (t)/2 becomes temporarily negative. By numerical calcu-
lation, it is straightforward to prove that the decoherence rate
γ(t) becomes temporarily negative, or equally the decoherence
factor Λ(t) displays a nonmonotonic behavior if and only if
s > 0. Moreover, in Refs. [33] and [34] it is shown that the de-
coherence factor displays a nonmonotonic behavior at a “dip”
around, and the deeper the dip means the more non-Markovian
effect. By simple calculation, we find that the maximal depth
of the dip is located at s = 3.71 for other fixed parameters. In
a word, compared with the thermal equilibrium environment
where the appearance of non-Markovian effect only occurs in
the super-Ohmic (s > 2) at zero temperature,[42] we can find
that the nonequilibrium environment shows more abundant
non-Markovian effect from sub-Ohmic to Ohmic and super-
Ohmic cases.

It is worth noting that recently Haikka et al.[42] have pro-
posed a new route to explain the physical mechanism of non-
Markovian effect of environment for thermal equilibrium en-
vironment. They have shown that the non-monotonic behavior
in time of certain coefficients signalling the information back-
flow from environment back to system is related to the con-
vex to non-convex changes of the spectrum for thermal equi-
librium environments. Specifically, they have elucidated that
at zero temperature the non-Markovian effect of environment
occurs if and only if s > scrit = 2. A question, however, nat-
urally arises: whether or not the critical condition s > 0 of
non-Markovian effect of environment for the nonequilibrium
environment can also be explained by the convexity arguments
in Ref. [42]? The answer is positive.

First, from Ref. [42] we learn that the transition from
Markovian to non-Markovian effect of environment corre-
sponds to that from convex to nonconvex function g(ω,T ) at
scrit. For the thermal equilibrium environment, the function
g(ω,T ) is defined as g(ω,T ) = 2I(ω)coth[h̄ω/2kBT ]/ω2,[42]

where I(ω) is the bath spectral density and kB is the Boltz-
mann constant. Obviously, there is g(ω,0) = 2I(ω)/ω2 at
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T = 0. If we consider the spectral density as Eq. (4), we will
derive that g(ω,0) ∝ ωs−2 e−ω/Ω . As revealed in Ref. [56],
a change of convexity for the g(ω,0) happens when passing
from s < 2, for which g(ω,0) diverges in the origin ω = 0, to
s > 2, for which g(ω,0) vanishes in the origin. This behavior
is independent of the monotonically decaying cutoff function
e−ω/Ω . As for the nonequilibrium environment case, using
the similar idea of Ref. [42] we mainly examine the change
of convexity of the function G(ω,0) = I(ω)/4 in the β (t) of
Eq. (3). Evidently, for the spectral density as Eq. (4) there
is G(ω,0) ∝ ωs e−ω/Ω . Similar to the g(ω,0) ∝ ωs−2 e−ω/Ω

case, we can obtain that the function G(ω,0) is always a non-
convex function of ω if and only if s > 0, for which G(ω,0)
vanishes in the origin ω = 0. This behavior is also independent
of the cutoff function e−ω/Ω . Therefore, the non-Markovian
effect of the environment occurs if and only if s > 0 for the
nonequilibrium environment case.

Note that the authors in Refs. [33] and [34] have pointed
out that the decoherence factor displays a nonmonotonic be-
havior at the dip around t = λ . In other words, the occurrence
of non-Markovian effect is just at the dip around t = λ and can
be controlled by varying λ . The problem arises: what is the re-
lationship between non-Markovianity and initial phase control
parameter λ? In the following we address the problem.

0 0.5 1.0 1.5 2.0

λ

s//

s/

s/

0.12

0.08

0.04

0

N

Fig. 2. The non-Markovianity 𝒩 as a function of λ for different spectral
densities, i.e., s = 1/2, s = 1, and s = 3, respectively. Other parameters are
the same as Fig. 1.

We plot the non-Markovianity 𝒩 as a function of λ for
different spectral densities, i.e., s = 1/2, s = 1, and s = 3, in
Fig. 2. Other parameters are the same as those in Fig. 1. From
Fig. 2 we can clearly see that the non-Markovianity displays
a nonmonotonic behavior with the change of λ for different
s, i.e., s = 1/2, 1, and 3, respectively. More interestingly, the
maximal non-Markovian effect from the environment occurs
in an optimal λ value. At first glance, we may think that these
optimal λ values are the same for the three spectral densities.

However, by careful analysis we find that these optimal λ val-
ues for three spectral densities are different from each other.
In order to explicitly indicate the relationship between these
optimal λ denoted by λopt and different ohmicity parameter s,
we plot the λopt point for different values of s in Fig. 3, and
other parameters are the same as those in Fig. 1. Obviously,
from Fig. 3 we can see that the λopt shows a monotonously de-
creasing trend with the increase of the s. Therefore, if we get
the maximal non-Markovian effect from the environment, it is
necessary to carefully consider the choices of λ for different
spectral densities.

In the following, we will further focus on the influence
of the non-Markovian effect of the environment on the QSL
time from any initial state ρ0 to a target state ρτ of the open-
qubit system. From Eq. (18), we clearly see that the defined
factor χ is independent of initial states. Thus the differences
of the QSL time of the open-qubit system for different ini-
tial states only are determined by the coherence of the initial
states. To this end, we will take the pure initial states as an
example to reveal the relationship between the QSL time and
non-Markovianity of the open-qubit system. As for the mixed
initial states case, the main results are unchangeable. As an
example, here we consider a class of important pure states
such as the maximally coherent states ρ̂0 = |ψ(0)⟩⟨ψ(0)| with
|ψ(0)⟩= (|0⟩+ e iϕ |1⟩)/

√
2.

0 1 2 3 4 5

s

.

.

.

0

λ
o
p
t

Fig. 3. The λopt points for different values of s. Other parameters are the
same as Fig. 1.

To this end, in Fig. 4 we plot the QSL time τQSL (a), the
non-Markovianity 𝒩 (b-solid line) and the quantity 𝒩/[1−
Λ(τ)] (b-dashed line) associated non-Markovianity and deco-
herence factor as a function of the ohmicity parameter s for the
nonequilibrium environment in the actual driving time τ = 5.
Other parameters are the same as those in Fig. 1 and the actual
driving time τ = 5. In order to compare the following equilib-
rium environment with the non-Markovian effect in a longer
time, here we also choose a longer actual driving time, i.e.,
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τ = 5. From Fig. 4(a), it is shown that when 0 < s < 5, the
QSL time τQSL is obviously less than the actual driving time
τ , namely τQSL < τ , and when s ≥ 5, there is τQSL ≈ τ . In
other words, for the nonequilibrium environment the speedup
of quantum evolution can occur from sub-Ohmic (s < 1) to
Ohmic (s = 1) and super-Ohmic (s > 1) cases, which is very
different from that of the equilibrium environment discussed
in the next section. The above phenomenon can be easily ex-
plained as follows: from Eq. (16), we can see that the transi-
tion point from Markovian to non-Markovian of the environ-
ment is just the point from no speedup to speedup of quantum
evolution. Since the considered nonequilibrium environment
displays non-Markovian effect for all s > 0, strictly speaking,
from Eq. (16) we know that the QSL time τQSL is always less
than the actual driving time τ for all s > 0. Particularly, for
s ≥ 5 the non-Markovianity 𝒩 takes very small (almost negli-
gible) values as shown in Fig. 1, which leads to the QSL time
τQSL ≈ τ .

      

      

s

M=[1−Λ(τ)]

N.

.



N
↪M

=[
1
−
Λ
(τ
)]







τ Q
S
L

s/. s/.

(a)

(b)

Fig. 4. The QSL time τQSL (a), the non-Markovianity 𝒩 (b-solid line) and
the quantity 𝒩/[1−Λ(τ)] (b-dashed line) associated the non-Markovianity
and decoherence factor as a function of the ohmicity parameter s for the
nonequilibrium environment. Other parameters are the same as those in
Fig. 1 and the actual driving time τ = 5.

Further, comparing Fig. 4(a) and Fig. 4(b), we can find
that the stronger quantity 𝒩/[1−Λ(τ)] (dashed line) just cor-
responds to the smaller QSL time τQSL. But the stronger
non-Markovianity 𝒩 (solid line) means the smaller QSL time
τQSL only at 0 < s ≤ 3.01 and 3.71 ≤ s ≤ 5, and the rela-
tion is violated at 3.01 < s < 3.71, which means that the non-
Markovian effect of the environment may not monotonically
give rise to the speedup of the system evolution. The phe-
nomenon can be easily explained as follows: although the non-

Markovian effect is a necessary condition of the speedup of
quantum evolution, equation (16) clearly shows that the non-
Markovianity 𝒩 is not the only factor for the QSL time, and
the latter is actually dependent on both the non-Markovianity
𝒩 and decoherence factor Λ(τ), namely 𝒩/[1−Λ(τ)]. Thus
for the nonequilibrium environment we need to carefully con-
sider the monotonous relationship of the QSL time and non-
Markovianity, which is determined by the ohmicity param-
eter s. Recently, it is noted that a similar result about the
non-monotonic relation between the QSL time and the non-
Markovian effect has been independently found in Ref. [57]
for a different environment case. However, they only showed
the phenomenon, but did not give any physical explanations.
Here except for the different model, more importantly, we also
give a reasonable physical explanation for the non-monotonic
relation between the QSL time and the non-Markovian effect.
In fact, the non-monotonic relation between the QSL time and
the non-Markovian effect in dephasing model also exists for
equilibrium environment case in the next discussion.

From above analyses we have known that for the nonequi-
librium environment the speedup of quantum evolution can
occur from sub-Ohmic (s < 1) to Ohmic (s = 1) and super-
Ohmic (s > 1) cases. In the following, it is necessary to com-
pare with the speedup of quantum evolution of thermal equi-
librium environment. Here we discuss a similar spectral den-
sity as Eq. (4) except for a scaled constant, namely[42] I (ω) =

ωsΩ 1−s e−ω/Ω with the cutoff frequency Ω . For simplicity,
we only consider at zero temperature case, where the deco-
herence factor[55] has an explicit expression as Λ(t) = e−β (t)

with

β (t) = 2
Γ(s)
s−1

[1− (1+Ω
2t2)−s/2

×{cos[sarctan(Ω t)]+Ω t sin[sarctan(Ω t)]}],

where Γ[x] is the Euler gamma function.
In Fig. 5, we plot the QSL time τQSL (a), the non-

Markovianity 𝒩 (b-solid line) and the quantity 𝒩/[1−Λ(τ)]

(b-dashed line) combining the non-Markovianity and deco-
herence factor as a function of the ohmicity parameter s for
the thermal equilibrium environment. Other parameters are
Ω = 1, α = π/4 and the actual driving time τ = 5. First
comparing Fig. 5 (the equilibrium environment case) with
Fig. 4 (the nonequilibrium environment case), we can find that
there are some common characteristics for the relationships
of the QSL time τQSL, non-Markovianity 𝒩 , and the quan-
tity 𝒩/[1−Λ(τ)], namely the stronger quantity 𝒩/[1−Λ(τ)]

(Fig. 5 (b-dashed line)) just corresponds to the smaller QSL
time τQSL. But the stronger non-Markovianity 𝒩 (Fig. 5
(b-solid line)) means the smaller QSL time τQSL only when
2 < s ≤ 3.15 and s ≥ 3.20, and the relation is violated when
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3.15 < s < 3.20, which is similar to the nonequilibrium en-
vironment case. Of course, the phenomenon can be easily ex-
plained by Eq. (16), namely the QSL time is dependent on both
the non-Markovianity 𝒩 and decoherence factor Λ(τ) rather
than the only non-Markovianity 𝒩 .

      

      

s

M=[1−Λ(τ)]

N

.

.



N
↪M

=[
1
−
Λ
(τ
)]

.

.

.

τ Q
S
L

s/. s/.

(a)

(b)

Fig. 5. The QSL time τQSL (a), the non-Markovianity 𝒩 [(b) solid
line] and the quantity 𝒩/[1−Λ(τ)] [(b) dashed line] associated the non-
Markovianity and decoherence factor as a function of the ohmicity parame-
ter s for the thermal equilibrium environment. Other parameters are Ω = 1,
α = π/4, and the actual driving time τ = 5.

Then we reveal some important differences between the
thermal equilibrium environment and nonequilibrium environ-
ment cases. From Fig. 5(a), we can clearly see that for the
equilibrium environment the speed of quantum evolution can
be enhanced only for the super-Ohmic (s > 2) cases, but it
is a uniform evolution speed with the original speed for the
sub-Ohmic and Ohmic cases (0 < s ≤ 2), which is different
from that of the nonequilibrium environment discussed above,
where the speedup of quantum evolution can occur from sub-
Ohmic (s < 1) to Ohmic (s = 1) and super-Ohmic (s > 1)
cases. Further, in Fig. 5(b) (solid line) the non-Markovianity
𝒩 shows that the transition from 𝒩 ≠ 0 to 𝒩 = 0 just corre-
sponds to the QSL time from τQSL < τ to τQSL = τ for the
s. The relation between the QSL time τQSL and the non-
Markovianity 𝒩 can be easily explained as follows: first re-
call that in Ref. [42] the authors have indicated that non-
Markovian effect occurs (i.e., 𝒩 > 0 ) if and only if s > 2,
i.e., super-Ohmic spectrums, but it is absent (i.e., 𝒩 = 0 ) for
the 0 < s ≤ 2, i.e., sub-Ohmic and Ohmic spectrums. As a
consequence, from Eq. (16) we obtain that there is τQSL = τ

for 0 < s ≤ 2, and there is τQSL < τ for s > 2. Moreover, it is
noted that if we consider the case of the large cutoff frequency

Ω = 10, the main results are unchangeable. Summarizing, the
characteristics of the QSL time of the nonequilibrium environ-
ment with ohmicity parameter s are different from those of the
thermal equilibrium environment.

5. Conclusions
We have studied the speed of the evolution of a qubit

undergoing a nonequilibrium environment with spectral den-
sity of general Ohmic form. First by using a popular mea-
sure of non-Markovianity, we analyzed in detail the non-
Markovianity of the nonequilibrium environment. Then we
further discussed the relationship between the QSL time and
the non-Markovianity of the open system for any pure states.
By investigations, we have obtained some interesting find-
ings: (i) We find that the non-Markovianity displays a non-
monotonic behavior for different values of the ohmicity pa-
rameter s by fixing other parameters, which is an interest-
ing and unrevealed finding in a previous paper;[36] (ii) The
non-Markovianity displays a nonmonotonic behavior with the
change of a phase control parameter λ so that if we get the
maximal non-Markovian effect from the environment, it is
necessary to carefully consider the choices of λ for different
spectral densities; (iii) The quantum speed limit time of a qubit
with any initial states are equal to the product of the coherence
of the initial state and the QSL time of the maximally coher-
ent states. Finally, we revealed that the speed of the quantum
evolution can be obviously accelerated in the wide range of
the ohmicity parameter, which is different from the case of
the thermal equilibrium environment. In the present paper, we
only considered the relationship between the QSL time and the
non-Markovianity for the simple case of initial phases of the
bath modes satisfying θ(ω) = −λω because of having exact
solutions of the nonequilibrium environment model as Eq. (5).
As for the more complex form of initial phases of the bath
modes θ(ω), one may show richer non-Markovian effect than
our considered case. However, it also holds that the QSL time
is related to both the non-Markovianity and decoherence fac-
tor for a given driving time and initial states. Note that, during
the completion of this work, a new bound[24] from the gener-
ation of quantumness point of view has also been proposed to
study the QSL time, but it is different from our measure in the
paper.
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