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Testing the validity of the Ehrenfest theorem beyond simple static
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The relationship between quantum mechanics and classical mechanics is investigated by taking a Gaussian-type wave
packet as a solution of the Schrodinger equation for the Caldirola—Kanai oscillator driven by a sinusoidal force. For this
time-dependent system, quantum properties are studied by using the invariant theory of Lewis and Riesenfeld. In particular,
we analyze time behaviors of quantum expectation values of position and momentum variables and compare them to those
of the counterpart classical ones. Based on this, we check whether the Ehrenfest theorem which was originally developed
in static quantum systems can be extended to such time-varying systems without problems.
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1. Introduction

As is well known, Planck’s novel theory for blackbody
radiation found in 1900 led to the birth of the so-called quan-
tum mechanics, which works on the basis of new principles
that are very different from classical mechanics. Wave me-
chanics for quantum phenomena has been developed to date
on the basis of manipulating probability interpretation with the
Schrédinger wave equation for actual and particular systems.
This led us to succeed in interpreting underlying mechanisms
for various systems in the fields ranging from condensed mat-
ter physics to elementary particle physics with the support of
rigorous experiments. Now, without quantum mechanics, we
cannot understand the structure of solids, the color of lasers,
the action of DNA, and the formation of the cosmos. The
most basic and important task in this context is to find exact
quantum solutions for a well-established physical model de-
scribing the behavior of a certain mechanical system. Much
effort has been expended to develop quantum mechanics re-
garding this direction so far. A relationship between the quan-
tum geometric phase and the classical Hannay angle has been
found by Maamache and Bekkar.!'l Kim er al. showed that
the dispersions of quantum states do not depend on external
forces.!?! A solution of the Schrodinger equation for a time-
dependent Hamiltonian system (TDHS) was obtained by Ab-
dalla and Choil! and de Lima er al.'¥ using linear invariants
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and quadratic invariants.

In spite of this remarkable progress for deriving quantum
solutions, the correspondence of the quantum solutions with
their counterpart classical ones until now has not been exten-
sively checked for complicated Hamiltonian systems that have
time-dependent parameters, while lots of efforts have been
made to find a relationship between quantum and classical me-
chanics for simple static systems such as ordinary harmonic
oscillator.>~8! Historically, the efforts for finding such corre-
spondence led to the Ehrenfest theorem.[°! The Ehrenfest the-
orem is that the time behavior of expectation values of canon-
ical variables such as position and momentum for a quantized
system follows the classical equations of motion. Actually,
in case of any macroscopic systems, the quantum effects are
less prominent and, consequently, it is expected in a particular
limit that the quantum results reduce to those of the classical
mechanics. The Ehrenfest theorem plays a crucial heuristic
role in understanding the validity of quantum mechanics in
describing certain physical systems.

The purpose of this work is to examine whether the
Ehrenfest theorem is also valid for time-dependent quantum
systems beyond simple static systems. A dissipative har-
monic oscillator (Caldirola—Kanai oscillator) driven by a time-
dependent force will be chosen for this purpose. Actual mod-

els of the most dynamical systems may suffer dissipation due
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to their various possible interactions with the environment.
The details of the processes leading the dissipation mech-
anism are in general described by friction, viscosity, resis-
tance, etc. On the other hand, the force term in the system
makes the quantum motion become complicated. The time-
dependent forced harmonic oscillator has been studied in de-
tail by several research groups through different methods such
as those using trial functions,!'%! path integral, and propagator

12.13] coherent

formulations,!'!! Heisenberg picture approach, !
and squeezed state approach,'*! and so on. Nevertheless, it
is a delicate problem to verify whether they are physically ac-
ceptable quantum descriptions for such time-dependent oscil-
lators.

In order to investigate the Ehrenfest theorem for the
system, we will derive one of interesting solutions of the
Schrodinger equation, which is the one that corresponds to a
semiclassical Gaussian wave packet. Gaussian wave packets
are indeed ubiquitous in various physical systems and govern
the time evolution of a large class of quantum wave motions.
A useful technique for deriving this type of quantum solution
for a dynamical system is developed by Ge and Child.!"3! The
expectation values of canonical variables will be derived and
the validity of the Enrenfest theorem will be tested by making
use of such a Gaussian wave packet in this work.

2. Fundamentals of the Ehrenfest theorem

To understand the Ehrenfest theorem, let us consider an
arbitrary quantum operator &. If we denote the Hamiltonian
of a system as H, the time derivative of the expectation value
O can be represented as

d(0o) a0 1
— = = —([0,H]). 1
For the case that the system is subjected by a time-dependent
potential V (x,7), the Hamiltonian has the form

2
P

H=—+V(xt
> +V(x,1)

in many cases. If & is the momentum operator p, the above
equation becomes

dp) _/dp\ 1
—— = = — H)). 2
Now, from a minor evaluation, we can easily get the formula
d(p)
=(F 3
2~ (F), )

where the external force F is of the form F = —dV (x,t)/dx.
This is the Newton’s second law that governs the classical

equations of motion for a particle.

In a similar way, we can also obtain the time derivative of
the expectation value of the position operator such that

—=—{(p. “

Indeed, equations (3) and (4) imply that the expectation values
of quantum canonical variables yield the classical equations
of motion. This concept is the core of the Ehrenfest theo-
rem. Ehrenfest’s affirmation for the correspondence of quan-
tum mechanics with Newton’s second law had a great appeal
to the community of physics because it guarantees quantum
mechanics as being a sound theory and thus acceptable. In
the subsequent sections, we will investigate whether the ex-
pectation values of canonical variables for a general quantized
TDHS obey the Ehrenfest theorem.

3. Classical treatment

Let us consider an arbitrary time-dependent harmonic os-
cillator driven by an external force f(f). In this case, the

Hamiltonian can be written as
H(x,p,1) = Z(1)p* + Q(1)x* — f(1)x, )

where Z(t) and Q(¢) are some time-dependent functions. If
the time-dependence of Z(r) disappears, the first term in the
right-hand side of Eq. (5) reduces to that of the system de-
scribed in the previous section. The equations of motion for
the system are

. J0H _
oH

By combining these two equations, we can find the classical
equation of motion for x as

i 58;&+4Z(r)9(t)x =2Z(t)f(1). ®)

Now, as an application to a particular system, let us
choose the time functions to be

Z(t) = Zoexp (74 ZOQOI) , )
Q1) = Qoexp (4\/20.(20:) , (10)
f(t) = Fyexp (4@0 cos(wr), (11)

where Zj, Qo, and Fy are constants and @ is a driving fre-
quency. After the substitution of Z(z), Q(¢), and f(¢) in
Eq. (8), we obtain

X447/ ZoQpx +4ZyQox = ZZ()F()COS((DZ‘). (12)

This is the equation of motion for the driven Caldirola—Kanai
oscillator. To investigate the solution of this equation, let us
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write the cosine term in the above equation as an exponential
form, i.e.,

&+ 47/ Zo Qo + 420 Qox = 2ZgFy e (13)

Let us consider a particular solution of the form x. = E e for
this equation, where E is a constant that will be determined af-
terwards. If we substitute this in Eq. (13), we find

—0°E +4i\/ZyQyOF +4ZoQE = 2ZyFy.  (14)

Hence, the amplitude E in this case becomes

270 Fy
E = . , (15)
4708020 — o2 +4i Zo o0
yielding a particular solution in the form
27.F it
Xe s (16)

T 42000 — 0%+ 4iN/ 20200
Here, the real part of the solution, that has the form

270 Fy
((1)2 + 4Z0.Qo)2

x [(42090 — w?)cos(ot) + 4w/ Zo2 sin(a)t)} 17)

Xe =

is physically meaningful. Similarly, the particular solution for
the momentum can be obtained to be

_ F exp (4 Z().Q()t)
T (0)2 +4Z().Q())2

x [4(02\/2090 cos(@r) — ©(4ZoQ — ) sin(wt)} (18)

Thus, the exact classical motion of the system is identified.

4. Quantum analysis

In the previous section, classical features of the system
are described. Now we analyze the system in view of quan-
tum mechanics. Ehrenfest derived an equation for the time be-
havior of expectation values of quantum observables, that can
be regarded as a generalized Newton’s second law in quan-
tum mechanics, through the consideration of the motion of the
center of gravity of the wave packet for a particle.®! His proof
was relevant to only a one-particle-system that had a degree of
freedom, but it was immediately extended to the case of a con-
servative system involving an arbitrary number of particles.[!¢]

Let us see now whether the Ehrenfest theory is equally
extended to the driven Caldirola—Kanai oscillator which is a
more generalized system characterized by a time-dependent
driving force. Then, the problem is to find the solution of the
Schrédinger equation:

ih%‘f’(x,t) = H¥(x,1), (19)

with the quantum Hamiltonian of the form
H =Zyexp (74 Zo.Qot) p*+Q exp (4 Zo.Qot) X
— Fyexp (4 zogoz) cos(@r)x. (20)

We can see from Eq. (20) that the system is a kind of TDHS.
Even in the case where the driving force disappears (Fy = 0),
the time-dependence of the Hamiltonian does not disappear.
This means that a standard dissipative system with a constant
damping factor is also a kind of TDHS. 3]

Because H is a function of time, it is not an easy task
to solve Eq. (19) using a conventional separation of variables
method. Hence, we will use an alternate method for solv-
ing the Schrodinger equation, which is the invariant operator
method. Lewis and Riesenfeld!!”! found that solutions of the
Schrodinger equation with a time-dependent Hamiltonian can
be solved by introducing a Hermitian invariant operator I(z).
In general, I(¢) is derived from the Liouville-~von Neumann
equation of the form

dr ad1 1

If we denote the eigenstates and eigenvalues of 1(¢) as @, (x,¢)
and A, the solution of the Schrodinger equation is represented
in the form

lpl(x»[):(pl(xJ)eiaA([)v (22)

where @ () is a phase that satisfies an eigenequation, which
is

d
hoo (@n (1) = (in5- —H)@a(xr). (23)

Usually, the phase @, (r) consists of a dynamical phase and a
geometrical phase. Among them, the geometrical phase for a
certain quantum system can be applied to implementing geo-
metric phase gates in quantum computation protocols.! %191

In this task, we take a linear time-dependent type of the

invariant operator, such that
I(t) = A(t)p+B(t)x+ C(r). 24)

By inserting this formula into Eq. (21),?%2!] we can easily
obtain the differential equation for A(r) as

d’A dA
o V2o +42000A =0. (25)

The solution of this equation is easily identified to be

A(l‘) = eXp(—Z\/Z().Qol‘).

Then, from the fundamental relations for the invariant opera-
tor, we also get other time variables of (z) as

B(t) = 4/ %? exp (2 Zg.Qot) , (26)

C(t) . ) exp (2 Z().Q()t)
o 47020 + 0?
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X [2\/Zoﬂocos(a)t) + osin(wr)| . (27)

Thus, the explicit formula of I(¢) for our system is identi-
fied. The eigenfunction @, (x,¢) of I(¢) can be derived from

I(t)(Pl(xvt) = A‘(Pl(x,t).
Once the formula of ¢, (x,¢) is obtained by solving this, the
form of the phase o (¢), under the initial condition o, (0) =0,
is also derivable by an evaluation of the Schrédinger equa-
tion after inserting Eq. (22) with the complete expression of

_ 1 wl L wl —
e = \/hm[1+i(lot/h)] ) p< hul(t))e p<

@), (x,1) into Eq. (19). When the wave function ¥ (x,t) is de-
rived, we use the formula

—+o0
i = [ ) (xnar,
which gives a Gaussian wave function,!?’ where g(1) is
a weight function. In this procedure, we choose g(1) =
bexp(—22)[2! for simplicity. Then, finally, the complete

wave function is obtained and it is given in the form

[x/(RA) —2I~t2(t)/7l]2)
4+ Zot /h

— [Q
X eXp {2?!—; ( Z_(()) exp (2 Zo.Qot> X — 3 (t)x)] , (28)

where
() = ZoF2 exp(4v/ZoQot) [ 420020 (420 Q20 — ©°) — 1629 Q0
M= 4z + 0?2 4200 + 0?
1 260(420.(20 — (1)2) . ZoQo — ?
2 _ 17 20448l — 07) Zosdo — O
X {cos (1) 2} 12000 1 0 [cos(er) sin(wr)] + vz |’ (29)
_ ZoFyexp (2 ZOQOI) 2 .
el = = o oy [(42090—(» )cos(o1) +4m+/Zo 20 sm(a)t)} , (30)
2F() exp (2 Z().Q.ot) .
us(t) = 12000 1 0 {2 ZoQo cos(or) + a)sm(a)t)} . (31)

This wave function enables us to study various quantum features of the system. The absolute square of Eq. (28), |¥'(x,t)

%

is the probability density, where its meaning is the probability for finding the oscillator in position x at time ¢. We have depicted

itin Fig. 1.
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Fig. 1. (color online) The time evolution of the probability density |¥(x,¢)|?> with & = 1 for panel (a), ® = 2 for panel (b), and @ = 3 for panel (c). We used
Zy=0.1,Q2p =1, Fp =1, and 7 = 1. This figure is a density plot produced using the Mathematica program (Wolfram Research).

We see from this figure that the centroid of the wave
packet oscillates back and forth as time goes by like a classi-
cal state. In fact, it follows classical trajectory of the oscillator.
We can also see from this figure that the oscillating amplitude
of the wave packet decreases over time. This means that there
is a dissipation of energy of the oscillator due to the damping
factor, 41/Zo €, given in Eq. (12). The method for producing
Fig. 1 is represented in Appendix A.

5. Testing the Ehrenfest theorem

The study of time behavior of expectation values of
canonical variables is necessary in order to investigate the va-
lidity of the Ehrenfest theorem. As is well known, for an arbi-
trary observable &, the expectation value in the quantum state
is evaluated from (@) = 7 W*(x,t) O (x,t)dx. For the case
of x and p, we obtain (see Appendix B)
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270K
(x) = m {(4Z0.Qo — w?)cos(wr) +4m/ZoQ sin(a)t)} : (32)
K
(p) = mexp (4 ZOQOt) [4(02 ZoQocos(wr) + o(w? 7420.(20)sin(a)t)} . (33)

Further, the uncertainty for an operator ¢ can be derived
from

AC =\/(0%) — (0)*.

For the case of x and p, we have

Av=exp (~2V/Z0@) |/ + 2312, (34)
U [Ze o, (. 20\
Ap=+ 4+[2t_h\/;0(1+#t - (35

The product of these two quantities leads to the uncertainty

d (x)
dt (4Z().QO + 0)2)2

d <p> _ Fp exp (4 ZQ.Q()I)
dr (4202 + w2)2

220 Fy

We easily confirm that these results are exactly the formu-
las that are predicted by the Ehrenfest theorem for the TDHS.
Hence, the Ehrenfest theorem is satisfied. This implies that
there is a fundamental coincidence between the expectation
values of position and momentum operators in quantum me-
chanics and their corresponding classical equations of motion.

6. Conclusion

From the explicit evaluation of the expectation values of
canonical variables, we have confirmed that the Ehrenfest the-
orem, that states the universal correspondence between the
theory of quantum mechanics and classical mechanics, can be
extended to the driven Caldirola—Kanai oscillator which is a
more general time-dependent quantum system. By compar-
ing quantum results for the time behaviors of averaged posi-
tion and momentum, given in Egs. (32) and (33), with those
of classical position and momentum, Eqgs. (17) and (18), we
conclude that (x) = x; and (p) = p.. The extendibility of the
Ehrenfest theorem to more general quantum systems that have
time-varying parameters is crucial as a supporting theory to
the universal validity of quantum mechanics.

In the mean time, the results of our research do not im-
ply that the Ehrenfest theorem is always applicable in any
quantum system. It is known that the Ehrenfest theorem
is violated in some cases, such as the system described by
the Galilean-invariant Schrédinger equations that have nonlin-

ear terms which couple the phase and the amplitude in wave

relation for the system such that

A Q Zo \?1?
— | =R =1+ = ) 36
4+L ZO<+h2 (36)

AxAp =

Notice that this product is always larger than the minimally
accepted value, 7i/2, in quantum mechanics as expected.

Now we test the validity of the Ehrenfest theorem for the
system using the results obtained from the analysis of quan-
tum theory developed so far. The time derivative of Egs. (32)
and (33) yields

= [40%\/Zy Qo cos(wt) + o(w* — 42y Q) sin(wt)] = 2Z(t) (p), (37)

[(12Z Q0% 4 @) cos(wt) — 160(Zy€20)>/* sin(wr)] = —22(1) (x) + £ (7). (38)

\
s.122] This may imply that there is a difficulty for logi-

function
cal generalizations of quantum mechanics in a consistent way,
especially via possible nonlinear corrections in quantum me-
chanics. A theoretical test of quantum mechanics along this
line is performed by Weinberg. >3]

The understanding of quantum mechanics can be deep-
ened by studying the Ehrenfest theorem extended to more gen-
eralized systems. The mechanism of time-dependent phenom-
ena for a complicated system can be understood by this ex-
tension within quantum mechanics. From a conceptual point
of view, quantum mechanics cannot be reduced to classical
mechanics (Newtonian mechanics) by the Ehrenfest theorem,
but it merely makes quantum results analogous to classical
ones.?* Recall that quantum mechanics is constructed on the
basis of intrinsically different foundations from the classical
mechanics and its manipulations used for unfolding the the-
ory are totally different from the classical ones. In modern
physics, it is known that the classical realm of the behavior of a
mechanical system is emergent from the quantum world, ruled
by the Schrodinger equation, via a particular process which is
called “decoherence”. However, the exact mechanism for the
transition from quantum mechanics to classical mechanics is

not completely known yet.

Appendix A: Method for producing Fig. 1

The Mathematica program (Wolfram Research) was used
for producing Fig. 1. The style and shapes of figures may vary
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more or less significantly depending on details of the plot com-
mand. The plot command we have used for the preparation of
Fig. 1 is as follows:

“rgb[x_] : = RGBColor[1, x, 1];

DensityPlot[(Abs[¥])"2, {x,—0.5,0.5}, {¢,0,5}, DefaultFont
— {“Gothic”, 14}, Mesh — False, PlotRange — {0,0.3},
PlotPoints — 400, ColorFunction — rgb, FrameLabel — {“x”,

“t”}] ;’7

(x) =

—t
X exp A Z

By performing the integration in the above equation, we
have the formula of Eq. (32). Now starting from

1 ¥ (x,1)

i ox

)= [ ) ax. (B3

we can also derive the formula for the expectation value of p
given in Eq. (33) using a similar method as the case of deriving

(x)-
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