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Molecular dynamics study of anisotropic growth of silicon∗
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Based on the Tersoff potential, molecular dynamics simulations have been performed to investigate the kinetic co-
efficients and growth velocities of Si (100), (110), (111), and (112) planes. The sequences of the kinetic coefficients and
growth velocities are µ(100) > µ(110) > µ(112) > µ(111) and v(100) > v(110) > v(112) > v(111), respectively, which are not con-
sistent with the sequences of the interface energies, interplanar spacings, and melting points of the four planes. However,
they agree well with the sequences of the distributions and diffusion coefficients of the melting atoms near the solid–liquid
interfaces. It indicates that the atomic distributions and diffusion coefficients affected by the crystal orientations determine
the anisotropic growth of silicon. The formation of stacking fault structure will further decrease the growth velocity of the
Si (111) plane.
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1. Introduction

Multicrystalline silicon (mc-Si) solar cells have been oc-
cupying the mainstream photovoltaic market because of their
low production cost[1] and high stability.[2] However, the con-
version efficiency of mc-Si solar cells is lower than that of
single crystalline silicon solar cells. In order to improve the
conversion efficiency of mc-Si solar cells, the mc-Si ingot
has experienced three typical development stages in indus-
try: common mc-Si, mono-like silicon, and high efficiency
mc-Si. They focus on the techniques of lowering the disloca-
tions density, controlling the crystal orientations and the sizes
of the grains in the mc-Si ingot,[3–6] respectively. Anisotropic
growth plays an important role in all these techniques.

There is little experimental literature about the
anisotropic growth of Si crystal owing to the difficulty in
experiment. Fujiwura[7] studied the competitive growth of the
(100) to (111) planes of Si by building a bicrystal artificially,
and observed the anisotropic growth at a high undercooling
temperature. They have also found different morphologi-
cal transformations at different solid–liquid interfaces by in
situ observation, and proposed equations for calculating the
growth velocity of Si 〈112〉 and 〈110〉 dendrites.[8–10]

The anisotropic growth is also a fundamental issue for
crystal growth from melt. It has been extensively studied
in the field of metal solidification. The anisotropic growth
of crystal is mainly described by the kinetic coefficient µ ,
a very important parameter describing the movement of the
solid–liquid interface. Many results showed that the kinetic

coefficients of different growth planes in FCC metals[11–15]

obey µ(100) > µ(110) > µ(111). Various theories were put for-
ward to explain the above relationship. The typical theories
consider the difference of interface energy,[16–20] interplanar
spacing,[21] and formation of stacking fault.[22] Although Apte
and Zeng[16] have obtained the (100), (110), and (111) solid–
liquid interface energies of silicon by molecular dynamics,
there is little in the literature studying the kinetic coefficient
µ of the different growth plane of Si. In this paper, we cal-
culate the melting points of different planes in order to set the
undercoolings for them, and then investigate the kinetic coeffi-
cients and the crystal growth velocities of the different planes.
Finally, the atomic distribution and the diffusion coefficient of
the atoms near the solid–liquid interface are investigated to ex-
plain the anisotropic growth of silicon. This paper is to supply
a reference for improving the quality of mc-Si and the conver-
sion efficiency.

2. Model and method
2.1. Molecular dynamics model of crystal growth and

melting

Figure 1 shows the crystal growth and melting model.
The disordered atoms at both ends of the model are cut from
a pre-melting system at high temperature. The regular ar-
ranged atoms in the middle part of the model are the Si crystal,
which represents a crystal nucleus during the process of crys-
tal growth. As shown in Fig. 1, the orientations of the crystal
nucleus along the X , Y , and Z axes are [100], [010], and [001]
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directions, respectively. The model represents the melting or
growth of plane (100). The initial size of the crystal nucleus
is 20a×20a×12a (a is the lattice constant). There are about
90000 crystal atoms and 50000 melting atoms in the initial
model for the crystal growth along plane (100); there will be
a slight difference of the number due to the different crystal
structures of different planes. The orientation of the crystal
nucleus will be subject to change to accommodate the simula-
tion needs.
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Fig. 1. (color online) Crystal melting and growth model of silicon (100)
plane.

The inter-atomic forces are calculated with the Tersoff
potential,[23] which has been shown to be appropriate for mod-
eling the transition from melt to crystal of silicon.[24] The Ter-
soff potential based on the concept of bond order in quantum
mechanics was brought by Tersoff in 1986, and has been re-
vised twice in 1988 and 1989, forming three editions T1,[25]

T2,[26] and T3.[23] The Tersoff potential can well describe the
diamond structure and the non-positive body structure. The
formulas of the T3 potential are shown as follows:
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VR(r) = Aexp(−λ1r), (3)

where fc is the interruptive function, Ri j is the cut-off radius,
VR is the repulsive force from the nearest neighbor atoms, VA

is the attractive force from the nearest neighbor atoms, and bi j

is the bond order of atom i and atom j. Although the melting
point of Si obtained with the Tersoff potential is higher than
the experimental value, it does not matter because we focus on
the difference between the temperature and the melting point,
such as the cooling temperature.

Newton’s equations of motion are integrated with the ve-
locity form of the Verlet algorithm using a time step of 0.001
ps. The simulation is performed in an NPT ensemble with
periodic boundary conditions on three directions.

The Verlet algorithm[27] is the most commonly used algo-
rithm in molecular dynamics. This algorithm is based on the
third-order Taylor expansions for positions 𝑟(t), one backward
and one forward,
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Add these two expressions, and ignore the high order term, we
have

𝑟(t +∆t) = 2𝑟(t)−𝑟(t−∆t)+∆t2 d2𝑟(t)
dt2 . (6)

That is the basic expression of the Verlet algorithm.

2.2. Calculation of crystal growth velocity

The crystal growth velocity is calculated according to the
variation of the number of crystal atoms (Nc).[28] To determine
whether an atom belongs to the crystal or not, we calculate
the number of its “neighbors”, which are the atoms within a
sphere with a radius of the average distance of the first and the
second nearest neighbor distances. If the number of neighbor
atoms is equal to that of the first nearest neighbors in the corre-
sponding perfect crystal, the atom at the center of the sphere is
considered as a crystal atom, and vice versa. After adding up
the crystal atoms in the system, the crystal growth or melting
velocity can be calculated by the slope of the curve of crystal
atom number versus time, and the formula is as follows:

v =
d0

N0

∂Nc(t,T )
∂ t

, (7)

where Nc is the crystal atom number, d0 is the atomic layer
spacing, and N0 represents the number of atoms in each layer.

3. Results and discussion
3.1. Melting points of different crystal planes

The melting point is the temperature at which melting
or solidification of bulk materials occurs. The micro-process
of melting always starts from the crystal defects in the sur-
face, such as grain boundaries and dislocations. For a single
crystal, the melting points of different planes should be dif-
ferent and will be a little higher than that of polycrystalline
due to a lack of grain boundaries. We calculate the melting
points of the Si (100), (110), (111), and (112) planes using the
method of backward induction of melting velocity by molecu-
lar dynamics.[29] Firstly, the system is melted at different tem-
peratures, and the melting velocities are calculated according
to Eq. (7) based on the function of the number of crystal atoms
with time. Then the melting velocity can be drawn in a figure
as a function of temperature, as shown in Fig. 2.
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Fig. 2. (color online) Crystal melting velocity of silicon (100) plane at
reduced temperature.

We extrapolate the curve of the melting velocity to zero,
i.e., the cross point with the temperature axis, which gives the
melting point of that plane. The melting points of Si (100),
(110), (111), and (112) planes are obtained. The descending
order of them is (100), (110), (111), and (112) planes. Ta-
ble 1 lists these values relative to that of the Si (112) plane.
The melting points are different from plane to plane, but the
maximum difference is only 24 K, which is not much of a dif-
ference. This result is similar to Sun’s research on Ni.[13]

Table 1. Melting points of different planes of silicon. The value is
relative to that of the (112) plane.

Plane Melting point/K
(100) 24
(110) 15
(111) 13
(112) 0

3.2. Kinetic coefficients

The kinetic coefficient is calculated by the free solidifica-
tion method.[30] The simulations of the crystal growth along
different planes have been performed at different undercool-
ings, which is set according to the melting point of each plane
shown in Table 1. The crystal growth velocity at a given un-
dercooling can be calculated according to Eq. (7). The results
are shown in Fig. 3.
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Fig. 3. (color online) Growth velocities of different planes of silicon at
different undercoolings.

The crystal growth velocities increase linearly with the in-
crease of undercooling for the (100), (110), and (112) planes,
and almost linearly for the (111) plane. The slopes of the
fitting lines, the kinetic coefficients, are different. The cor-
responding values are µ(100) = 0.031 m · s−1 ·K−1, µ(110) =

0.029 m · s−1 ·K−1, µ(112) = 0.028 m · s−1 ·K−1, and µ(111) =

0.0050 m · s−1 ·K−1. The sequence is µ(100) > µ(110) >

µ(112) > µ(111), which is very similar to that of the FCC
metal,[11–15,29,31] µ(100) > µ(110) > µ(111). There are few stud-
ies on the (112) plane in metal. Here we pay attention to this
plane because the dislocations easily emerge along it.

3.3. Crystal growth velocities

Anisotropic growth of silicon at different temperatures
has also been investigated. The reduced temperatures (rela-
tive to the melting point of the (112) plane) are set here as
0.81, 0.85, 0.89, 0.93, and 0.97, respectively. The growth ve-
locities are calculated according to the variation of the num-
ber of crystal atoms as described in the previous section. The
results are shown in Fig. 4. There are similar relationships
between the growth velocities and the temperature for the
four planes: the crystal growth velocities slowly rise at first
and then decrease dramatically after passing through a max-
imum as the temperature increases. This variation is similar
to that of metal platinum and silver.[12] While the four planes
of silicon present different growth velocities at the same tem-
perature. The sequence of the velocities at a temperature is
v(100) > v(110) > v(112) > v(111), which is the same as that of
the kinetic coefficients.
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Fig. 4. (color online) Crystal growth velocities of different planes as a
function of the temperature.

3.4. Discussion

The difference of interfacial energy,[16] interplanar
spacing,[21] and the formation of stacking fault[23] are always
used to interpret the anisotropic growth. Table 2 lists the rel-
evant parameters of the different planes of silicon. The se-
quence of interfacial energy of these planes is γ(100) > γ(110) >

γ(111). According to the principle of lowest energy, the se-
quence of the kinetic coefficients or the growth velocities
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should be (111)> (110)> (100). This is completely opposite
to our results. The reason is that the interfacial energy interpre-
tation is suitable for the growth of polycrystalline, where the
plane with lower interfacial energy will dominate the growth
because it can lower the whole interface energy. However, the
interpretation of interfacial energy is unsuitable here, because
the area of interface keeps almost constant during the process
of crystal growth, and it cannot explain the difference of ki-
netic coefficients of different planes.

Table 2. The relevant parameters of Si (100), (110), (112), and (111)
planes.

(100) (110) (112) (111)
Kinetic coefficient /m · s−1 ·K−1 0.031 0.029 0.028 0.0050

Interfacial energy/J ·m−2 [16] 0.42 0.35 / 0.34
Interplanar spacing/a 0.25 0.35 0.20 0.29

Plane density/a−2 2 2.83 1.63 2.31

The interplanar spacing interpretation comes from the
BGJ growth model.[22] The main point of this model is that the
growth is governed by the collisions of the melting atoms with
the growth interface. If the time of growing one layer is close
for each plane, the interplanar spacing will play an important
role in the growth. A plane with wider interplanar spacing will
grow faster. Several studies on metals[11–15,29,31] have shown
great agreement with this theory. For example, Hoyt[11] found
that the ratio µ(100)/µ(110) is approximately equal to the ra-
tio of the interplanar spacings of the (100) and (110) planes.
As shown in Table 2, the order of the interplanar spacings of
the four planes of silicon is not consistent with that of the ki-
netic coefficients. The reason may be that the difference of the
interplanar spacings must lead to the difference of the plane
densities due to the determinate bulk densities. The effect of
the atomic density in a plane on growth will be much more
than that of metal owing to the influence of the covalent bonds
of Si.

We investigate the influence of the orientation on the
structure and the atomic movement of Si melt. Figure 5 shows
the functions of atomic layer density along different orienta-
tions during the crystal growth. As shown in Fig. 5, the func-
tions of atomic layer density present regular peaks in the crys-
tal nucleus part. Every peak represents one atomic plane, and
the arrangement of the peaks of each orientation is different as
the arrangement of the atomic planes. The functions of atomic
layer density are flat in the melt far away from the crystal part
and present one or more small peaks in the melt near the inter-
faces. The small peaks continue the arrangement of the peaks
in the crystal. It indicates that the crystal orientation plays an
important role in the distribution of the melt atoms near the
interface. This result is similar to the ordering phenomenon of
Al melting atoms.[32] It is interesting that the lengths of these
fluctuations of the layer densities affected by the crystal ori-

entation are different, and the order is the same as that of the
kinetic coefficients.

0 5 10 15 20 25 30

L
a
y
er

 d
en

si
ty

 (111)
 (112)
 (110)
 (100)

x/A

solid-liquid interface

Fig. 5. (color online) Layer densities along different orientations during
the growth.

We further calculate the diffusion coefficients of the melt-
ing atoms near the solid–liquid interfaces at the reduced tem-
perature of 0.99 by the MSD method.[33] The results are shown
in Fig. 6. The diffusion coefficients of the melting atoms far
away from the interfaces are kept constant for the four orienta-
tions. However, the diffusion coefficients of the melting atoms
near the solid–liquid interfaces are obviously different for the
four crystal orientations. From the interface to the middle of
the melt, the diffusion coefficients gradually rise as the dis-
tance to the interface increases. The diffusion coefficients are
different for the four crystal orientations at the same distance.
The sequence of them is D(100) > D(110) > D(112) > D(111),
which is the same as that of the kinetic coefficients. It indi-
cates that the crystal orientations affect the distributions of the
melt atoms near the solid–liquid interfaces, and then affect the
diffusion coefficients of the atoms, which finally result in the
anisotropic growth of the Si crystal.
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Fig. 6. (color online) Diffusion coefficients near the solid–liquid inter-
faces at reduced temperature of 0.99.

The kinetic coefficient and diffusion coefficient of the Si
(111) plane are much lower than those of the other three planes
as shown in Figs. 3 and 6. There should be other special fac-
tors affecting the growth of the Si (111) plane. Figure 7 shows
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the [112̄] projection of the atomic structure of the growth sys-
tem along the Si (111) plane. A stacking fault structure can
be observed clearly in the system. It may be the special factor
lowering the growth velocity of the Si (111) plane. The (111)
plane of the FCC structure holds two types of sites for the next
plane: FCC sites (normal sites) and HCP sites (mistake sites),
and they have a very small energy difference. During the crys-
tal growth, the two sites compete to select melting atoms. The
FCC sites prevail. Occasionally, the HCP sites succeed, and
a stacking fault emerges. This competitive growth model will
decrease the velocity of the crystal with the FCC structure, as
reported for the FCC metal.[11–15] A little difference is that Si
crystalline has two suits of FCC structures.
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Fig. 7. (color online) The [112̄] projection of the system growing along
the (111) plane.

4. Conclusion
The relative melting point, kinetic coefficient, and growth

velocity of Si (100), (110), (111), and (112) planes have been
investigated by molecular dynamics. It is found that the melt-
ing points of the four planes are close. The melting points of
Si (100), (110), (111) planes are 24 K, 15 K, and 13 K higher
than that of the Si (112) plane, respectively. The sequences of
the kinetic coefficients and the growth velocities are µ(100) >

µ(110) > µ(112) > µ(111) and v(100) > v(110) > v(112) > v(111).
The analysis of the interface energy or interplanar spacing

fails to interpret the anisotropic growth of Si, though it suc-
ceeds for metals. The distribution and diffusion coefficient of
the melting atoms near the interface are affected by the crystal
orientation. Their sequences agree well with the sequences of

the kinetic coefficient and growth velocity, which can explain
the anisotropic growth of Si. That is, the crystal orientations
affect the distributions of the melt atoms near the solid–liquid
interfaces, and then affect the diffusion coefficients of these
atoms, which finally result in the anisotropic growth of the Si
crystal.

The stacking fault structure can easily form due to the
close-packed structure of the Si (111) plane. The forming of
the stacking fault structure is a process of competitive growth
between FCC sites and HCP sites, which will decrease the
growth velocity of the Si (111) plane. It leads to the kinetic
coefficient and growth velocity of Si (111) being much lower
than those of the other three growth planes.
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